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PERIODIC OSCILLATIONS OF BLOOD CELL POPULATIONS IN
CHRONIC MYELOGENOUS LEUKEMIA*

MICHAEL C. MACKEYT, CHUNHUA OU#, LAURENT PUJO-MENJOUETS$, AND
JIANHONG WUY

Abstract. Periodic chronic myelogenous leukemia and cyclical neutropenia are two hemato-
logical diseases that display oscillations in circulating cell numbers with a period far in excess of
what one might expect based on the stem cell cycle duration. Motivated by this observation and a
desire to understand how long period oscillations can arise, we analytically prove the existence and
stability of long period oscillations in a Gg phase cell cycle model described by a nonlinear differential
delay equation. This periodic oscillation p~ can be analytically constructed when the proliferative
control is of a “bang-bang” type (the Hill coefficient involved in the nonlinear feedback is infinite).
We further obtain a contractive return map (for the semiflow generated by the functional differential
equation) in a closed and convex cone containing po when the proliferative control is smooth (the
Hill coefficient is large but finite). The fixed point of this contractive map gives the long period
oscillation previously observed both numerically and experimentally.
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1. Introduction. Periodic hematological diseases have attracted a significant
amount of modeling attention from mathematicians, notably the disorders periodic
autoimmune hemolytic anemia [3, 17] and cyclical thrombocytopenia [27, 29]. Periodic
hematological diseases of this type, in which only a single cell type is typically involved,
usually display a periodicity in circulating cell numbers between two and four times
the bone marrow production delay. This clinical observation has a clear explanation
within a modeling context [10].

Other periodic hematological diseases such as cyclical neutropenia [4, 10, 11, 15,
16, 18] and periodic chronic myelogenous leukemia (PCML) [8] have more than one
circulating blood cell type (i.e., white cells, red blood cells, and platelets) that display
oscillatory levels. The oscillations in cell numbers in these two diseases have period
durations ranging from weeks to months in general and are thought to originate in
the pluripotential stem cell compartment [10]. In the particular case of PCML, the
period can range from 40 to 80 days. Two lines of evidence indicate that the PCML
oscillations originate in the stem cell population based in the bone marrow. The
first suggestion that this is the case comes from the presence of the Philadelphia
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chromosome in all hematopoietic cells in PCML [5, 7, 9, 12, 30]. Second, in PCML
it is observed that white blood cells, erythrocytes, and platelets all oscillate with the
same period [8].

“How do ‘short’ cell cycles give rise to ‘long’ period oscillations?” This question
has arisen from the observation of circulating blood cell oscillations in PCML [8].
There is an enormous difference between the relatively short cell cycle duration, which
ranges between 1 and 4 days [13, 18, 19], and the long period oscillations in PCML
(between 40 and 80 days) [8]. The link between these relatively short cycle durations
and the long periods of peripheral cell oscillations in PCML is unclear and has been
neither biologically explained nor understood.

Using a Gy model of the cell cycle [6, 20, 28], an attempt to answer this ques-
tion has been made in [1, 25, 24], where the role of various model parameters on
the period and amplitude of the cellular oscillations was examined. When cellular
reentry from Gy into the proliferative phase is subject to “bang-bang” control (tech-
nically, where the Hill coefficient in the model re-entry rate n is infinite—see below),
qualitatively the cell cycle regulation parameters have a major influence on the os-
cillation amplitude, while the oscillation period is primarily determined by the cell
death and differentiation parameters. Under this strong assumption, the cell cycle
model is described by a piecewise linear scalar delay differential equation that, after
nontrivial but straightforward calculations, has a periodic solution with large period
and amplitude and strong stability properties.

Here, we prove analytically that similar conclusions hold in the more biologically
realistic case that the re-entry rate is a smooth monotone function. We construct a
convex closed cone containing the periodic solution when n = co and a contractive
return map defined on this cone such that a fixed point of the return map gives a
stable periodic solution of the model equation when n is large. This method was first
developed by Walther [31, 32] for a scalar delay differential equation with constant
linear instantaneous friction and a negative delayed feedback, and was later extended
to state-dependent delay differential equations [33, 34] and to delay differential systems
[34, 36]. This method was further developed in [23] by incorporating some ideas
from classical asymptotic analysis and using matching methods. Applications of this
method to the present cell cycle model are nontrivial since both the instantaneous
loss and the delayed production of stem cells involve the nonlinearity and there is no
analytic formula for the periodic solution in the limiting case (n = 00).

This paper is organized as follows. In section 2 we present the model in detail.
Section 3 summarizes previous results from [24] in the case where the Hill coefficient n
is infinite. Then, we introduce a more general result for the perturbed delay equation
given in section 4, and we present our main results in section 5 including the full
asymptotic expansion for the periodic solutions.

