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questions, then only the FIRST TWO questions will be marked.

e Answer only two questions out of Section G. If you answer more than two
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L1.

Section L (Linear Regression Models)
Answer only two questions out of L1-L3

(@) (The use of indicator variables in linear regression analysis):

Consider a simple linear regression model that is used to study the relationship
between a response variable y and a covariate . The analysis is based on n
independent observations

(x27y’b) 3 1= 1,2,...,’”.

Suppose these n observations are divided into M groups each having n,,
observations, such that 3 n,, = n. Assume that the groups are independent
from each other. The most general simple linear regression model that can be used
to analyze such data is

Y= Bom + Bimr+e , m=1,2,.... M

where ¢ ~ N(0,0%). That is, one can fit M separate (different) simple linear
regression models to the data, corresponding to the M independent groups of
observations.

Using indicator variables, explain in detail, how we can formally test the null
hypothesis

Hy:Bu=po=...=Bim.

That is, we want to test whether we should fit M parallel lines to the data,
corresponding to the M groups. (15 marks)

(b) (One-way analysis of variance models):

Sociologists often conduct experiments to investigate the relationship between
socioeconomic status and college performance. Socioeconomic status is generally
partitioned into three classes: lower, middle and upper class. Consider the problem
of comparing the mean grade point averages of the college freshmen between
the three classes. The grade point averages for random samples of four college
freshmen associated with each of the three socioeconomic classes were selected
from a university’s files at the end of the academic year. The data are given in
the table on the next page.
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Grade Point Averages

Lower class Middle class Upper class
2.87 3.23 2.25
2.16 3.45 3.13
3.14 2.78 2.44
2.51 3.77 2.54

Denote

(i)

(ii)

(iii)

(iv)

v)

o: grand mean of the grade point average for a college freshman.

7;: the effect of the i-th socioeconomic class on the grade point average, for
i=1,2,3.

Wi = po + 7;: mean of the grade point average for a college freshman in the i-th
socioeconomic class, fori =1, 2, 3.

In the above notation i = 1, 2, 3, are corresponding to the three socioeconomic
classes mentioned in the table, respectively.

Write down a one-way analysis of variance model that is used to analyze such
data. State what assumptions one typically makes when using this model. (8
marks)

Using indicator variables, write down a multiple linear regression model
equivalent to the one-way analysis of variance model in Part(i). (3 marks)

Using the data in the above table, write down the design matrix X and the
vector Y for the regression model in Part (ii). Find the value of least-squares
estimate of the vector of regression parameters 3 by solving the normal
equations (X" X) 8 = X 'Y directly. (3 marks)

Using the least-squares estimates from Part(iii), find the value of the least-
squares estimates of the parameters (y, 71, 72, 73) of the model in Part(i). (3
marks)

A sociologist wants to test the null hypothesis
Hy: 7 =7, =73 =0 (NO CLASS EFFECT ON THE GRADE POINT AVERAGE)

in the analysis of variance model in Part (i). Using the regression model in Part
(ii), derive an appropriate test statistics that is used to test H, at the significance
level . (8 marks)
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L2.

An inverter is an electrical device that converts direct current (DC) to alternating current
(AC). The data in this question are on measurement of the transient points of an electronic
inverter. A portion of the data is given in the following Table. There are 24 observations.

Table 1:

4 T2 x3 Xy Y
3.00 3.00 3.00 3.00 0.79
2 300 6.00 6.00 6.00 1.71

23 2.00 3.00 8.00 6.00 1.51
24 3.00 3.00 8.00 8.00 0.75

The variables of interest are:

Y': Transient point (volts) of PMOS-NMOS inverters.
x1: Width of the NMOS device.

xo: Length of the NMOS device.

x3: Width of the PMOS device.

z4: Length of the PMOS device

Question L2 is continued on the next page.
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(a)

(©)

The following multiple linear regression model is used to study the relationship
between Y and the regressors:

Model 1: Y, = By + Bixi1 + Boxio + B3z + Batia + &5, 1=1,2,...,24.

The R-output for Model (1) is given on pages 7 and 8. Use the significance level
5% in your analysis.

(Provide concrete statistical reasoning for your answers.)

