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ABSTRACT. Here we consider cell population dynamics in 
which there is simultaneous proliferation and maturation. The 
mathematical model for this process is derived, and results in 
a nonlinear first order partial differential equation for the cell 
density u(t,x) in which there is retardation in both tempo- 
ral ( t )  and maturation (x) variables. Numerical analysis of a 
representative equation indicates that there are two classes of 
solution behavior depending on the initial function v(x). If 
y(0) > 0 there is a unique stationary solution. In this case 
the net effect of the time delay is t o  retard the dynamic ap- 
proach to the stationary solution, while spatial delays modify 
the steady state distributions with respect to the maturation 
variable. Alternately, if y(0) = 0, the stationary solutions 
display a multistability that depends on the maturation ve- 
locity T. For a critical value T = re, which depends on the 
time delay, the stationary solution is nonhomogeneous. For 
values of T close to re, the solution dynamics exhibit critical 
slowing down, similar to that seen in the neighborhood of a 
phase transition. For 0 < re < T, the stationary solution is 
uniformly zero, while for 0 < T < TC,  the stationary solution 
is homogeneous and singular. 

1. Introduction. A variety of mathematical models for biological 
dynamics are most appropriately framed as differential delay equations 
[ll]. Many of these problems involve descriptions of cell replication, 
and in this circumstance the natural delay is the cell cycle time. 

The purpose of this paper is twofold. We first show that, in a simple 
model in which cells are both proliferating and maturing, one obtains 
a dynamical equation that is a first order partial differential equation 
in which there is a retardation in the time variable as well as in a mat- 
uration variable. Second, because of the apparently novel nature of 
this problem and the paucity of relevant mathematical results, we nu- 
merically study the solution behavior of a prototypical system in which 
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