2. Description of the model. The Gy model of the cell cycle (see Figure 2.1 for
a depiction) is conceptually based on the work of Lajtha [14] and was first developed
by Burns and Tannock [6]. It can be derived from an age structured system of two
coupled partial differential equations, along with appropriate boundary and initial
conditions [15, 16, 21, 26]. Integrating along characteristics [35] these equations can
be transformed into a pair of coupled nonlinear first-order differential delay equations
[15, 16, 18]. The resulting model depicted in Figure 2.1 consists of a proliferating
phase cellular population P(¢) at time ¢ and a Gg resting phase, with a population
of cells N(t). The proliferative phase cells consist of cells in the G phase of the cell
cycle, the DNA synthesis (S) phase, G2, and mitosis M. In this proliferative phase,
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Fi1G. 2.1. A schematic representation of the Go stem cell model. Proliferating phase cells (P)
include those cells in G1, S (DNA synthesis), G2, and M (mitosis), while the resting phase (N)
cells are in the Go phase. § is the rate of differentiation into all the committed populations arising
from the stem cells, and v represents the apoptotic loss of proliferating phase cells. [ is the rate of
cell re-entry from Go into the proliferative phase, and the cell cycle time T is the duration of the
proliferative phase. See [15, 16, 18] for further details.

cells are committed to undergo cell division a constant time 7 after their entry into
(1. The choice of a constant cell cycle time 7 simplifies the problem, though some
models with a nonconstant value of 7 have been examined [2, 4]. The proliferative
phase death rate v is due to apoptosis (programmed cell death). At the point of
cytokinesis (cell division), a cell divides into two daughter cells, both of which are
assumed to enter the resting (N) phase. In this phase, cells cannot divide but they
may have one of three possible fates: differentiate at a constant rate 6, re-enter the
proliferative phase at a rate (3, or remain in Gy. The re-entry rate 3 is a nonlinear
function of the cellular density and the central focus of this study.

The full model, described by a coupled nonlinear first-order delay equation, takes
the form

(2.1) WP — ) + BN — 7 BINN,
and
(2.) IV [B() + 61 + 2677 BV V-

where N; = N(¢t—7). The resting (Gy) to proliferative phase feedback rate 3 is taken
to be a monotone Hill function of the form

Bob"

BN) = S

In (2.2), the first term represents the loss of nonproliferating cells to the proliferative
phase (flux S(N)N) and to differentiation (flux §N'). The second term represents the
production of Gy phase cells from the proliferating stem cells. The factor 2 accounts
for the amplifying effect of cell division while e™7" accounts for the attenuation in the
proliferative phase due to apoptosis. Note that we need to study only the dynamics
of the Gy phase resting population (governed by (2.2)) since the proliferating phase
dynamics (governed by (2.1)) are driven by the dynamics of the resting cells. This is
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strictly a consequence of the fact that we have assumed g to be a function of N alone
21, 22].
Introducing the dimensionless variable x = N/6, we can rewrite (2.2) as

(2.3) Cfl—f = —[B(z) + 8]z + kB(z; )z,
where

1
(2.4) B(x) = ﬂom,

and k = 2e777. The steady states x, of (2.3) are given by the solution of dx/dt = 0.
Thus we have z, = 0, and

. 1/n
(2.5) Ty = (5()k L 1) .

6
Here we require

1.6
T<——1In + B

Y 200

SO Bo% > 11in (2.5) and the second nontrivial steady state will be positive. Note
that when n — oo, x, — 1 in (2.5) and B(x) tends to a piecewise constant function
(the Heaviside step function).

A solution of (2.3) is a continuous function x : [-7,4+00) — R4 obeying (2.3) for
all ¢ > 0. The continuous function ¢ : [-7,0] — Ry, p(t) = x(t) for all ¢ € [—,0],
is called the initial condition for x. Using the method of steps, it is easy to prove
that for every ¢ € C([—7,0]), where C([—,0]) is the space of continuous functions
on [—7,0], there is a unique solution of (2.3) subject to the initial condition ¢.

3. Periodic solutions: Limiting nonlinearity. In this section we study the
dynamics of (2.3) when 3(z) is the step function

or={ & 22t

Bo, x < 1.

By a solution of (2.3) in this case, we mean a continuous function z(¢) on the interval
[-7,00) which is piecewise differentiable and satisfies (2.3) for ¢ € [0, 00) except at
the point ¢t where z(t) or z(t — 7) is equal to 1. For any initial data ¢ € C[—,0], it
is not difficult to obtain a unique solution z(t) by using the method of steps. As in
[24], we introduce two constants

a=0+06 I'=2Bpe” 7" =kb.

Inserting the step function §(x) into (2.3), we obtain

—o, 1<x,2.,
(3.1) dr _ —ax, 0<zr<l<ux,,
’ dt —azx+Tz,, 0<z,z, <1,

—x+Tz,, O<z,<l1l<uz,

where z, = z(t — 7).
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For (3.1), we choose the initial function p(t) > 145 fort € [-7,0) and ¢(0) = 1+n
where 7 is a small positive constant specified later. By the continuity of the solution
x, we have from (3.1) the existence of ¢; such that x(¢) and z(t — 7) are greater than
1 for ¢t € [0,t1) and z(¢;) = 1. The solution z(t) then satisfies

d
(3.2) Y by for te [0,t1].
dt
Thus solving the above equation, we have z(t) = ¢(0)e™% = (1 + n)e~%. Tt follows
that
_Inp(0)  In(1+n)

0 o

In the next interval of time, defined by (¢1,¢1 + 7), we have (¢t — 7) > 1. From the
first two lines in (3.1), the solution is decreasing and thus crosses the level x = 1. The
dynamics are given by

(3.3) t

(3.4) i—f = —ax
as long as x(t) < 1. The solution is then given by z(t) = e~ (=) for t € [t1,t; + 7]
and z(t; + 7) = e~ 7 independent of the initial function ¢(t). Thus, the dynamics
eventually destroy all memory of the initial function.

The solution in the next interval will be such that x,z; < 1. In order that (3.1)
has periodic solutions, we impose an extra condition on I' and « so that

(3.5) —az+ Tz, > 0.