(i) The individual contribution of each covariate in the fitted model. (2 marks)
(ii) Overall significance and also performance of the fitted model. (4 marks)

(iii) Based on the two residual plots in Figure 1 on page 8, comment on the
appropriateness of the fitted Model 1. Provide concrete reasoning whether
you would suggest this model for the use in practice or not. (8 marks)

It has been suggested that a suitable model for these data is:

— a1 02 (3, 0q *
Y = ap (2725?52 2y") x .

By using an appropriate transformation to the above model, write down its
corresponding multiple linear regression model, and call it Model 2. What are
the the new regressors and response variable in Model 2? (Write down the new
variables as functions of the original variables.) What are the usual assumptions on
the error term in Model 2? (12 marks)

The new multiple linear regression Model 2 discussed in Part (b) is fitted to the
data. The R output is given on page 9. Based on the R output for Model 2 and the
two residual plots in Figure 2 on page 10, comment on the appropriateness of the
fitted Model 2. Provide concrete reasoning whether you would suggest this model,
compared to Model 1, for the use in practice or not. (14 marks)
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L3.

Consider the multiple linear regression model
Y =XB+e

where 3 = (5o, 51, 52, ..., Bk) is the unknown vector of regression parameters, Y is
the n x 1 dimensional vector of observations of the response variable y, X is the
n x (k + 1) dimensional design matrix; € is the n x 1 dimensional vector of errors ¢;,
and € ~ N(0,0%V), where V is a known matrix and o2 is unknown.

(a)

(i) Write down the ordinary least squares (OLS) estimator of 3. In one or two
sentences, without any derivation, explain why the OLS estimator is not an
appropriate estimator for 3 in the above model. (6 marks)

(ii) Derive the generalized least squares estimator of 3. What is the advantage of
this estimator of 3 compared to the one in Part (i)? (No need to provide any
mathematical proof for your answer.) (6 marks)

(iii) Derive the distribution of generalized least squares estimator of 3. Write down
the analysis of variance (ANOVA) table, and explain how to formally test
the overall significance of the model. You need to provide an appropriate test
statistics to perform this test. (8 marks)

(b) Explain in detail what the weighed least squares estimator of the parameter vector 3
is in a multiple linear regression model. Write down the weighed least squares
estimator of 3 in the form of a generalized least squares estimator discussed in Part
(a-ii). (20 marks)
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R-Code for Question L2.

Dl<-read.table("Q2_data.txt", header=T)
attach (D1)

fitl<-1lm(y~.,data=D1l)

summary (£itl)

vV V V V

Call:
Im(formula =y ~ ., data = D1)

Residuals:
Min 10 Median 30 Max
-1.4894 -0.9324 -0.6098 0.7224 3.3659

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 1.52430 1.02317 1.490 0.152692
x1 -0.30606 0.07736 —-3.956 0.000847 =*x*x*
X2 0.37439 0.05820 6.433 3.63e-06 x*%*
x3 0.44957 0.12354 3.639 0.001746 =%
x4 -0.46557 0.13750 -3.386 0.003102 =x+*
Signif. codes: 0 *%xx 0.001 xx 0.01 =« 0.05 . 0.1

Residual standard error: 1.445 on 19 degrees of freedom
Multiple R-sgquared: 0.8044, Adjusted R-squared: 0.7632
F-statistic: 19.53 on 4 and 19 DF, p-value: 1.604e-06

> anova (fitl)
Analysis of Variance Table

Response: y

Df Sum Sg Mean Sg F value Pr (>F)
x1 1 11.989 11.989 5.7385 0.027056 =
X2 1 111.745 111.745 53.4885 6.185e-07 *xxx*
x3 1 15.523 15.523 7.4304 0.013418 =
x4 1 23.951 23.951 11.4645 0.003102 *=*

Residuals 19 39.694 2.089

Signif. codes: 0 *xx 0.001 xx 0.01 =« 0.05 . 0.1
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Sample Quantiles

Figure 1: Residuals plots for Model 1.
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44
45
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72
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74
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76
77

Note: The response and covariates in Model 2 are called “new” in the output.

