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Generating functional approach to multichannel parallel
relaxation with application to the problem of direct
energy transfer in fractal systems with dynamic disorder

Marcel Ovidiu Vlad® and Michael C. Mackey
Centre for Nonlinear Dynamics in Physiology and Medicine, McGill University,
3655 Drummond Street, Montreal, Quebec H3G 1Y6, Canada

(Received 26 August 1994; accepted for publication 7 December 1994)

A model for multichannel parallel relaxation is suggested based on the following
assumptions: (a) an individual channel is characterized by a set of continuous state
variables; the corresponding relaxation rate is a function of the state variables as
well as of the time interval for which the channel is open; (b) the number of
channels is a random variable described by a correlated point process defined in the
space of state parameters of an individual channel. Analytical expressions for the
generating functional of the overall relaxation rate and for the average survival
function are derived in terms of the generating functional of the point process. The
general formalism is applied to the problem of direct energy transfer from excited
donors to acceptors in fractal systems with dynamic disorder. It is assumed that the
number of acceptors obeys a Poissonian distribution law with a constant average
density in a d-dimensional fractal structure embedded in a d,-dimensional Euclid-
ean space (d,=1,2,3) and that an individual relaxation rate is an inverse power
function of the distance between the acceptor and the donor molecules. The dy-
namic disorder is described in terms of three different functions: the rate () of
opening of a channel at time ¢, the attenuation function ¢(z) of the reactivity of an
individual channel at time ¢, and the probability density ¢(t) of the time interval
within which a channel is open. Several particular cases corresponding to different
functions w(?), ¢(2), and ¢(t) are investigated. The static disorder corresponds to
a survival function of the stretched exponential type exp[—(Q¢)?] with 1>8>0.
For very strong dynamic disorder there is no attenuation of reactivity, the opening
time is infinite and the survival function is given by a compressed exponential
exp[—const.t'*#], 1>8>0. The other cases analyzed correspond to a slowly de-
creasing attenuation function and to an exponential distribution of the opening
time, respectively; for them the efficiency of relaxation is between the ones corre-
sponding to the two extreme cases of static and very strong dynamic disorder. The
general conclusion is that the passage from static to the dynamic disorder results in
an increase of the efficiency of the relaxation process. © 1995 American Institute
of Physics.

l. INTRODUCTION

The study of exotic (i.e., nonexponential) relaxation is a problem of topical interest in non-
equilibrium statistical physics; it is of importance in the study of a variety of problems from
condensed matter physics,l“9 nuclear physics,10 spectroscopy,”‘” rheology,'®1? seismology,?
physical chemistry,?! radiochemistry,>"* molecular biophysics,>>"?® cell and population
dynamics,?3! etc. Among the different relaxation functions suggested in the literature the
Kohlrausch—Williams—Watts modified exponentia}'~89:16.17.30.31 plays a central role

9Permanent address: Romanian Academy of Sciences, Centre for Mathematical Statistics, Bd. Magheru 22, 70158, Bu-
curesti 22 Romania.
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(£(1))y=exp[ - (Q1)?], (1)

where (/' (1)) is the average survival function characteristic to the relaxation process, ¢ is the time,
) is a characteristic frequency, and 8 is a dimensionless positive parameter. Most cases considered
in the literature'>'®*! correspond to 1>>0, a situation in which Eq. (1) is a stretched expo-
nential. For 8>1 Eq. (1) is a compressed exponential; although less common than the stretched
exponential the compressed exponential has been used in spectroscopy!” and in population
dynamics.*%!

It is commonly assumed that the stretched exponential corresponds to a kind of universal
behavior which is independent of the details of individual processes; this idea has stimulated the
proposal of several “universal” mechanisms based either on parallel relaxation'~® or on hierar-
chically constrained dynamics.® In contrast much less attention has been paid to the theoretical
interpretation of the compressed exponential.

The purpose of this article is to suggest a model which may generate both the stretched and
compressed exponentials and to study its main properties. In our opinion the derivation of a
universal model applicable to all situations in which the Kohlrausch—Williams—Watts law (1)
occurs is rather illusory. This is the reason why our starting point is a particular problem, the
extinction of fluorescence due to the direct energy transfer from a donor (an excited molecule) to
an acceptor (either a molecule or a quasiparticle) in fractal disordered systems.” The study of this
type of problem started with the work of Forster;>? his model has been continually improved in the
last fifty years.>"® We shall try to improve the Klafter—Shlesinger generalization? of the Forster
model for fractal disordered systems by incorporating the dynamic disorder into the model; the
importance of dynamic disorder in the context of nonexponential relaxation has been recently
emphasized by many researchers.?*?”** We shall describe the dynamic disorder by combining the
use of a random point process with the method of generating functionals. This technique has been
recently introduced by the authors in other physical contexts, the study of fractal random
processes,34 of random spiral motions,*> the analysis of stochastic gravitational fluctuations,® and
the description of space and time dependent colored noise.*’

Although the main motivation of our research is a concrete problem, in order to facilitate the
application of the theory to other systems, we shall try first to give a general formulation of our
approach and then to apply it to the problem of direct energy transfer. The plan of the article is as
follows. In Sec. II we present the mathematical formalism of the theory. In Sec. III the theory is
applied to the study of direct energy transfer in fractal systems with dynamic disorder. In Sec. IV
a comparison between the systems with static and dynamic disorder is performed. Section V deals
with the case when only the fastest process contributes to relaxation. In Sec. VI an alternative
approach is suggested based on the use of a formal functional generalization of the theory of
random point processes. Finally in Sec. VII some open questions and possible applications of our
approach are analyzed.