Otherwise, if —ax 4+ I'z, < 0, then the solution may tend to zero as ¢ approaches
infinity and thus we cannot expect a periodic solution. In particular, if

—ax+ Tz, =0,

then the solution may stay below the line x = 1 so long that the resulting analysis
becomes very complicated. Note that for t € [ty + 7,1 + 27], we have z(t — 7) =
e~ @(=t=7) Then if z(t) < 1, from (3.1), we have % = —az + Tz, = —az +
TFe=2(t=t1=7) which gives

(3.6) 2(t) = et =T (e=0T L T(t — ¢; — 7).

For the sake of simplicity, we impose an extra condition on I':
1 _

(3.7 I' > maxq —(e*" —e ), e 5.
T

Note that condition (3.7) clearly holds if 3y is large.

Equation (3.6) is only valid if the value of z(t) is less than or equal to 1. However
when we directly replace ¢ in (3.6) by t1+27, we have (t14+27) = e7*"(e7*"+I'7) > 1.
Thus we need to use (3.6) to find a point ty € (t; + 7,t; + 27) such that z(t2) = 1
and (3.6) is valid for ¢t € [t; + 7,t2]. Assume t3 = t1 + 7+ u, u € (0,7). Then from
(3.6) we have

(3.8) e =e " +Tu.
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Equation (3.8) is a transcendental equation and cannot be solved explicitly. However,
the existence of a positive solution u € (0, 7) is obvious given (3.7). Therefore (3.5)
holds for t € [t1 + T, 2] (due to the fact that x(t —7) > 7).

Next for ¢ € (t2,t2 + 7), we claim that

(3.9) z(t) > 1.

Indeed, from the above analysis, we know that e < (¢t — 7) < 1 and at the
particular point ¢, z(t2 +0) = lim_¢, 10 xz(t) = 1, so x(t2 — 7) > e~*7. By (2.3) and
(3.7) we have

' (t2 4+ 0) = —[B(x) + 8|z + kB(z, )z, > —a+ Tz > 0.

The solution z(t) is differentiable with respect to ¢ as long as z(t) and z(t — 7) are
not equal to 1. To see our claim suppose, by contradiction, that there exists a point
h € (ta,t2 4+ 7) such that z(h) = 1, 2/(h — 0) < 0, and x(¢) > 1 for ¢t € (t2,h). Then
using (3.1), we have by (3.7) that

@'(h—0)=—6+Ta(h—7) > -8 +Te " > 0.

This is a contradiction, and our claim is true.

Splitting [t2, t2 + 7] into two subintervals [t2, 1 + 27] and [ty + 27, t2 + 7], we can
give explicit formulae for the solution z(t) as follows.

For t € [to, 1 + 27], we know that z(t — 7) = e"*(*=#1=7) < 1. The dynamics are
thus given by

d
dif = bz + Tz, = —dx 4+ De t—0=7),
which has the solution
T
(3.10) x(t) = e 07(t2) {1 - %ea(tﬁr)f&z (et — eﬁm)} )

Moreover, since the solutions are differentiable provided that x(t) and x(¢t — 7) are
not equal to 1, and the solutions are continuous everywhere, for ¢t € [t; + 27,t2 + 7]
we have

dx

U —bx + Tz,

—6x + De™t1=27) (o =0T L (¢ — ) — 27)),
SO
x(t) = e U2 [ty 4+ 27) + T (j(t) — j(t + 27))],

where

y 1 —aT r —a)(t—t1—27
J(t):m <e +F(tt127)6_a> p(6—a)(t—t1—27)

After the time t5 + 7, both z, and x are greater than 1, and the solution satisfies
(3.11) ¥ =—bx

as long as x(t) > 1 and thus is decreasing. Therefore, there exists a point, say, t = d,
so that 2(d) = 1. Note that in the interval [t3,d], the graph of the solution z(t) is
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independent of the initial function p(¢). Now we can use (3.9) and (3.11) to choose a
small positive constant < 1 such that the following hold:

1. We have
log(1
(3.12) t = %Jr") <
2. we have
1 _
(3.13) I' > max {(e(” —e ), a(l + 17)6‘”} )
T

and z(t) reaches 1 4 1 at a point t3 € (ta,t2 + 7); and
3. there is a point T}, t3 + 7 < T, < d so that

(3.14) o) =14n, (T, +8) > 1+, s € [-7,0).

With this choice of 7, we have z(t) > 1+ n for t € (t3,T,) and the solution is
strictly increasing for ¢ € [to,t3] (due to (3.13)). Finally, when we continue to solve
(3.1) step by step, we have z(t) = z(t+T,) for t > 0. Summarizing the above analysis,
we have the following result.

THEOREM 3.1. Suppose that T' satisfies (3.7). Assume that x is the solution of
(3.1) subject to the initial condition ¢ > 1+ n where n is chosen to satisfy (3.12),
(3.13), and (3.14). Then the solution x satisfies x(t) = x(t + Ty) fort > 0.

4. Periodic solutions: General nonlinearity.

4.1. Perturbed delay equation. With the preceding analysis of the G phase
cell cycle model when the feedback function g is a Heaviside step function, we turn
to a consideration of the general continuous nonlinearity. More precisely, we consider

dy _

(4.1) = -

—[B(y) + &y + kB(yr)Yr,

returning to the original problem with g = ﬁoﬁ- Let ¢ = 1/n. Then we can rewrite
the Hill function as

1
Be(y) = 50W~
Let the initial function ¢ be chosen from the closed convex set

A, ={oeC([-7,0): 1+n <o) for te[-7,0], and ¢(0)=1+n},

where n < 1 is a small positive constant as chosen in the previous section. For given
¢ in A,, we have a unique solution to (4.1). The relations

FE(LQO) =Yt, Yt :y(t+8)7 _TS S S 07 tZ 07
define a continuous semiflow F' = F; on C([—7,0]).