> fit2<-Im(new_y~ .,data=D1)
> summary (£it2)

Call:
Im(formula = new_y ~ ., data = DI1)

Residuals:
Min 10 Median 30 Max
-0.36567 -0.13258 -0.04697 0.10125 0.40247

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) -0.07485 0.21386 -0.35 0.73
new_x1 -1.24866 0.07939 -15.73 2.38e-12 *x+%
new_x2 1.58623 0.07811 20.31 2.41e-14 xx+*
new_x3 0.93365 0.10515 8.88 3.44e—-08 **x%
new_x4 -1.34004 0.11749 -11.41 6.08e-10 =*=x=*
Signif. codes: 0 *xx 0.001 x+x 0.01 =« 0.05 . 0.1

Residual standard error: 0.2086 on 19 degrees of freedom
Multiple R-squared: 0.9772, Adjusted R-squared: 0.9724
F-statistic: 203.7 on 4 and 19 DF, p-value: 2.57e-15

> anova (fit2)

Analysis of Variance Table

Response: new_y

Df Sum Sg Mean Sg F value Pr (>F)
new_x1 1 3.2553 3.2553 74.832 5.149e-08 *x*x*
new_x2 1 26.0375 26.0375 598.539 7.940e-16 **x*
new_x3 1 0.4960 0.4960 11.402 0.003167 xx*
new_x4 1 5.6591 5.6591 130.089 6.080e-10 *xx*x*

Residuals 19 0.8265 0.0435

Signif. codes: 0 *xxx 0.001 xx 0.01 =« 0.05 . 0.1
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Sample Quantiles

Figure 2: Residuals plots for Model 2.
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Section G (Generalized Linear Models)
Answer only two questions out of G1-G3

G1. The table below summarizes some data collected on traffic accidents and seat belt
usage collected in the state of Florida in 1988:

Safety Equipment Whether Injury (I)

In Use (S) Ejected (E) Nonfatal Fatal

Seat belt Yes 1105 14
No 411,111 483

None Yes 4624 497
No 157,342 1008

Table 2: Source: Florida Department of Highway Safety and Motor Vehicles.

(a) Describe briefly why one cannot test for goodness of fit of the three-way interaction
model, S.E.1, in 3 sentences or fewer. (2 marks)

(b) Consider the homogeneous association or no three-way interaction Poisson log-linear
model, S.E + E.I + S.I. Describe, in words, what this model assumes about the
conditional independence structure of the data. (2 marks)

(c) Identify the model (gmodella, gmodellb, or gmodellc)in the R output on pages
14 and 15 which fits the model of homogeneous association to the Florida seat belt
data. Assess the goodness of fit of the model you’ve identified using a significance
level o = 0.01. (8 marks)

(d) Identify the model (gmodella, gmodellb, or gmodellc)in the R output on pages
14 and 15 which fits the following model: S.E + E.I. Assess the goodness of fit of
the model you've identified using a significance level a = 0.01. (8 marks)

Question G1 is continued on the next page.
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(e)

(f)

(g)

G2.

(©)

(d)

Consider now the two models that you selected in parts (c) and (d) on the previous
page. Which is the more appropriate model? Explain your reasoning. (6 marks)

Another public safety researcher modeled the data in Table 2 using the following
logistic regression model:

o <Pr(] = Nonfatal|S, F)

Pr(I = Fatal|S, E) ) = P + BsI(S = Yes)

Determine which of the three Poisson loglinear models on pages 14 and 15 yields
equivalent inference to this logistic regression model and prove that the models are
equivalent. (8 marks)

Compute the maximum likelihood parameter estimates for (3, and s for the logistic
regression model in part (f) using the equivalent Poisson loglinear model that you
identified in part (f). (6 marks)

Suppose in an independent, two-sample problem that Y; is Poisson with g(u;) =
a + PBx;, where x; = 1 for i = 1,..,n4 for the observations from group A and z; = 0
for i = nuy + 1,...,n for the observations from group B. Show that for any link
function g, the score equations imply that fitted means ji4 and /i equal the sample
means. (10 marks)

In a GLM, suppose that Var(Y) = v(p) for p = E(Y). Show that the link g satisfying
g(1) = [v(n)]7Y? has the same weight matrix W) at each cycle of the Fisher
scoring algorithm. Show that this link function for a Poisson GLM is g(p1) = 24/t.