Il. GENERATING FUNCTIONAL APPROACH TO DYNAMIC DISORDER

We assume that a random number N of channels is involved in relaxation. Each individual
channel is characterized by a set of continuous random state variables and by the random time
interval for which the channel is open. The stochastic behavior of the number and states of the
channels is described by a random point process.®® For a given realization of the process the
survival function /'(¢) is related to the relaxation rate W(¢) by the differential equation

d/(Oldt=—-W()A (1), with Z(0)=1 2)

or, after integration

JMath Phys,, Vol 35, No. 4, April 1995



1836 M. O. Vlad and M. C. Mackey: Relaxation with dynamic disorder

Z(r)=exp

——fOtW(t’)dt'}. 3)

In these equations due to the dynamical disorder the relaxation rate W(t) is a random function of
time. We suppose that each individual channel is characterized by a set of state variables

r={(r;,ry,...); 4)

the contribution w, of a given channel to the relaxation rate is a function of the state vector r, of
the channel as well as of the time interval Az, that elapsed from the moment at which the channel
was opened

wa=w(ry,A1,); (5)
the total relaxation is the sum of the contributions of all channels

N
W(t)= 2, w(r,,t—1,)h(Zy—1+1,), (6)

a=]1

where ¢ is the current time, ¢, is the time at which the ath channel was opened, h(x) is the
Heaviside function, and 7, is the life time of the open state.

The stochastic properties of the total number N of channels and of the values of the corre-
sponding state vectors (r;,t),...,(ty ,y) can be described by using the formalism of random point
processes.>® We introduce the Janossy densities®®

Q03 0n(ry 215, 30N, ty)dry dt - -dry diy; )]

Oyt 5.y ty)dr dt - --dry dry is the probability that there are N channels involved in the
relaxation process and that the first channel has a state vector between r; and r;+dr; and it is
opened at a time between ¢, and ¢; +d¢ -+ and that the Nth channel has a state vector between ry
and ry+dry and it is opened at a time between 7y and tyt+dty.

We follow the usual convention according to which there are no restrictions concerning the
values of the vectors (r,,t,) and thus a 1/N! Gibbs factor should be introduced in the normaliza-
tion condition for the Janossy densities*®

o1
QO+2 mjJ’"'ffQN(rl,tl;...;rN;tN)drl dtl"'dl'thN=1. (8)
N=1
In terms of the Janossy densities we introduce the joint (product) densities®

=1,
)

77N(r1,tl ;...;rN,tN)drl dtl"'drN dtN

|
= 2 §TJJ"’ffQN+s(l'1,l‘1;---;I‘N+s,t1v+s)dl'1v+1 diyyyoocdrygg diygs
s=0

Xdrl dfl"'drN dtN.
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7 (r,t) is the average density of channels in the (r,t) space and the other product densities describe
the fluctuations of the number and state of channels. The Janossy densities can be expressed in
terms of the product densities as™®

QN(rl?tl ;...;rN,tN)drl dtl‘"dl'N dtN

(-1
= > S fff f An+s(X1at15 s BN+ s EN+8)dEN+1 diyy " dTy4s diyss
§=0 ’

Xdrl dt1'~~drN dtN. (10)

The main advantage of the joint densities is that they allow to evaluate the moments of the number
of channels in a simple way. In particular, given a region % in the (r,t) space, the factorial
moments of the number of channels are given by

7;,,=<N(N—1)-~(N—m+1))=j f "'J J nm(rl,tl;...;rm,tm)dl‘l dtl‘"drm dtm
3 b

(11)

7y are product densities rather than probability densities and thus they do not obey a normaliza-
tion condition similar to Eq. (8).

In terms of Qy and 7y we can define two different types of generating functionals: for the
Jannosy densities

- 1
A[Z(r,t)]=2 _"“ ore Z(rl,tl)-“Z(rN,tN)QN(rl,tl;...;rN,tN)drl dtl'--drN dtN
N!

N=1
+Qo (12)
and for the product densities

zzwn-1+ 3 o [ [ f [z zen

N=1

XUN(rl,tl;...;rN,tN)drl dtl'"drN dtN, (13)

respectively, where Z(r,r) is a suitable test function. It is easy to check that these two generating
functionals are related to each other through the relationship?®

A[Z(r,t)]=E[Z(r,1)—1]. (14)

Now we introduce the probability density

W Avdz, j: WAr)dr=1 (15)

of the life time of the open state of a channel characterized by the state vector r.
The relaxation dynamics is determined by the stochastic properties of the overall relaxation
rate W(z) which can be formally described in terms of a probability density functional

J. Math. Phys., Vol. 36, No. 4, April 1995
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AW(),1<TID[W(1)], ﬂ/’[W(t)]D[W(t)Fl, (16)

where T is a cutoff value of the current time, [J stands for the operation of functional integration,
and D[W(t)] is an integration measure defined over the space of functions W(t). The
main difficulty related to the use of the probability density functional (16) is due to the fact that we
do not have a suitable definition for the integration measure D[W(¢)]. This difficulty can be
circumvented by making use of the generating functional

T
G[K(t);T]=ﬂ exp(—fo K(t)W(t)dt)?[W(t)]D[W(t)], (17)

where K(t) is a suitable test function. We shall see later that the generating functional G[K(¢);T]
does not depend on the integration measure D[ W(¢)]. The probability density functional .74 W(r)]
D[W(r)] is an average of a Dirac-delta functional symbol