As a technical preparation, we now describe some elementary properties of the
Hill function we employ here.
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LEMMA 4.1. Assume e = % < 1. The following inequalities hold:
(a) If y > (%)E/(l_a), then
ﬁa(y) < Boe, yﬁa(y) < Boe
and if 0 <y < €%, then

(4.2) Bo > B:(y) > Bo(1 —¢) and |yB:(y) — Boyl| < Boe.
(b) Also,

2¢e
’d(yﬁg(y))‘ < Boe for y> (1) 7
dy €

and

‘ d(yB-(y) — Boy)

e2 \°
’<605 f0r0<y<( )
dy

1+e¢
Proof. (a) If y > (%)E/(lis), then
Po  _ Po Bo

Be(y) = Thyie < i s W < Boe,
€
and
Boy Bo
YBe(y) = Ty <1 < Boe.
If 0 <y < &%, then
p
Po > B:(y) = Tzl/s > fo(1—y"/%) = Bo(1 —e),
and
1/e+1 N L
lyBe(y) — Boyl = BOW < Boy /el < Boe-

(b) If y > (1/¢)**, then

dy

Since

is strictly increasing for x € (0, %) and f( fja) < €, we obtain
d(yB(y) = Boy) | _ , (L+D)y"/e + Ly*/*
= < Boe
dy 1+ yl/e
for0<y<(1i€)5. O

1 ) 1/e ’
-—1)y —1
’d(yﬂa(y))’:%‘(f Sﬁo(l _1) y~ e < Boe.

173



174 M. C. MACKEY, C. OU, L. PUJO-MENJOUET, AND J. WU

We found that for (3.1), if ¢ € A,, then the solution will return to A, after finite
time. The following lemma shows a similar property for (4.1).

LEMMA 4.2. Let y be the solution of (4.1) with an initial function ¢ € A,. Then
there exists a point Ty > 0 such that y(Ty) =1+ 1 and

(4.3) y(t) >1+n forte [T, —7,T,.

Moreover, there exists a constant 1,1 € (0,1), such that for each ¢ € (0,e1), we
have

(4.4) T, =T, + O(cloge)
and
(4.5) y(t) = z(t) + O(eloge),

uniformly fort € [0,T,] and ¢ € A,), where T, is the period of the periodic solution x
to (3.1) obtained in Theorem 3.1.

Proof of Lemma 4.2. We first claim that there exist three points n1,ty,72, 0 <
m <t < ng, which are dependent on € and ¢, such that

a0 wm= (1) 1= = (1) <1

Indeed, if y(t) > (1)%* > (%)6/(1_5) > 1and y(t —7) > (1)% > (2)/(1=9) then we
have by Lemma 4.1 that

Be(y(t)y(t) < Boe, Be(y(t — 7))yt —7) < foe

and
d%t) = —(6+ Bo(y())y(t) + kB-(y(t — 7)y(t = 7),
= —by(t) + O(e)
(4.7) <—g for e € (0,01).

Here o is chosen so that for each ¢ € (0,01), we have —6y(t) + O(e) < —3%. This
means that y is decreasing as long as y(t) > (1)% > (é)e/(l_s). Therefore there is a
point 77 > 0 so that y(n) = (1/¢)* and 1475 > y(t) > (1/¢)* for t € (0,7,). Using

% = —6y + O(¢g) and y(0) = 1 + 7, we also have

(48) L

Here the term O(—¢loge) holds uniformly for all the initial functions ¢ in A,. Next
in the interval (n1,m1 + 7), we have S (y(t — 7))y(t — 7) = O(¢) and

W) _ (5 4 8.y (0)(t) + B (y(t — )yt~ 7)

dt
< —oy(t) + kB (y(t — 7))y(t — 7)
= =by(t) + O(¢e)

+ O(—c¢loge) =t; + O(—cloge).

6
<-3 for € € (0, 02)
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as long as y(t) > (;57)°. Here o3 is chosen so that for each € € (0, 032), we have
g2 \° )
—oy(t -6 ——.
y(t) +0(e) < (1+5> +0(e) < 5

This means that the solution is decreasing and there exist two points tY, 72, m <t} <
72, such that

v =1, v = (15-)

By the mean value theorem, it is easy to show that

B
ly(m) —y(n2)| > 3 Im — n2]

or, equivalently,

n—m < %(y(m) —y(mn)) = % [(i)% - <1€—i5)8

Therefore,

(4.9) 0<t!—m <ne—m =O0(—cloge).

Now using (4.1) for ¢t € [0, 7], we have

Yy =—by+0(e), y(0) =1+,
which gives
y(t) = (L+n)e ™ + 0(e).
We claim that
(4.10) y(t) = 2(t) + O(e)
uniformly for t € [0,&] and ¢ € A,, where
&1 = min{ty,n1}.

Indeed, this is true, since z(t) = (1 + n)e~% for ¢ € [0,14].

Next for t € [€1,72], using an argument that the length of the interval [¢1, ;] is
of order O(—¢loge), and both |2/(¢)| and |y'(¢)| are bounded by a constant, say, M,
which is independent of € and 7, we conclude from (4.10) that

(4.11) y(t) = z(t) + O(—cloge).