(10 marks)

Assume that Y is an ordinal response variable and x is a continuous predictor.
Show that for the cumulative logit model,

logit[ Pr(Y < j)] = a; + Bx
cumulative probabilities may be misordered for some x values. (10 marks)
Assume that X and Y are both ordinal categorical variables and Z is binary
variable. Explain how to test conditional independence of Y and X given Z by

generalizing the cumulative logit model to allow a different trend in each partial
table.

(10 marks)
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G3. An often used data set in statistics courses contains observations of female horseshoe
crabs. For this problem, Y; is the binary response variable of interest is whether the i—th
horseshoe crab has at least one other male living outside of her nest (a satellite) or not.
The only covariate of interest (X;) for this problem is the weight (in kg) of the female

crab.

The goal of the analysis is to characterize the relationship between weight of the

female horseshoe crabs and the presence of at least one male satellite crab.

(a)

(d)

(e)

A marine biologist collaborator tells you that their past experience indicates that
the probability of the presence of at least one satellite crab varies linearly with the
weight of the female crab. Your collaborator suggests that one should use simple
linear regression with Y as the response and X as the sole covariate. Give at least
two reasons, without referring to the output, why a simple linear regression model
would not necessarily be appropriate here. 4 marks

You suggest that a GLM with a logistic link would be a better choice. Your
collaborator is concerned that this model would not respect the assumption that
the probability of a satellite was approximately linear in the weight. Again without
referring to the R output, explain why using a generalized linear model with a
logistic link would still be reasonable if the association were truly linear over the
support of X. Hint: Characterize how the logistic link function varies with X.

8 marks

For this question refer to the R output on page 16. Test for the presence of an
association between the weight of the horseshoe crab and the presence of a satellite
male at & = 0.05 using the logistic regression model. Interpret the value of the
coefficient for weight in the context of the real data set.

8 marks

Again, using the R output on page 16, assess the claim made by your collaborator
about the linear relationship between the probability of response and the weight
of the crab. Do you think that using simple linear regression for this dataset is
reasonable? Explain why or why not.

10 marks

Write the objective function that the estimated parameters for the simple linear
regression model minimize in terms of the estimated probabilities of response,
pFM . Write the objective function that the estimated parameters for the logistic
regression model minimize in terms of the estimated probabilities of response,
pSEM . Comment on the similarities and differences between the two objective
functions.

10 marks
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Code and Output for Question G1.

78 > summary (gmodella)

79

80 Coefficients:

81 Estimate Std. Error z value Pr(>|z|)

82 (Intercept) 6.92251 0.03110 222.56 <2e-16 **x*
83 SSeat belt -0.75682 0.05394 -14.03 <2e-16 **x%
84 EYes -0.72784 0.05345 -13.62 <2e-16 **x%
85 INonfatal 5.04362 0.03120 161.65 <2e-16 *x%*
86 SSeat belt:EYes -2.39964 0.03334 -71.97 <2e-16 xx*x*
87 SSeat belt:INonfatal 1.71732 0.05402 31.79 <2e-16 *x=*
88 EYes:INonfatal -2.79779 0.05526 -50.63 <2e-16 *xx*
89 ——

90 Signif. codes: 0 %%+ 0.001 =%+ 0.01 =« 0.05 . 0.1 1
91

92 (Dispersion parameter for poisson family taken to be 1)
93

94 Null deviance: 1.6249e+06 on 7 degrees of freedom
95 Residual deviance: 2.8540e+00 on 1 degrees of freedom
96 AIC: 93.853

97

98 Number of Fisher Scoring iterations: 3
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99 > summary (gmodellb)

100

101 Coefficients:

102 Estimate Std. Error z wvalue Pr(>|z])

103 (Intercept) 6.026472 0.025986 231.916 <2e-16 **x*

104 SSeat belt 0.955230 0.002957 323.024 <2e-16 *xx%

105 EYes 0.012267 0.051645 0.238 0.812

106 INonfatal 5.943472 0.025932 229.198 <2e-16 *x#*x*

107 SSeat belt:EYes —-2.476144 0.033131 -74.738 <2e-16 x#*x*

108 EYes:INonfatal -3.526545 0.052952 -66.599 <2e-16 *x%*

109 ——-

110 Signif. codes: 0 **x 0.001 =*x 0.01 =+ 0.05 .1 1
111

112 (Dispersion parameter for poisson family taken to be 1)