N
8l W(t)— D w(ry,i—t)h(/—t+1,) | D[W(1)] (18)

a=]

corresponding to the superposition of the contributions of the individual channels given by Eq. (6),
over the number N of channels, over the state vectors ry,...ry, over the times #,,...,7y and over
the life times /,...,/y of the open states of the channels

AWODIWO]- S i [ [ [ estrimsmenn

N=0

N
X l//(/llrl).”()b(/Ner)é‘ W(t)_ E W(ramt_ta)h(/a_t-'_ta)

a=1

XD[W(t)]drl dtl'“drN d[Nd/I"'d/N, (19)

where the average is evaluated in terms of the Janossy densities Q y and of the probability density
UAAr) of the life time of the open state of a given channel. By inserting Eq. (19) into Eq. (17) and
making use of the expressions (12)—(14) for the generating functionals of the point process we get
a closed expression for the generating functional of the overall relaxation rate

G[K(t);T]=E£[Z(r,t’)=j:d/(/f(/lr)

exp( _ f?ﬁn(T,/+t')w(r,t_t/)K(t)d[) _ 1” (20)

As expected the expression (20) for the generating functional G[K(t)] is independent of the
integration measure D[ W(#)].
From Egs. (3) and (20) we notice that the average survival function

(/(t))=ﬂ CXP(—J;W(t’)dt’)?’[W(t)]D[W(t)] 21
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can be expressed in terms of the generating functional G[K(¢)]. From Egs. (17), (20), and (21) we
obtain

(Z(1))=G[K(1)=1, T=1]

exp( - fmm('ﬁt ) w(r,t”—t’)dt") - IH (22)

’

= E[Z(r,t’)= j:d/w//(/ |r)

Equation (22) is the main result of this article; it allows us to evaluate the average survival
function {/(#)) in terms of the stochastic properties of the individual channels involved in the
relaxation process.

lll. DIRECT ENERGY TRANSFER IN FRACTAL SYSTEMS WITH DYNAMIC DISORDER

Following Klafter and Shlesinger? we consider an initially prepared excited donor at the origin
of a coordinate system surrounded by a random number of acceptors placed at different distances
from the donor. Each acceptor corresponds to a relaxation channel; the corresponding state vector
r is given by the position of the acceptor with respect to the origin. Klafter and Shlesinger” assume
that the relaxation rate corresponding to a given acceptor is inversely proportional to a positive
power of the distance r=|r| from the acceptor to the donor

w(r)~. Zjr|°, (23)

where . / is a proportionality constant with dimension [time] ! [length]” and ¢ is a dimensionless
positive coefficient depending on the nature of the interaction (0=6 for dipole—~dipole interactions,
o=8 for dipole—quadrupole interactions, etc.). In this article we assume that due to dynamic
disorder the right hand side (rhs) of Eq. (23) should be multiplied by a positive attenuation factor
¢ (¢>0) which is a function of the time interval Ar for which the channel is open. We have

w(r,Atr)=.%4

x|~ 7(Ar). (24)

Another assumption made in this article is related to the probability density ¥Ar) of the life time
of the open state of a channel. As all acceptors have the same behavior irrespective of their
position ¥A{/r) should be independent of r

W(Ar)=y(/) independent of r. (25)

We consider that the acceptors do not interact with each other and thus the different reaction
channels are independent; such a situation can be described by an independent random point
process in space—time continuum for which all Janossy densities O, are determined by the first
product density #,(r,r). We have®”*

Qo=eXP(—J f mi(x,1)dr dr),
(26)

- f J 7y(r,1)dr dt) mi(ry,ty) - mi(ry,ty).

On(ry,tys...sTy, ty)=exp

Equation (26) is crucial for the further development of the theory. It shows that for independent
processes only the average density of acceptors 7,(r,t) in the space—time continuum determines
the relaxation law. Here we consider’ an average homogeneous distribution of acceptors in a
d -dimensional fractal structure embedded in a d-dimensional Euclidean space and suppose that

J. Math. Phys., Vei. 36, No. 4, Apri! 1965



1840 M. O. Vlad and M. C. Mackey: Relaxation with dynamic disorder

the acceptors are enclosed in a d,-dimensional hypersphere with a very large radius ry — «
surrounding the origin. We follow a commonly used heuristic approach and assume that the fractal
hypervolume of a hypersphere with radius r js37:39-40

V*(r)=[T(1+d;12)]"  a?rd. 27
The average space—time density of acceptors 7;(r,t) is given by
771 (x,8)dr dit= p(dr) gacaw(t)dt, (28)
where
p=dN/{dr)s,qm const (29)

is the average space fractal density of acceptors and
ldr—dsy2
——— df_ds
(dr) ractal dT(1+d,12) [(1+d,/2)dsr dr (30)

is a fractal analog39’4° of the Euclidean differential element of volume dr, and w(z) is the rate of

generation of acceptors.
By combining Egs. (12)—(14) and (26)—(30) we get the following expression for the gener-
ating functional E[Z(r,t)] of the random point process:

ldr=d)i2 T e
ElZ(r,1)]=ex ———dFl+d/2]dt tf Z(r,t)r*f % dry. (31
From Eqs. (20) and (31) we can compute the generating functional of the overall relaxation rate

arldr—doi2 ® T o
G[K(t);T]=exp{—mpdfl‘(l+ds/2)fo d/://(/)fo dt' w(z )f rér 4

X

1 —exp( R f ) e )K(t)dt) ]dr}. (32)

Now we express the space integrals in Eq. (32) in polar coordinates in d,-dimensional Euclidean
space and integrate over the angular variables. We obtain

df

® T r
G[K(t);T]=exp[ —F(Tqr-l-_ZI.pJ‘/_Z)_dffo d/dl(/)fo w(t’)dt'foordf_l

min(T,s+¢')
X

l—exp(-—y%r"’ qo(t—t')K(t)dt)dr
t

} . (33)

In Eq. (33) the integral over r can be evaluated in the limit r, — % by means of the substitution

y=ottr=o | "D o= K (1)t (34)

t!