For t € [n2, 7 + &, we can show that y(t — 7) > (1/¢)*. Note that 7, < & + 7
since 79 — & = O(eloge) and 7 is a constant. Here we have assumed that ¢ € (0, o3),
where o3 is small enough so that for each ¢ € (0,03), we have O(eloge) < 7. By
Lemma 4.1, we have

y(t =76yt — 7)) = O(e).
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Using (4.1) we know that
—ay +0(e) <y’ < —dy + O(e),
and thus the solution y(t) > (¢2/(1 4 ¢))°e™" + O(e) and its derivative
y'(t) < —8(2/(1+¢))%e ™ 4+ 0(e) < 0 for € € (0,04),

where o4 is chosen so that for each ¢ € (0, 04), we have —§(2?/(1+¢))°e~*"+0(e) < 0.
So y(t) is decreasing for ¢ € [n2, 7 + &;1]. Note that 0 < y < y(n2) < €° so that (4.2) in
Lemma 4.1 holds. Thus we can derive from (4.1) that

(4.12) y'(t) = —ay(t) + O(e)

for t € [, 7 + &1]. Coupling this equation with (3.4) and using (4.11) at the point
t = n9 give

y(t) = z(t) + O(—cloge)

for t € [no, 7+ &1].
For t € [T+ &1, 7 + 12], again using the fact that both the derivatives of z and y
are bounded and the length of this interval is of order O(—¢loge), we have

y(t) = z(t) + O(—cloge).

For t > 7 + 19, the solution y begins to increase since I' satisfies (3.7). To be
precise, we have 3 (y(t)) < Bo, B=(y(t — 7))y(t — 7) = foy(t — 7) + O(—¢loge) and

y'(t) = —(6+ B(y())y(t) + kBe(y(t — 7))yt — 7)
> —ay(t) + kBoy(t — 1) + O(—¢loge)
= —ay(t) + Tz(t — 1) + O(—¢loge)
> —a(l+n)+Te * + O(—cloge)
>0 foree(0,05)
as long as y(t) <14 n and t < 27 + 72. Here o5 is sufficiently small so that for each

e € (0,05), we have —a(l +7n) + e + O(—¢cloge) > 0. Using similar arguments
as above, we conclude that there exist three points 13, t5, n4, with 3 < t§ < 74 such

that
22 \° 1\ 2
v =(152) - =1 s = (1) .
(4.13) N3 =t4 + O(—cloge), ny =15+ O(—cloge),
and
(4.14) t =to + O(—cloge).

We can continue this process to find that y will satisfy

y(t) = z(t) + O(—eloge)
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for t € [0,7 4 &], where & = min{¢s,n3}. From the expression for x, we know from
the preceding equation that there exists a point t§ € (14, 7+&2) such that y(t§) = 1+n¢
and t = t3 + O(—¢loge).

For ¢ € [T+ &2, 7 + n4], using the same argument as in the interval [T+ &1, 7 + 12],
we again have

(4.15) y(t) = z(t) + O(—cloge).

Finally for ¢ > 7+ 74, the solution is decreasing and will reach the value 1+ 7 at some
point T),. In the whole interval [0, T,], if we choose €1 = min{o;,1 < i < 5}, then we
can show as before that for each € € (0,1), we have

(4.16) y(t) = z(t) + O(—c¢loge), x € [0,T,],
and
(4.17) T, =T, + O(—cloge).

Furthermore, we also have y(7T,) =1+ n and
(4.18) y(t) > 1+ n for [T, — 7,T,]. O

Remark 4.3. By Lemma 4.2 and (4.1) we have two positive constants M; and
M which are independent of € and the initial data ¢ so that for ¢ > 0,

(4.19) ly(t)] < M
and
(4.20) ’(hil(tt)‘ < M.

Now we are ready to define a continuous return map

R: Ay 30—y = Felalp), ) € Ay,

where ¢(¢) = T,,. To verify that there exists a unique fixed point in A, for the map
R, we need to show that the map R is contractive, i.e., derive an estimation for the
Lipschitz constant and show that the Lipschitz constant is less than 1.

4.2. Lipschitz constant for the map R. The Lipschitz constant of a given
map T : Dy — Y, Dpr C X, where X and Y are normed linear spaces, is given by

e ey IT@-TOI
u€D7 ,wEDT uFv [[u— vl

In the case where Dy = X =Y =R, [u,us] CR, and f =T, we set

Liyy us) (f) = L(f|[u1, uz)).
If f(u) = uBe(u), u € R, we define the following four Lipschitz constants:

LS = L[1+n,+oo) (uﬁa(u))z
Lg = L[(é)25,+oo) (uﬂs(u))v
L§ = L(O,+<>o) (uﬂs (’LL)),

L= Ly (ufe(u)).

‘N 14e
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Similarly for the function f(u) = uf:(u)—Bou, u € R, we define the following Lipschitz
constant for later use:

Li=1L

(0.(522)e) (W) = fow).
When € << 1, we have

1

(4.21) IS =0 (W

), L5 =0(c), L5=0(1/)e), L5=0(1), Li=O0(c).

THEOREM 4.4. There exists €2, €2 € (0,€1), such that for each € € (0,e2) the
Lipschitz constant L, of the map R is less than 1. In particular, we have

lim L, = 0.

