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[. WHAT DON'T I KNOW?
NOTES OF 12 MARCH, 1993

1) Can the period ever depend on the initial density fo?

2) Can the period ever depend on ¢ in a CML? [YES-SEE WORK WITH JEROME LOSSON.]

3) How many of the asymptotic periodicity properties carry over to a lattice?

4) Could I ever have asymptotic periodicity with period 3", 5", etc? [YES-LUBKIN (KIEV) HAD AN EXAMPLE
IN COMO.]

(5) Is it possible to have asymptotic periodicity when the basis densities g;(x) do not have disjoint support? It
violates the current, definition of asymptotic periodicity as now given.
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WHAT DO I KNOW?
13 MARCH, 1993

(1) Period T < rl.
(2) It 34 3 limn—co P"Tf < h, then 7 < ||| (LM p89-90].

(3) 3 a stationary density f, = 13" g; [LM, Proposition 5.4.1].
(4) If P has a constant stationary density fs, then

PUUf(@) =Y Aamr(i) ())1a, (@) + Quf (2)
i=1

with

[LM Proposition 5.4.2].

) P ergodic <= permutation is cyclical [LM Theorem 5.5.1].

6) » =1 == asymptotic stability of P [LM Proposition 5.5.2].

7) P mixing = r = 1 [LM Theorem 5.5.3].

8) lim— 0o Ho (Pt f|f+) = Hpac(f|fe) [Arrow, Theorem 6.5].

9) Correlation function is periodic [Arrow, Chapter 6D and Provatas Mackey papers].
0) Hpg has period T
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Proof. For large times we can write

PHlf(l‘) — Z Aa-t(i) (f)gi(x)
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SO

H(P'f) = — Z)\mt(i)(f)gi(x) log Z)\a—t(i)(f)gi(m) dx
X i i=1

= — Z)\a—t(i)(f) /4 gl(I) log [Aa‘t(z)(f)gz(x)] dx

_;)\a—t(i)(f) [/A, gi(ﬂi’) logAa-t(i)(f)dx+Ai'gi(I) 10ggi(ﬂf)} dr
= —;/\a‘t(i)(f) [log)\a—t(i)(f) - /A,- gi(x) loggi(l‘)] dr

== Z)\a”‘(i)(f) log A3y (f) + Z)‘a't(i)(f)H(gi)
i=1 i=1

Now the first term on the last line is independent of time, but the second isn’t, and in fact it oscillates with period T.

N ote the strange fact that although Hpg oscillates, H, approaches a stationary value [Arrow, Theorem 6.5-see
item 8 above].
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CHAPTER 6.
ASYMPTOTIC PERIODICITY AND ENTROPY EVOLUTION

In this chapter we turn to an investigation of the fascinating property of asymptotic periodicity in the evolution
of densities. This behaviour is the statistical analog for densities of the more common periodicity found in some time
series. The existence of asymptotic periodicity will allow us to prove a weak form of the Second Law in which the
conditional entropy increases to (at least) a local maximum.

In Section A we introduce a class of Markov operators known as smoothing. Smoothing operators have three
characteristics that are important for our ultimate understanding of the basis of the Second Law of thermodynam-
ics. First, the sequence of densities evolving under the action of a smoothing Markov operator has the property of
asymptotic (or statistical) periodicity. This is illustrated in Section B using the hat and quadratic maps. Second, any
smoothing Markov operator has at least one stationary density thus ensuring that there is a state (perhaps not unique)
of thermodynamic equilibrium. In Section C we show how, for asymptotically periodic systems, the entropy of the
sequence of densities always increases to a maximum. This maximum, however, may only be relative and less than the
maximum possible entropy value, thus corresponding to a metastable state. The relative maximum of entropy which
asymptotically periodic systems approach usually depends on the initial density of the system (the way in which the
system was prepared). In Section D we show that the correlation function for an asymptotically periodic system is
made up of a stochastic component and a strictly periodic (nondecreasing) component.