The result of the integration over y is

® T
G[K(t);T]=exp[ —Qﬂfo d/l,ll(/)fo dt’ w(t')

’

min(T,/+1' B
J . )<p(t~t’)K(t)dt] ] (35)

J. Math. Phys., Vol. 36, No. 4, April 1995
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where

_(pP(1=dla)\
(m - 09

is a characteristic frequency and
B=dslo 37N

is a dimensionless fractal exponent. As for the problem of direct energy transfer we have d,<3
and from o=6 it follows that 1>3>0.
By using Eq. (35) the expression (22) of the average survival function becomes

J mm("/+")<p(t"-f’>df”r]' (39)
t

r

(/(t)}=exp[ ~*Qﬂfomd/¢(/) fotdt’w(t')

Now we apply the general relaxation equation (38) to several particular cases. The model with
static disorder of Klafter and Shlesinger? is recovered as a particular case of our approach if all
acceptors are generated before or at r=0

w(t)=4(1), (39)
there is no attenuation

e(t—t')=1, (40)
and all acceptors have an infinite life time

YA=6(r=4), 4 — > (41)

In this case Eq. (38) leads to the well-known stretched exponential relaxation law (1) where the
parameters ) and B are given by Eqs. (36) and (37), respectively.

The other extreme corresponds to the case of very strong dynamic disorder for which the
acceptors are generated with a constant rate

o(t)=w const, (42)

there is no attenuation [Eq. (40)] and all acceptors have aninfinite life time [Eq. (41)]. In this case
we get a compressed exponential

(£(1))=exp[ — QPwt! *F]. (43)

Between these two extremes we can consider other cases of interest. A third case corresponds
to a constant generation rate [Eq. (42)], an infinite life time [Eq. (41)], and to a slowly decreasing
attenuation function

e(t—t")=AG—t"HI", 1>H>0, (44)

where A is a positive constant with dimension [time]' ~# and H is a positive fractal exponent
smaller than unity. In this case the average survival function is also given by a compressed

exponential of the type (43)

QA/H)R '
(£(t))=exp{ ~ (1—+—H—B)— wt! TP} =exp[ —const.t! A ] (45)

J. Math. Phys., Vol. 36, No. 4, April 1995



1842 M. O. Vlad and M. C. Mackey: Relaxation with dynamic disorder

but the corresponding exponent

B'=HB<pB (4s")

is smaller than the exponent S characteristic for very strong dynamic disorder.
A fourth case corresponds to a constant generation rate [Eq. (42)], no attenuation [Eq. (40)],
and to an exponential distribution of the life time

WA=(AH"" exp(— (), (46)
where (/) is the average life time of an acceptor. The average survival function is
(7 (1)) =exp{— QP(A' " PL((11{A)) = BYY(B+ Ltl{H) +(t/{(A)P+ exp(— 1M}, (47)

where

t
y(a,t)=foe"t“" dt (48)

is the incomplete gamma function. As ¢ — o the survival function (47) tends to an exponential
(Z()=exp{—(UNPT(1+B)1}, as 1 — o, (49)

where I'(a) = y(a,») is the complete gamma function.

IV. STATIC VERSUS DYNAMIC DISORDER

For a system with dynamic disorder the relaxation rate W(t) is a random function of time and
the average survival function {(#//(¢)) is given by the path integral (21). In contrast for a system
with static disorder the relaxation rate W is a random number rather than a random function and
the static average of the survival function #(z) is simply a superposition of exponential relaxation
laws [P(W) exp(—Wr) dW which expresses the contributions of the different relaxation rates
selected from a given probability density P(W)dW.

In order to make a comparison between static and dynamic disorder we compute the one-time
probability density

P(W;t)dW; with f P(W;1)dwW=1 (50)
0
of the overall transfer rate at time 7. From Eq. (17) we note that the Laplace transform of P(W,1)
_ZP(W;I)=f exp(— KW)P(W;t)dW (51)
0

is given by
LP(W;t)=G[K(t')=K&1—1")]. (52)

By inserting Eq. (35) into Eq. (52) we get
SP(W;t)=exp[ — (b()K)*F], (53)

with

J. Math. Phys., Vol. 36, No. 4, April 1995
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w© t 1/8
b(z)=0“o d/z,b(/)JOdt’w(t’)[(p(t—t')h(/+t’—t)]ﬂ} ) (54)

From Eq. (53) it follows that the one-time probability density of the overall relaxation rate can be
expressed in terms of the Lévy type probability densities for positive variables™*!

Wﬁ(x)=.$1exp(—Kﬂ), with J:‘I’ﬂ(x)dx=l, (55)

where ! is the inverse Laplace transformation. From Egs. (53) and (55) we get
P(W,0)dW="T g(W/b(t))dW/b(t). (56)

The functions Wg(x) have been extensively studied in the literature.*! For large values of
x,¥ g(x) can be expanded in the following asymptotic series:!!