113

114 Null deviance: 1624865.3 on 7 degrees of freedom

115 Residual deviance: 1144.6 on 2 degrees of freedom

116 AIC: 1233.6

117

118 Number of Fisher Scoring iterations: 5

119

120 > summary (gmodellc)

121

122 Coefficients:

123 Estimate Std. Error z value Pr(>|z|)

124 (Intercept) 7.28472 0.02578 282.57 <2e-16 *x=*
125 SSeat belt -1.07885 0.05174 -20.85 <2e-16 *xx*
126 EYes -3.43146 0.01420 -241.68 <2e-16 *x#*x*
127 INonfatal 4.67859 0.02590 180.67 <2e-16 *x*xx
128 SSeat belt:EYes -2.47614 0.03313 -74.74 <2e-16 *xx*
129 SSeat belt:INonfatal 2.04212 0.05182 39.41 <2e-16 *xx*
130 -——-

131 Signif. codes: 0 **x 0.001 =*x 0.01 =+ 0.05 .1 1
132

133 (Dispersion parameter for poisson family taken to be 1)

134

135 Null deviance: 1624865.3 on 7 degrees of freedom

136 Residual deviance: 1680.4 on 2 degrees of freedom

137 AIC: 1769.4

138

139 Number of Fisher Scoring iterations: 5
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Code and Output for Question G3.
1 > gmodel3a = glm(Y™X,data=crabs)
2 > summary (gmodel3a)
3
4 Deviance Residuals:
5 Min 10 Median 30 Max
6 -0.8878 -0.4683 0.1606 0.3704 0.6689
7
8 Coefficients:
9 Estimate Std. Error t value Pr(>|t])
10 (Intercept) -0.14487 0.14715 -0.984 0.326
11 X 0.32270 0.05876 5.492 1.42e-07 *x*x%
12 ——
13 Signif. codes: 0 xx+ 0.001 =+ 0.01 =+ 0.05 . 0.1 1
14
15 (Dispersion parameter for gaussian family taken to be 0.1977574)
16
17 Null deviance: 39.780 on 172 degrees of freedom
18 Residual deviance: 33.817 on 171 degrees of freedom
19 AIC: 214.56
20
21 Number of Fisher Scoring iterations: 2
22
23 > gmodel3b = glm(Y X,data=crabs, family=binomial (logit))
24 > summary (gmodel3b)
25 Deviance Residuals:
26 Min 10 Median 30 Max
27 -2.1108 -1.0749 0.5426 0.9122 1.6285
28
29 Coefficients:
30 Estimate Std. Error z value Pr(>|z])
31 (Intercept) -3.6947 0.8802 —-4.198 2.70e-05 *xx
32 X 1.8151 0.3767 4.819 1.45e-06 #*x*x*
33 ——
34 Signif. codes: 0 **x 0.001 %+ 0.01 =+ 0.05 . 0.1 1
35
36 (Dispersion parameter for binomial family taken to be 1)
37
38 Null deviance: 225.76 on 172 degrees of freedom
39 Residual deviance: 195.74 on 171 degrees of freedom
40 AIC: 199.74
41
42 Number of Fisher Scoring iterations: 4



Table of the Chi-squared distribution

Entries in table are x2 (v): the « tail quantile of Chi-squared(v) distribution

a given in columns, v given in rows.