Proof. Step 1. Take ¢, ¢ in A,. Using a similar argument as in the proof of
Lemma 4.2, we conclude that there exist 11,72 and 71, 72 such that

¥(m) = (1) s = (15 )+ m - = O<lose)

€ 1+e¢
and
B N2 22 \°
P = (1) = (1) m-m = 0Cee),
Let
Tnin = min{n:, 71}
and

Thmax = maX{UQ» ﬁZ}
Then by (4.8) and (4.9) we have
(4.22) Nmin = t1 + O(—¢cloge),  Nmax = t1 + O(—cloge), and
Thmax — Tlmin = O(_€ log €)~

Since t; = log(1 +n)/6 < 7, from (4.22) we have that nmi < 7 and Npax < 7.
Here we have chosen og > 0 sufficiently small so that for each ¢ € (0, o¢)

Thmax = log(l + 7])/(5 + O(—€10g€) <T.

For ¢ € [0, min], using (4.1) for y¢(t) and y?(t) gives

¢
@) W s g+ kB )
and
20y PO sy BP0 + kB WP( — )t — 7).
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Now we estimate the difference between y?(t) and y?(t). Subtracting (4.24) from
(4.23) yields

(4.25) (°(t) — 4 (1) = < HOR -
D)y?(t) = B=(u* (1))y* (1) _
+k‘[ﬁe(yd’( = 7))y’ (t —7) = By (t = 7))y’ (¢ — 7)].

Substituting the inequalities

1B=(y® (0)y? (t) — B-(y® ()y? (1)] < L5|y® (1) — v (t)]

and

1B=(y? (t = 7))y (t = 7) = B-(y? (¢ = 7))y (¢ — 7)| < LS |l¢ — Gl
into (4.25), we have

(4.26) (2 (8) — y? (1) < (6 + L§) ly°(t) — v (1)| + kL5||¢ — ol.

Integrating (4.26) from 0 to t gives
— t - —
WO - O) < [ (64 L9)1*(6) ~ v(5) + kLillo — 3] ) ds
0
Similarly, we have
— t - —
'O - O) < [ (64191 6) ~v(s) + kLillo — 61 ) ds
0

Thus, we have found that

— t - —
(421) ) -y < / (6 + L5 ly*(s) = v (s)] + KLill6 - 81l ) ds
From Gronwall’s inequality, we obtain
(4.28) y?(t) — 4% (8)] < Cillo — &I,
where

4.29 o = I
( . ) 1= W 1

Step 2. For ¢ € [min, Mmax), We have
1By (£)y? (8) = By (1) (1)] < Lsly® (1) =y ()]
and
1B-(y® (t — 7))y?(t — 1) — Be(y?(t — 7))y® (¢ — 7)| < LS| — |-
Thus from (4.23) and (4.24) we obtain, as before,

~ t _ _ _
- O1< [ (@+ L9 -y () + KLillo - 81} ds + Cullo - alL
TImin
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Then by Gronwall’s inequality, we have
(4.30) ly? () —y?(1)] < Callp — ol

where
e(6+Lg)(77max —Tmin) _ 1

4.31 Co=C (6+L§)(7]max_771nin)
(4.31) » =Che + T

kLi > (.

Remember that nmin < 7 since ¢ < 7 in (3.14) and nNmin = t1 + O(—¢cloge).
Moreover Nmax < T since Nmax = t1 + O(—¢loge) from (4.22).
Step 3. For t € [Mmaxs T + Mmin)

18- (5% (1)y? (1) — Boy® () — (Be(y® (£))y® () — Boy® ()| < LE[y? (1) — y°(1)]
and
1B (y? (¢ — 7))y? (t — 7) — Be(y® (t — 7))y? (t — 7)] < L5Callo — &l.

It is thus easy to derive

[y (1) —y°(8)] < / ((a+ LE)ly?(5) = ¥ ()| + KL5Callo — 91 ) ds + Call — 6

max

and to conclude that (since 7 + Nmin — Pmax < T)

(4.32) lv7(t) =y (8)] < Csllo — 4|,
where
R art+7LE 1
(433) Cy = CQG“TJ'_TLE’ + ¢ ’ kL;CQ > (.

o+ L

Step 4. When t > 7 + fpin, we have from (4.13) and (4.14) that there exist
N3 < g and 73 < 74 such that

v = (1) v = (1) = 0fetog)

1+4+¢
and
B 82 € B 1 2e
y?(7is) = <1+€) , Y% (i) = (6> ; M — 173 = O(—¢loge).
Let

Tinin = MIn{n3, 73}, Mo = max{ny, 7}
Then by (4.13) and (4.14) we have
(434) nr?;lin =t2+ O(_E log E)v nﬁlax =tz + O(_E IOg 6)7 nlé'lnax - 7713nin = O(_€ log 5)'

Since ty > t1 + 7, we can choose o7 > 0 sufficiently small so that for each ¢ € (0, 07)
the inequality

T + Nmax < n?nin
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holds. For t € [T + Nmin, 73], We similarly have

t

WP () — (1)) < /

T+Nmin

((a+ LE(s) — ¥ ()] + KL5Chllo — 3ll) ds + Calls — 3
and

(4.35) ly? — y®| < Cullo — &,

where
e(a+LE)(n§nin —T—Tmin) _ 1

4.36 C,=0C (O‘JFLg)(n?nin*T*ﬂmin)
( ) 4 3€ + ot I

kLSCs > Cs.