]

1 1
W p(x)=— > 7 (= DT UHAD (L 4 kB)sin( k), x>0 (57)
k=0
and thus for W — o« P(W;t) is given by
P(W,t)~m" ! sin(wB)(b(2))PT(1+ BYyW~(1+A)

dflzpdffod/lﬂ(f)fodt ot )(t—1")h(s+1' —1)]%"°
= // df“’r(l’*‘d /2)W1+df/o' ?

W — oo, (58)

As 1>8>0 from Eq. (58) it follows that all positive integer moments of the overall relaxation rate
(W(1)),{(W?(t)},+~, are infinite, a behavior which is typical for a statistical fractal probability
density.

Now we can proceed to make a comparison between the static and dynamlc disorder. For
systems with static disorder the average survival function is simply given by*?

</(I)>static= f:P(W;r)exp(— Wt)dw. (59)

For systems with dynamic disorder Eq. (59) is obviously incorrect; in this case the average value
of the survival functions is given by Eqgs. (21), (22) and (38). For evaluating the dynamic average
(21) the information contained in the one-time probability density of the overall relaxation rate
P(W;t) is not enough; we need to know the probability density functional 7Y W(#)]D{W(#)] or
the generating functional G[K(¢)]. However, Eq. (59) can be considered as an approximation of
the exact ensemble averages (21), (22) and (38). For establishing the validity range of such an
approximation we insert the expression (55) for P(W;r) into Eq. (59) and evaluate the integral
over W. We get

</<z>>m=exp[ — ()P f:d/w) f()'dr'w(r’)hp(r—r')h(fﬂ'—z)]f’ . (60)

As expected, the static and dynamic averages (60) and (38) are generally different. We notice
however that they are identical if the restrictions (39)-(41) are fulfilled, a situation which corre-
sponds to the Klafter—Shlesinger generalization2 of the Forster model; in this case we have

</(t)>static=</(t)>dynamic=exp[_(Qt)ﬂ]- (61)

J. Math. Phys., Vol. 36, No. 4, April 1995
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V. RELAXATION DYNAMICS OF THE FASTEST CHANNEL

A common approximation for the problem of direct energy transfer is based on the assumption
that only the fastest channel contributes to relaxation dynarnics;z'6 in other words one assumes that
the transfer is restricted only to the nearest neighbor acceptor. For investigating the relaxation
dynamics of the fastest channel we shouid evaluate the generating functional of the transfer rate;
paradoxically for a single channel this is a more complicated problem than in the case of multi-
channel dynamics considered before. For simplicity we restrict ourselves to the evaluation of the
one-time probability density

FW;t)dW, with J’ T(W;t)dW=1. (62)
0
This probability density can be expressed in terms of the probability density

A(r,t")dr dt’, with Jf/'(r,t’)drdt’=1 (63)
0 Jo

of the distance r from the excited donor to the nearest acceptor and of the time ¢’ at which the
acceptor was generated. For given values of the distance r, of the initial time ¢’, and of the life
time ~ the value of the relaxation rate is given by

W(t)=.Zr %o(t—t"Yh(r—t+1t'). (64)
It follows that the probability density .7(W;r) can be expressed as an average of a delta function

corresponding to Eq. (64)

ﬂW;t)=f:d/z/x(/)f f(:dt}’(r,t’)é’(W—‘.%r“"(p(t—t')h(/—t+t’))dr. (65)

The donor is surrounded by a hypersphere of radius r in which no acceptors exist; the
corresponding fractal hypervolume V*(r) is given by Eq. (27). In the space—time continuum we
define a space-time hypervolume (Ref. 37) v*(r,1") which is empty, that is, for which no accep-
tors exist. v*(r,t") is simply equal to

v*(rt')=V*(r)t'. (66)
The probability density ~(r,t') can be expressed as

av*(r)
ar

At )dr dt' =&Ww*(r,t'))pw(t’) dr dt’, 67)

where &(v*) is the probability that the space—time hypervolume v*(r,t') is empty. Z(v*) obeys
the balance equation

E(w*+ Av¥)=&(v*)(1 - po(t’')Av¥), (68)

which, for Av* — 0, leads to a differential equation in £(v*). By integrating this equation with the
initial condition £(0)=1 we get

g(v*)r—exp[ —~pV*(r)j0tl w(t")dt"}. (69)

J. Math. Phys., Vol. 36, No. 4, April 1995



M. O. Vlad and M. C. Mackey: Relaxation with dynamic disorder 1845

By combining Egs. (27), (66), (67), and (69) we get the following equation for the probability
density ,(r,t"):

' ’ Trdf /Zrdf ¢ " ” fﬂ-dflzrdf— : ' '
s (r,t")dr dt' =exp Mpl_'(l-l-—df/Z) . w(t")dt F(1+—df/2)pw(t Ydr de'. (70)

By inserting Eq. (70) into Eq. (65) and integrating over r we can get rid of the delta function,
resulting in

W)= Wdf/zdfp W_(1+df/0)fm d ft dr’ i Vb
7.( yt)_ ax/g-—df/a'r(l_kdf/z) 0 /l//(/) 0 t w(t )[¢(t t ) (/ t

df/a t'
f w(t”)dt"}.
0

ay

+1')]%'7 exp{ — _m% (—ff o(t—1"Yh(r—t+1")
T(1+d,2) \ W

The asymptotic behavior of the probability density 7 (W;z) as W — o can be easily evaluated
from Eq. (71). As W — oo the exponential tends to unity and Eq. (71) becomes