Left-tail Right-tail
v 0.99500  0.99000  0.97500  0.95000  0.90000 0.10000 0.05000 0.02500 0.01000 0.00500
1 0.00004  0.00016  0.00098  0.00393  0.01579 2.70554 3.84146 5.02389 6.63490 7.87944
2 0.01003  0.02010  0.05064  0.10259  0.21072 4.60517 5.99146 7.37776 921034  10.59663
3 0.07172 0.11483 0.21580 0.35185 0.58437 6.25139 7.81473 9.34840 11.34487 12.83816
4 0.20699 0.29711 0.48442 0.71072 1.06362 7.77944 9.48773 11.14329 13.27670 14.86026
5 0.41174  0.55430  0.83121  1.14548  1.61031 9.23636  11.07050  12.83250  15.08627  16.74960
6 0.67573  0.87209  1.23734  1.63538  2.20413 10.64464  12.59159  14.44938  16.81189  18.54758
7 0.98926 1.23904 1.68987 2.16735 2.83311 12.01704 14.06714 16.01276 18.47531 20.27774
8 1.34441  1.64650 217973  2.73264  3.48954 13.36157 1550731  17.53455  20.09024  21.95495
9 1.73493 2.08790 2.70039 3.32511 4.16816 14.68366 16.91898 19.02277 21.66599 23.58935
10 2.15586 2.55821 3.24697 3.94030 4.86518 15.98718 18.30704 20.48318 23.20925 25.18818
11 2.60322 3.05348 3.81575 4.57481 5.57778 17.27501 19.67514 21.92005 24.72497 26.75685
12 3.07382 3.57057 4.40379 5.22603 6.30380 18.54935 21.02607 23.33666 26.21697 28.29952
13 3.56503 4.10692 5.00875 5.89186 7.04150 19.81193 22.36203 24.73560 27.68825 29.81947
14 4.07467 4.66043 5.62873 6.57063 7.78953 21.06414 23.68479 26.11895 29.14124 31.31935
15 4.60092 5.22935 6.26214 7.26094 8.54676 22.30713 24.99579 27.48839 30.57791 32.80132
16 5.14221 5.81221 6.90766 7.96165 9.31224 23.54183 26.29623 28.84535 31.99993 34.26719
17 5.69722 6.40776 7.56419 8.67176  10.08519 24.76904 27.58711 30.19101 33.40866 35.71847
18 6.26480  7.01491 823075  9.39046 10.86494 2598942  28.86930  31.52638  34.80531  37.15645
19 6.84397  7.63273 890652 10.11701 11.65091 27.20357  30.14353  32.85233  36.19087  38.58226
20 743384 826040 9.59078 10.85081 12.44261 2841198  31.41043  34.16961  37.56623  39.99685
21 8.03365  8.89720 10.28290 11.59131 13.23960 29.61509  32.67057  35.47888  38.93217  41.40106
22 8.64272 9.54249 10.98232 12.33801 14.04149 30.81328 33.92444 36.78071 40.28936 42.79565
23 9.26042 10.19572 11.68855 13.09051 14.84796 32.00690  35.17246  38.07563  41.63840  44.18128
24 9.88623 10.85636 12.40115 13.84843 15.65868 33.19624 3641503  39.36408 4297982  45.55851
25 | 10.51965 11.52398 13.11972 14.61141 16.47341 34.38159  37.65248  40.64647  44.31410  46.92789
26 | 11.16024 12.19815 13.84390 15.37916 17.29188 3556317  38.88514  41.92317  45.64168  48.28988
27 11.80759 12.87850 14.57338 16.15140 18.11390 36.74122 40.11327 43.19451 46.96294 49.64492
28 1246134 13.56471 15.30786 16.92788 18.93924 37.91592 41.33714 44.46079 48.27824 50.99338
29 13.12115 14.25645 16.04707 17.70837 19.76774 39.08747 42.55697 45.72229 49.58788 52.33562
30 13.78672 14.95346 16.79077 18.49266 20.59923 40.25602 43.77297 46.97924 50.89218 53.67196
40 20.70654 22.16426 24.43304 26.50930 29.05052 51.80506 55.75848 59.34171 63.69074 66.76596
50 27.99075 29.70668 32.35736 34.76425 37.68865 63.16712 67.50481 71.42020 76.15389 79.48998
60 35.53449 37.48485 40.48175 43.18796 46.45889 74.39701 79.08194 83.29767 88.37942 91.95170
70 43.27518 45.44172 48.75756 51.73928 55.32894 85.52704 90.53123 95.02318 100.42518 104.21490
80 51.17193 53.54008 57.15317 60.39148 64.27784 96.57820 101.87947 106.62857 112.32879 116.32106
90 59.19630 61.75408 65.64662 69.12603 73.29109 || 107.56501 113.14527 118.13589 124.11632 128.29894
100 | 67.32756 70.06489 74.22193 77.92947 82.35814 || 118.49800 124.34211 129.56120 135.80672 140.16949
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Table of the F-distribution distribution