A. ASYMPTOTIC PERIODICITY.

First, we define a smoothing Markov operator. A Markov operator P! is said to be smoothing if there exists a
set A of finite measure, and two positive constants k¥ < 1 and § > 0 such that for every set E with pp(E) < 6 and
every density f there is some integer to(f, E) for which

/ Pif(z)dr <k  fort > to(f, E).
EU(X\A)

This definition implies that any initial density, even if concentrated on a small region of the phase space X, will
eventually be smoothed out by P! and not end up looking looking like a delta function. Notice that if X is a finite
phase space we can take X = A so the smoothing condition looks simpler:

/ P'f(x)de <k  fort > to(f, E).
E

Smoothing operators are important because of a theorem of Komornik and Lasota (1987), first proved in a more
restricted situation by Lasota, Li, and Yorke (1984).
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Theorem 6.1. Spectral Decomposition Theorem (Komornik and Lasota, 1987). Let P' be a smoothing Markov
operator. - Then there is an integer v > 0, a sequence of nonnegative densities g;, a sequence of bounded linear
functionals A\;, t = 1, ... ,7, and an operator @ : L' — L! such that for all densities f, Pf has the form

=Y " N(Nai(z) + Qf (). (6.1)
i=1

The densities g; and the transient operator @ have the following properties:

(1) The g; have disjoint support (i.e. are mutually orthogonal and thus form a basis set), so g;(x)g,(x) = 0 for all
i # 5.

(2) For each integer i there is a unique integer (i) such that Pg; = go(;). Furthermore, a(i) # a(j) for i # j.
Thus the operator P permutes the densities g;.

(3) || P'Qf ||— 0 ast — oo, t€N.

Notice from equation (6.1) that P**!f may be written in the form
P Z/\ Mot (2) + Quf(z),  tEN (62)

where Q; = P'Q, || Q:f ||— 0 as t — oo, and a'(i) = a(a!"1(i)) = ---. The density terms in the summation of (6.2)
are just permuted by each application of P. Since r is finite, the series

Z )‘ go:‘ (1, ) (63)
must be periodic with a period T' < r!. Further, as

{a*(1),...,a(r)}

is just a permutation of 1,--- ,r the summation (6.3) may be written in the alternative form

D Aoy (Ngi@),
=1

where « (%) is the inverse permutation of a!(z).

This rewriting of the summation portion of (6.2) makes the effect of successive applications of P completely
transparent. Each application of P simply permutes the set of scaling coefficients associated with the densities g;(x)
[remember that these densities have disjoint support].

Since T is finite and the summation (6.3) is periodic (with a period bounded above by 7!), and || Q¢f ||— 0 as
t — oo, we say that for any smoothing Markov operator the sequence {P!f} is asymptotically periodic or, more
briefly, that P is asymptotically periodic. Komornik (1991) has recently reviewed the subject of asymptotic periodicity.

One interpretation of equation (6.2) is that any asymptotically periodic system is quantized from a statistical point
of view. Thus if ¢ is large enough, which simply means that we have observed the system longer than its relaxation
time so || Q¢ f || is approximately zero, then

T

Pt+1f(l~) ~ Z ’\z(f)QQ'(z) (x)

i=1

Asymptotically, P! f is either equal to one of the basis densities g; of the it" pure state, or to a mixture of the densities

of these states, each weighted by A\;(f). It is important to also realize that the limiting sequence { P! f} is, in general,
dependent on the choice of the initial density f.

How would the property of asymptotic periodicity be manifested in a continuous time system? If t is continuous,
t € R", then for every t we can find a positive integer m and a number 6 € [0,1] such that t + 1 = m + 6. Then,
asymptotically

Pt+1f( ) pm Pef Z)\am(z) P f)gz( )
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Now, in the continuous time case we expect that there will be a periodic modulation of the scaling coefficients A
dependent on the initial density f, and the asymptotic limiting density will continue to display the quantized nature
characteristic of the discrete time situation. This behaviour has been discovered and studied by Losson (1991) in
differential delay equations.