7IW; 1)~ w Ppd;f§ dAp(A g dr' (e ) e(t—t )h(s+t' = D]
. ) o. %—df/ar'(l +df/2)Wl+df/a'

, W oo (72)

By comparing Egs. (58) and (72) we note that as W — o the behavior of the probability densities
P(W;r) and .7(W;t) are exactly the same. The physical explanation of this result is simple: the
very large rates are generated by acceptors which are very close to the donor. For the closest
acceptor the corresponding rate is the largest and its contribution to the total relaxation rate
outweighs the contributions of remote acceptors. For not very large values of W, however, all
acceptors contribute to relaxation and the probability density .7(W;¢) of the transfer rate of the
fastest channel is a poor approximation for the probability density P(W;¢) of the total relaxation
rate. This explanation for the same type of asymptotic behavior is similar to the one given to the
Holstmark theorem from spectroscopy* and astrophysics;** a similar interpretation was suggested
by the authors in the case of time and space dependent colored noise.*’

The probability density 7 (W;t) does not describe the correlations among the fluctuations of
the relaxation rate W(¢) at different times and thus it cannot be used for the evaluation of the
average survival function in the case of dynamic disorder. For static disorder, i.e., if the conditions
(39)—(41) are fulfilled, we have

(A1) = f: exp(— W) ZIW;1)dW, (73)

where the superscript n.n. stands for the nearest neighbor approximation. The probability density
Z(W;t) can be computed from Egs. (39)—(41) and (71)

dpmr2p W= (1+ds1) 74'p (v%

df/O'
T(W)= o /Z_dflgr( 1 +df/2) exp[ - m W) } independent of r.

(74)

The integral over W in Eq. (73) cannot be computed exactly; we evaluate it by means of the
method of steepest descent

(£(1))ganic~exp[ — (Q'1)7], (75)
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where
dot o\ et oVde| ndgl2 ) pedelo\ oldg
Q’: f a m p.70 (76)
g I‘(1+df/2)
and
a=df/(df+0)=ﬂ/(1+ﬂ)<,8. an

Equation (75) is again a stretched exponential but with a smaller exponent a<\8 because of the
truncating influence of more distant acceptors. In particular for d,=1 Egs. (75)—(77) reduce to the
relationships derived by Klafter and Shlesinger” for one-dimensional relaxation.

VL. AN ALTERNATIVE APPROACH

In this section we suggest a different approach for describing the multichannel relaxation in
terms of the theory of random point processes. We start out with the simplest case of static
disorder. We classify the channels with respect to their contributions w,,w,,... to the total relax-
ation rate. For a set of N channels with individual rates wy,...,wy the total relaxation rate W is
equal to

W=w;+ - +wy. (78)

By making an analogy with the formalism developed in Sec. II we describe the stochastic prop-
erties of the number N of channels and of the individual rates w,...,wy in terms of a random
point process in the w space defined by a set of Janossy densities

QO’QN(WN)dwNv with WN=(W1,...,WN), (79)

which obey the normalization condition

o 1
00t 3 77 [ ontmidmy=1. 80)

N=1

In terms of the Janossy densities O, we define the product densities

1
In(Wa)dWy=dwy >, 5T f On+s(Wy,Ws)dws, (81)
s=0 =~
with
o (—=1)S
Qun(Wy)dwy=dwy 2, ST f Nn+s(Wy , Ws)dW (82)
5=0 ’

and the generating functionals

o L
AZONI=00+ 3 17 [ QuwmZon) - Zomdw, &)

N=1
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o1
Elzm]=1+ 2 37 | m(wnZ0w1) - Z(wy)dwy, (84)
N=1 !
with
ALZ(w)]=E[Z(w)~1]. (85)

The probability density of the total relaxation rate P(W) can be expressed as an average of a
delta function corresponding to the superposition law (78)

1
P(W)dW=dW >, il f On(Wr) S(W—=Sw )dwy. (86)

By applying in Eq. (86) the Laplace transform with respect to the total relaxation rate W we can
make a connection with the generating functional Z[Z(w)]

YLP(W)= j: exp(—KW)P(W)dW=E[Z(W)=exp(—KW)—1]. (87)

As for static disorder the average survival function can be expressed in terms of the Laplace
transform of P(W); we have [see alsu Eq. (59)]

(1)) satic=FP(W)| =, = E[Z(W) =exp(—tW)—1]. (88)

37,38

In particular if all channels are independent the point process is Poissonian, and all Janossy

densities can be expressed in terms of the first product density ;,(w)

Qo=eXp( - f nl(W)dW),

QN(WN)=6XP(_J 771(W)dW) m(w) - 7i(wy) (89)

and the generating functional E[Z(w)] is given by an exponential

220w 1=exp| | 7w Z0n)aw | (90)
By combining Egs. (87) and (90) we obtain
</(t)>static=exp[ - f: 771(W)[ 1 _eXP(—Wt)]dW} . (91)

Equation (91) was first derived by Huber* by means of a succession of approximations without a
straightforward significance. Our analysis shows that Eq. (91) is exact for a Poissonian distribution
of independent channels.