Entries in table are F'; _ (v1,v2): the « tail quantile of the F,, .., distribution

r\v | 1—a 2 3 4 5 6 7 8 10 12 15 20 30 50 0

1 0900 || 495 536 558 572 582 591 597 605 610 615 620 626 63.0 633
0950 || 199. 216. 225. 230. 234. 237. 239. 242. 244. 246. 248. 250. 252. 254.
0975 || 800. 864. 900. 922. 937. 948. 957. 969. 977. 985. 993.
0.990
0.999

2 0900 || 9.00 916 924 929 933 935 937 939 941 943 944 946 947 949
0950 || 19.0 192 192 193 193 194 194 194 194 194 194 195 195 195
0975 || 39.0 392 392 393 393 394 394 394 394 394 394 395 395 395
0990 || 99.0 992 992 993 993 994 100. 100. 100. 100. 100. 100. 100. 99.5
0.999 || 999. 999.

3 0900 || 546 539 534 531 528 527 525 523 522 520 518 517 515 513
0950 || 955 928 912 9.01 894 889 88 879 874 870 866 8.62 858 853
0975 || 16.0 154 151 149 147 146 145 144 143 143 142 141 140 139
0990 || 30.8 295 287 282 279 277 275 272 271 269 267 265 264 261
0.999 || 149. 141. 137. 135. 133. 132. 131. 129. 128. 127. 126. 125. 125. 123.

4 0900 || 432 419 411 405 401 398 395 392 390 387 384 382 379 376
0950 || 694 659 639 626 616 6.09 604 596 591 586 580 575 570 5.63
0975 || 106 998 9.60 936 920 9.07 898 884 875 866 856 846 838 826
0990 || 180 16.7 16.0 155 152 150 148 145 144 142 140 138 137 135
0999 || 61.2 562 534 517 505 497 490 480 474 468 461 454 449 441

5 0900 || 3.78 362 352 345 340 337 334 330 327 324 321 317 315 3.10
0950 || 579 541 519 5.05 495 488 482 474 468 462 456 450 444 436
0975 || 843 776 739 715 698 685 676 662 652 643 633 623 614 6.02
099 || 133 121 114 11.0 107 105 103 101 9.89 972 955 938 924 9.02
0999 || 371 332 311 298 288 282 276 269 264 259 254 249 244 238

6 0900 || 346 329 318 311 3.05 3.01 298 294 290 287 284 280 277 272
0950 || 514 476 453 439 428 421 415 406 400 394 387 381 375 3.67
0975 || 726 6.60 623 599 582 570 560 546 537 527 517 507 498 4.85
0990 || 109 978 915 875 847 826 810 787 772 756 740 723 709 6.88
0999 || 270 237 219 208 200 195 190 184 180 176 171 167 163 157

7 0900 || 326 3.07 296 288 283 278 275 270 267 263 259 256 252 247
0950 || 474 435 412 397 387 379 373 364 357 351 344 338 332 323
0975 || 654 589 552 529 512 499 490 476 4.67 457 447 436 428 414
0990 || 955 845 785 746 719 699 684 662 647 631 616 599 586 5.65
0999 || 21.7 188 172 162 155 150 146 141 137 133 129 125 122 117

8 0900 || 311 292 281 273 267 262 259 254 250 246 242 238 235 229
0950 || 446 407 384 369 358 350 344 335 328 322 315 3.08 3.02 293
0975 || 6.06 542 505 482 465 453 443 429 420 410 400 389 381 3.67
0990 || 865 759 701 6.63 637 618 6.03 581 567 552 536 520 507 4.86
0999 || 185 158 144 135 129 124 120 115 112 108 105 101 9.80 9.33
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Table of the F-distribution distribution