Step 5. For t € [n3,,, Mk axl, from (4.22) and (4.34) it is easy to demonstrate that
Nmax <t —7 < n3... Thus we have

-0l < [ (64 L)~ y(s) + KLICullo 8] ds -+ Callo - 3.

3
min

Then it follows that

(4.37) ly?(t) — y? (1) < Csllo — 4,
where
(8+L5) (Mmax—Monin) — 1
SN(pd 3 (&
(4.38) 05 — 04 <e(6+L3)(7]max nmm) + 6 + Lg kLi X

Step 6. Fort € [k .., T+nt..], we claim that y?(t) > (1/€)% and y®(t) > (1/e)%.
We prove this claim only for the function y?, because the proof for the function y? is
similar and hence omitted. Note that t3 > nt = ts+O(—cloge) for each e € (0,03)
where og is chosen so that t3 > t5 + O(—0glogog). Using y?(t) = x(t) + O(—¢loge),
with y?(t — 7) = x(t — 7) + O(—¢cloge) > e~ + O(—eloge), and (3.7) and (4.34),
we have from (4.1) that dy®(t)/dt > 0 for t € [n*,t3], and thus y? is increasing and
satisfies y?(ni ) > y®(na) > (1/€)?¢. For t € [t3, 7+ i), ©(t) > 1+ 7. Then using
Lemma 4.2 again we have

V(1) = 2(t) + O(—cloge) > (i) N

provided € € (0, 09), where oy is sufficiently small so that the above formula holds for
€ € (0,09). Therefore, we obtain

O -0 < [ (6+ L)) - v ()] + KLCsll6 ~ ) ds + Callo - 3]

Mhax
and
(4.39) % (t) — y° ()] < Collo — @,
where
(6+L5)T _ 1
44 - @+L5r & T T o).
(4.40) Cs = Cs (6 + S 3
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Step 7. When t > 7+ 2., both y and § are decreasing and will take the value
1+ n after a finite time. Suppose that s and s satisfy

y?(s)=1+n, y*(5) =1+n.

For the rest of the proof, we consider only the case s < §, since the case when s > s
can be similarly dealt with and the proof is omitted. By (4.4) and (4.34), we also
obtain

8 — (T + Mmax) = T — (T + t2) + O(—cloge)
and
§ = (T4 M) = T — (T +12) + O(—¢loge),

where T}, is the period of the function x. Because the distance between 7+ 72 and
s may be greater than 7, we need to split the interval [r + ni . s] into subintervals
[7 + Dimaxes 27 + Minaxds (27 + Minaxes 3T + Mnas - - -, [MT + 7iaxc; 8], Where the length of
each interval is exactly 7 except the last one. Here m is the largest integer less than
or equal to (s — (T +nt,.))/7. We can successively estimate |y® — y®| on the above
subintervals to obtain

(4.41) y?(t) = y? ()] < Crll — I, t € [T+ by 8,
with

R (6+L5)T _ 1 Ty
4.42 - G+Le)r ¢ & T ogre) .
( ) 07 CG (6 + 5 + LS 2

For ¢ € [s, 5], the function y® satisfies

y?(8) =1+ n and y®(t) = 1 +n + O(—cloge),

because the length of the interval [s, 3] is of order O(—¢cloge) and the derivative of
y? is bounded; c.f. Remark 4.3. On the other hand, since s = T, + O(—¢loge),
§=1T,+ O(—cloge), z(t) > 1 +n for t € [t3 T,], and y®(t) = z(t) + O(—¢cloge) for
t € [0,T,], we know by (4.20) that for ¢ € [s, 3],

yot—r) > (i)ze

kﬁe(y(b(t — T))yd’(t —7) = 0O(—¢loge).

and

Therefore, from (4.1) we know that for ¢ € [s, 5] the function y? is decreasing and

dy?®(t)
dt

= =0+ B P O)NyP (1) + kBt — Tyt~ 7)

> |-6(14+1n)+ O(—cloge)|

- 6(1+77).
- 2
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Here we have assumed that € is in the interval (0,019), where o1¢ is chosen so that
for each € € (0,01¢), the inequality

5(1+mn)

—6(14+n)+O(—¢cloge) < — 3

holds. Applying the mean value theorem to the function y‘fs yields the existence of
p € [s, 8] such that

¥E) 1) = 07 () - o) = LD sy
or, by (4.41),
@43) sl < g6~ = ) — o)
2C -
< m”fb—ﬂm-

Our ultimate goal is to derive an estimate of |y;—$(9) — y2(9)| where 6 € [—7,0].
Indeed, we have

(4.44) y2(0) — y2 ()] < y2(0) — y2(0)| + |y2 (0) — y2(0)].

The first term of the right-hand side is bounded by

546 d qB t
/ W gy < apy 15— s,
s+60 dt

where My is the maximum value of the derivative of the function y‘z’; c.f. Remark 4.3.
The second term of (4.44) is bounded by C7||¢ — ¢||. Thus from (4.44), we have

(4.8 W0 0] < 0 (14 522 o - 6.

Using (4.21), we conclude from (4.29), (4.31), (4.33), (4.36), (4.38), (4.40), and (4.42)
that

lim L% = lim C7 (1+2]\42> =0<1.

e—0 e—0 6(1 + ’I])
Therefore we conclude that there exists ea < min{ey, 0g, 07, 08,09,010} so that for
each € € (0,¢2), the Lipschitz constant L5, of the map R is less than 1. This completes
our proof. 0

For L% < 1, the return map R is contractive and there exists a unique fixed point ¢

in A,,. Thus we have demonstrated the existence of a unique slowly oscillating periodic
solution for (4.1). The stability and exponential attractivity of this unique periodic
orbit can be established using the standard techniques developed in [31, 32, 33, 34, 36].