In Egs. (89)—(91) the first product density 77,(w) is the average density of channels with an
individual relaxation rate between w and w +dw. The integral of 7,(w) over w is the average total
number of channels

W= “mwaw. ©2)
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In order to establish a relationship between the present approach and the model of static
disorder suggested by Klafter and Shlesinger” we compare Egs. (1) and (91). This comparison
leads to the consistency condition

(Qn)f= ]: (w1 —exp(—wi)dw. ©3)

Equation (93) may be viewed as an integral equation for the average density of channels 7,(w);
it can be solved by differentiating with respect to ¢

BOEE 1= f: wn, (w)exp(—wt)dt. (94)

The rhs of Eq. (94) is in fact the Laplace transform of the product w#,(w). By performing an
inverse Laplace transformation we get an inverse power law for the average density of states

BQEw—(1+8)
771(W)=W (95)

Due to the nonanalytic singularity of the average density of states (95) for w=0 the average
number of channels is infinite

For dynamic disorder the contribution w(#) of an individual channel to the total relaxation rate

is a random function of time. If there are N channels with the individual rates w(z),...,wy(f) the
total relaxation rate W(¢) is also a random function equal to

W(t)=w () + - +wpl(r). 97)
In order to generalize the formalism introduced in this section to systems with dynamic disorder
we should extend the notion of random point process to the space of functions w(¢). Such a
development can be carried out only in a formal way because we do not have a suitable definition
of an integration measure D[ W(t)] over the space of functions W(t).

Formally the stochastic properties of the number N of channels and of the corresponding
individual rates can be described in terms of a set of functional Janossy densities

Q0. Qw1 (2),...,wn(8)ID[w, ()] - Dlwp(2)], (98)
with the normalization condition
S|
00+ 3 w7 LI -+ ST 0utw )t 10L (01 DLwa1=1.
N=1 :

Within the framework of this functional formalism the product densities also become functionals
of the individual rates
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Anwi ()., wp(8)ID[w ()] - Dlwy(t)]

o1
=D[w(#)]-- 'D[WN(t)]E ST ﬂ . 'ﬂQN+S[Wl(t)7---wa+S(t)]
s=0 '

XD[wy+1(6)] - Dlwy+s(6)], (99)
with
Onwi(t),...,wp(2)ID[w,(1)]-- - DLw(1)]
= (L)
=D[w(1)]---Dlwy(1)]1 2 (_-:ST,')_ﬂ'"ﬂQN+S[W1(I)’~~’WN+S(t)]
5=0 '

XD[wy1(2)]- - Dlwys(2)]. (100)

The corresponding generating functionals become in fact functionals of functionals

o 1
ALZIw()]]= Qo+ X mﬂ"'ﬂQN[Wl(t)a---sWN(t)]

N=1

XD[w(1)]---Dlwn()1Z[w ()] -~ Z[wp(1)], (101)

N
E[Zlw(n)]]=1+ 2, N—,ﬂﬂ w1 (1), wa(1)]

N=1
XD[w()]...DIwn()1Z[w ()] Z[wp(D)], (102)
A[Z[w(H]]=E[Z[w(1)]-1]. (103)

In these equations Z[w(z)] is a test functional of the random individual rate w(t).
By using Egs. (98)-(103) the relationship (88) for the average survival function can be easily
extended for dynamic averages. We get

(/(r)>dynm=E[Z[W(t)]=exp( - fot W(t’)dt’) - 1]. (104)

Equation (104) may be derived in the same way as Eq. (88) by introducing a probability density
functional of the total rate W(¢) and using a functional analog of the Laplace transformation.
The case of independent channels corresponds to a functional Poisson process for which

Q0=CXP( _ﬂ mlw()1DIw(1)] ),

(105)

QN[Wl(I)v---,WN(t)]=€XP( _ﬂ mw(1)1DIw(1)] ) 7w (O] mIwa(6)],

and
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E[Z[W(t)]]=eXP(ﬂ mw(DIZ[w()1DIw(2)]). (106)

By combining Egs. (104)—(106) we come to a dynamic analog of the Huber equation (91)

</(t))dynmC=eXpl“H nn[W(I)](l—eXP(—ﬂ W(t’)dt'))D[W(t)]}- (107)

In these equations 7;[w(#)] is the average functional density of channels and the functional
integral over w(r) is the total number of channels

(N>=ﬂ milw(@)]D[w(1)]. (108)

By comparing Eq. (107) with Eq. (38) derived in Sec. III we get a consistency condition
similar to Eq. (93)

B

7

et 4 min(¢,/+¢’
Qﬁf d/«//(/)f dr’ w(t’)“ (e e(t"—1t")dt"
4] 0 t

-[J m[w(r)](l—exp( - w<z')d:'))D[w<t>], (109)

which can also be viewed as an integral equation for the average functional density of channels
m[w(z)]. However, unlike Eq. (93) Eq. (109) is only a formal equation which cannot be solved
for m;[w(z)] because we do not have a suitable definition for the integration measure D[w(¢)].

VIi. DISCUSSION

For analyzing the changes due to the passage from static to the dynamic disorder we compare
the tails of the average relaxation laws (1), (43), (45), and (47)-(49) and the corresponding
effective hazard rates

ult)=—3a In{/ (1)) ét. (110)
By combining Egs. (1), (43), (45) (47)-(49), and (110) we get the following expressions for the
hazard rates:

(a) static disorder; (#(¢)) is given by Eq. (1) with 1>8>0

p(1)=pAFP=1, (111)

(b) dynamic disorder; {£/(¢)) is given by Egs. {(47)-(49)

m(1)=QPw(HPy(B+1.1/{2)),

112
~QPo(HPT(B+1), as t— o, (12)

(c) dynamic disorder; (#/(¢)) is given by Eq. (45)
w(t)=(QA/H)PwtPH, (113)
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(d) dynamic disorder; (£(¢)) is given by Eq. (43)

w(t)=(B+1)QPwr?. (114)

.