Entries in table are F'; _ (v1,v2): the « tail quantile of the F,, .., distribution

r\v | 1—a 2 3 4 5 6 7 8 10 12 15 20 30 50 0
9 0900 || 3.01 281 269 261 255 251 247 242 238 234 230 225 222 216
0950 || 426 386 3.63 348 337 329 323 314 307 301 294 286 280 271
0975 || 571 508 472 448 432 420 410 396 387 377 367 356 347 3.33
0990 || 8.02 699 642 6.06 580 561 547 526 511 496 481 465 452 431
0999 || 164 139 126 11.7 111 107 104 9.89 957 924 890 855 826 781
10 0900 || 292 273 261 252 246 241 238 232 228 224 220 216 212 206
0950 || 410 371 348 333 322 314 3.07 298 291 284 277 270 264 254
0975 || 546 483 447 424 407 395 385 372 362 352 342 331 322 3.08
0990 || 756 655 599 564 539 520 506 485 471 456 441 425 411 391
0999 || 149 126 113 105 993 952 920 875 845 813 780 747 719 6.76
11 0900 || 286 266 254 245 239 234 230 225 221 217 212 208 204 197
0950 || 398 359 336 320 3.09 3.01 29 28 279 272 265 257 251 240
0975 || 526 4.63 428 4.04 388 376 366 353 343 333 323 312 3.03 288
0990 || 721 622 5.67 532 507 489 474 454 440 425 410 394 381 3.60
0999 || 13.8 116 103 958 9.05 866 835 792 7.63 732 701 6.68 642 6.00
12 0900 || 2.81 261 248 239 233 228 224 219 215 210 206 201 197 1.90
0950 || 3.89 349 326 311 3.00 291 285 275 269 262 254 247 240 230
0975 || 510 447 412 389 373 361 351 337 328 318 3.07 29 287 272
099 || 693 595 541 506 482 464 450 430 416 401 386 370 357 3.36
0999 || 13.0 108 9.63 889 838 800 771 729 700 671 640 6.09 583 542
13 0900 || 276 256 243 235 228 223 220 214 210 205 201 196 192 185
0950 || 3.81 341 318 3.03 292 283 277 267 260 253 246 238 231 221
0975 || 497 435 400 377 360 348 339 325 315 305 295 284 274 260
0990 || 670 574 521 486 4.62 444 430 410 396 382 366 351 337 317
0999 || 123 102 9.07 835 78 749 721 680 652 623 593 563 537 497
14 0900 || 273 252 239 231 224 219 215 210 205 201 19 191 187 1.80
0950 || 3.74 334 311 296 285 276 270 260 253 246 239 231 224 213
0975 || 486 424 389 366 350 338 329 315 305 295 284 273 264 249
0990 || 651 556 5.04 469 446 428 414 394 380 366 351 335 322 3.00
0999 || 11.8 973 862 792 744 7.08 680 640 613 585 556 525 500 4.60
15 0900 || 270 249 236 227 221 216 212 206 202 197 192 187 183 176
0950 || 3.68 329 3.06 290 279 271 264 254 248 240 233 225 218 207
0975 || 477 415 3.80 358 341 329 320 3.06 296 286 276 264 255 240
099 || 636 542 489 456 432 414 400 380 367 352 337 321 3.08 287
0999 || 11.3 934 825 757 709 674 647 608 581 553 525 495 470 431
16 0900 || 2.67 246 233 224 218 213 209 203 199 194 189 184 179 172
0950 || 3.63 324 3.01 285 274 266 259 249 242 235 228 219 212 201
0975 || 469 408 373 350 334 322 312 299 289 279 268 257 247 232
0990 || 623 529 477 444 420 403 389 369 355 341 326 310 297 275
0999 || 11.0 9.01 794 727 680 646 619 581 555 527 499 470 445 4.06
17 0900 || 264 244 231 222 215 210 206 200 196 191 186 181 176 1.69
0950 || 3.59 320 296 281 270 261 255 245 238 231 223 215 208 1.96
0975 || 462 4.01 366 344 328 316 3.06 292 282 272 262 250 241 225
0990 || 6.11 518 4.67 434 410 393 379 359 346 331 316 3.00 287 265
0999 || 10.7 873 768 7.02 656 622 596 558 532 505 477 448 424 385