5. Asymptotic expansions for the periodic solution. In the previous sec-
tion we used fixed point theory to prove that there exists a unique periodic orbit for
(4.1). We now carry out a quantitative analysis of this periodic solution as € < es.
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Since the map R is contractive and the Lipschitz constant L% is exponentially decay-
ing as € — 0, we are able to give an asymptotic expansion for this particular solution
for t € [—7,0] with error bound beyond all integer orders of .

If we take the initial function given by ¢ = 1+ 7, then we have a solution y'*"(:)
which is not periodic. But by Lemma 4.2, we have y' ™ (t) = z(t) + O(—¢loge) for ¢
€ [0,T;], and a T4, > 0 such that

yr " (0)=1+mn,  yp " (0)>1+n,  0¢€[-70).

It is obvious that y;;rfn (0) € A,.
Assume that y is the periodic solution to (4.1) and satisfies y(¢) € A, for 6 €
[—7,0]. Suppose also that y(#) has the following asymptotic expansion:

(5.1) y(0) = Z@(e), 0 € [-7,0].

The function ¢ is given by y;{:’n, and ¢;,¢ > 1, with the norm ||¢|| =

max_,<g<o |¢(0)|, will be constructed below. Let yfﬁg denote the image of the re-
turn map R at ¢y, i.e.,

v (9) = R(do) = F.(To, ¢0), 0 € 7,0,
where T, > 0 satisfies
Y20 (0) =1+4mn, y22(0) > 1+n, 0 € [-7,0).
Similarly, by induction, we set

¢1 = R(do) — b0 = ¥ — do,
Yo (0) = R(¢1) = Fo(Th, 61),
én(0) = R™(¢o) — R"*(¢pp) for n > 2,

Y3 (0) = R(¢n) = Fo(Tn, ¢n) for n > 2,

n

where T;, satisfies
ygr(0) = 1+n, y"(0) > 1+n, 0 € [-7,0), n > 1.
Thus we have

|¢n(9) - ¢n71<9)| < L%|¢n71(9) - ¢n72(9)‘
< (L5)" Hen(0) — do(0)].

Therefore, y(0) = >°°, ¢;(#) is uniformly convergent for 6 € [—7,0] and it is the fixed
point of R.
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We now give an asymptotic expansion for the period of the periodic solution y.
Using (4.43), we have

2C
Ty = Tima| € =

<30 _H7)||¢i — ¢i-1]l,

which means that the series
o0
To+ Y (T; —Tj1)
j=1

is absolutely convergent to some constant, say, T.. Since Lp is exponentially decaying
as € — 0, it is easy to see that the value of T, is dominated by T} in the sense that
T. —Tp is exponentially small as € — 0. Likewise the value of y(6) in (5.1) is dominated
by ¢o with an exponential error bound as ¢ — 0. Thus when ¢ € [0,Tp], we know
that the periodic solution y(t) is also dominated by y®°(t). Therefore the estimate
of y®o(t) and T becomes significant. From Lemma 4.2 we have the following rough
result for y%°(t) and Ty:

y?(t) = z(t) + O(—eloge), Ty = T + O(—cloge).

We now give refined estimates for y°(¢) and Ty using the above information. As
in the proof of Lemma 4.2, we split the interval [0, Tp] into subintervals and estimate
y®(t) on each subinterval successively. We demonstrate this process on the first
subinterval for the purpose of illustration. Remember that the initial data are taken
to be ¢ which is greater than 14 n when ¢ lies in the interval [—7,0). Let t(fo ,M1, and

72 be the values as defined in the proof of Lemma 4.2. Thus tf“ satisfy y®° (tf") =1.
Integrating (4.1) from 0 to ¢, ¢t € [O,t“fo]7 gives

(5:2) y? (1) —y?(0) = —5/0 Y™ (s)ds —/0 Be(y™ (5))y® (s)ds
+ k;/o Be(y® (s — 7))y® (s — 7)ds.

Since t9° = t; + O(—eloge) and ¢; < 7, it is easy to see that the last term of the
right-hand side of (5.2) is small and of O(g). Next we claim that

(5.3) / B.(y* ()™ (s)ds = O(e), t € [0,£{°].

Indeed when t € [0,£°], we have kBy®° (t — 7)y% (t — 7) = O(e). Then from (4.1) we

have

dy® (t)
dt

Thus from (5.4) and the fact that

(5-4) —a(l+n) < = —[B-(y* (1)) + &ly™ (t) + O(e) < =5 + O(e).

y¢0 tgo

t %o
| sy 2 as By ()™ () s

0 ds

1
u
/ Bo 1/€du‘
14 1+u

=0(e),

<
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we know that [} B.(y%(s))y% (s)ds is also of O(e) and the claim (5.3) is true. It
follows then from (5.2) that for ¢ € [0, °],

y®(t) = —6/ty¢°(t)dt+1+n+0(s).
0

Using Gronwall’s inequality, we obtain

y?(t) = (1+n+0(e))e™?,

which implies

(5.5)

y?o(t) = x(t) + O(e), t € [0,t7°].

Continuing the above process, we can prove that (5.5) holds in the entire interval
[0, Tp]. Furthermore, we also have

whic

(1]

2]

TOZTI—‘y-O(E),

h completes our refined estimate.
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