In the succession of relaxation processes (a) — (b) — (c) — (d) the lengths of the tails of the
average survival functions decrease, which shows an increase of the efficiency of the relaxation.
This increase of efficiency is also displayed by the behavior of the effective hazard rates. For static
disorder the hazard rate decreases from u(0)=0 to u(»)=0. In contrast, for systems with dynamic
disorder the hazard rates (112)—(114) increase starting from u(0)=0; in case (b) it tends towards
an asymptotic constant value and in cases (c) and (d) they tend to infinity as t — . The physical
explanation of the increased efficiency for dynamic disorder is related to the fluctuation dynamics.
The dynamic disorder is characterized by fluctuating relaxation rates which enter the expression of
the survival function in a multiplicative way. As a result the average behavior of the system is
influenced directly by the fluctuation dynamics: the stronger the fluctuations the faster the relax-
ation. We can make an analogy with the phenomenon of motional narrowing in spectroscopy
described in terms of Anderson—Kubo theory:'""*** in both cases a relaxation function depends
multiplicatively on a random rate described by a stochastic process. The mechanism of fluctua-
tions leads to a given type of relaxation behavior. In case (b) the generation of acceptors with a
constant rate w is compensated by their removal with a rate (™. For large time the statistical
compensation between these two opposite factors leads to a constant hazard rate as + — o« which
corresponds approximately to a Markovian behavior for large time. In case (c) although there is no
removal a similar compensation exists due to the decrease of the efficiency of acceptors [Eq. (44)];
however, the corresponding attenuation of an individual relaxation rate is slower than the process
of removal and as a result even for very large times the process is still non-Markovian. The case
(d) corresponds to a very efficient relaxation; in this case no compensation mechanism exists; the
fast relaxation is due to the accumulation of the acceptors around the donor; this is essentially a
transient effect which leads to the enhancement of the process of energy transfer.

Although the present approach has been suggested by the problem of direct energy transfer in
fractal systems with dynamic disorder, our approach may also be used for investigating the dy-
namics of other types of relaxation processes. Of course our method is far from being universal:
it is limited to the systems for which the dynamic disorder can be described in terms of the random
point processes introduced in Secs. II and VI, However, even though the stochastic dynamics is
different a basic feature of the present approach is still valid: the dynamic average of the survival
function can always be represented in terms of the generating functional which describes the
fluctuations of the total relaxation rate. It turns out that the evaluation of the average survival
function is possible, at least in principle, for any stochastic system for which the generating
functional can be computed analytically, for instance, for certain types of Markov processes or for
some processes with long memory which can be embedded in a Markov process by increasing the
number of degrees of freedom.*® Such an approach can be applied for describing the decay of
positrons or of positronium atoms trapped in dense fluids.>

In this article the main focus has been on the study of the average behavior of a relaxation
system described in terms of a point process. Concerning the fluctuations of the number of
surviving particles (or quasiparticles) for a relaxation process with dynamic disorder there are two
different sources of stochasticity: (1) the fluctuations generated by the random variations of the
relaxation rate W(¢') and (2) the sample fluctuations due to the intrinsic random nature of the
relaxation process.

The first type of fluctuations due to dynamic disorder can be easily investigated by using the
generating functional approach developed here. The one-time moments of the survival function
{# (1)) are given by
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(/"’(t))=ﬂ exp(—fot mW(t’)dt')?{W(r’)]D[W(r')], m>0. (115)

By comparing Eqgs. (21) and (115) we note that
(m()y=(L@,W(t') = mW(t"))), (116)

that is, the superior moments of the survival function can be computed from the expressions for
the average survival function by replacing the relaxation rate W(¢') by mW(z').

The study of interactions between the sample fluctuations and dynamical disorder is more
complicated. In this case a double dynamic averaging procedure should be developed which will
be presented elsewhere.*’ Here we mention only that the theory leads to a set of general
fluctuation-dissipation relations

Fu(t)Fp(0)=(£™(1))=(£ @, W(t') > mW(t"))), (117)
which relate the factorial moments of the number .4"() of surviving particles at time ¢
Fo(t)=(A (A =1)A(A"—=m+ 1))}, m=1,2,... (118)

to the average survival function. The fluctuation-dissipation relations (117) are general: they are
valid not only for the relaxation processes considered here but also for any independent decay
process with dynamical disorder. Equations (117) are independent of the stochastic behavior of the
random rate W(¢'). An important consequence?’ of the fluctuation-dissipation relations (117) is
that in the thermodynamic limit the fluctuations of the number of particles are intermittent: for
large systems the relative fluctuation of the number of surviving particles does not decrease to zero
but rather tends towards a constant positive value.

Although we have studied mainly the relaxation processes with dynamic disorder, some re-
sults obtained here are also of interest for the description of systems with static disorder. The
formalism presented in Sec. VI may serve as a basis for a new physical interpretation of the Huber
equation (91) leading to a new way of evaluating the experimental data. Such an approach would
be of interest in the study of protein relaxation, for instance, the photodissociation of carbonmon-
oxy myoglobin.?

There are still some unsolved problems related to our approach, especially in connection with
the relationships between the two types of random point processes introduced in Secs. II and VI.
For the clarification of these relationships further investigations are necessary.
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