Asymptotically periodic Markov operators always have at least one stationary density given by

1.0) ==Y @), (6.4
=1

where 7 and the g;(x) are defined in Theorem 6.1. It is easy to see that f,(x) is a stationary density, since by Property
2 of Theorem 6.1 we also have

PL2) = =3 gaio (@),
=1

and thus f, is a stationary density of P!. Therefore, for any smoothing Markov operator the stationary density (6.4)
is just the average of the densities g;.

Our next theorem will be very useful in Chapter 10 when we study the entropy behaviour of discrete time systems
placed in contact with a heat bath.

Theorem 6.2. Let P be a Markov operator. If there exists an h € L' and v < 1 such that

limsup ||(P'f—h)"||<y  for fe€D, (6.5)
t— oo

then {P'f} is asymptotically periodic.

Proof. Let € = i(l —7) and take F = {h}. Since F, which contains only one element, is evidently weakly precompact,
then by WPC3 of Chapter 3 there exists a 6 > 0 such that

/E hx)u(de) <€ for w(E) <6, (6.6)

Furthermore, there is a measurable set A of finite measure for which
/ h(z) p(dx) < e. (6.7)
X\A

Now fix f € D. From (6.5) we may choose an integer n(f) such that
(P =Bl <ate  for t>tolf),

and, as a consequence

/C P () p(dx) < / W) p(de) + e for t3to(f) (6.3)

c
for an arbitrary set C. Setting C' = EU (X \ A) in (6.8) and using (6.6) and (6.7) we have

[ Pr@un) < [ hEutn)+ [ b ) e
EU(X\A) E X\A
<3+vy=1-—¢€ for t>to(f).

Thus P is smoothing. This, in conjunction with Theorem 6.1, completes the proof. O

The interpretation of Theorem 6.2 is straightforward. Namely, for those regions where P!f > h for sufficiently
large t, if the area of the difference between P'f and h is bounded above by ¥ < 1, then {P'f} is asymptotically
periodic.

We close this section with the statement and proof of a necessary and sufficient condition for the ergodicity of a
smoothing Markov operator.
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Theorem 6.3. Let P be an asymptotically periodic Markov operator in a normalized measure space. Then P is
ergodic if and only if the permutation a(i) of the Spectral Decomposition Theorem 6.1 is cyclical.

Proof. We start with the proof that when P is ergodic then a(i) must be a cyclical permutation. Suppose that the
disjoint supports of the r densities g;(z) are labeled by A;, 1 = 1,--- ,r. Assume that «(7) is not cyclical so there is
an invariant subset I € {a(?)}. As a consequence, there is at least one set A; that is invariant, and since the supports
of the densities ¢;(x) have positive measure we conclude that there is an invariant subset of the phase space X that is
not trivial. This contradicts the definition of ergodicity, so when P is ergodic the permutation a(7) must be cyclical.

To prove the converse, that if a(7) is a cyclical permutation then P is ergodic, we first use the spectral decompo-
sition of P! f given by equation (6.1) to write the system state density average (3.15a) as

t—1 t—1
Af( Zgz 173 e () 73 Qi ()
k=0 k=0

Now the limit
Ailf tl—largo 1 Z Aa=n(i)(

exists because the cyclicity of the permutation «(t) of the set {1,---,7} implies the periodicity of the A&, (f).
Furthermore, since every portion of this summation of length r consists of exactly the same set of numbers but in a
different order for each different i, it is clear that the limit \;(f) is, in fact, independent of i. Call it A(f). Thus, from
the Spectral Decomposition Theorem 6.1, we have that

hm A f( Z gi(x

Since lim;— o A¢f 1s a density, integrating over the entire phase space X gives

/ lim A, f(z)de = rA(f) = 1,
X

- t— 00
so A(f) = % and
hm Atf Zgz = )

which is a stationary density of the asymptotically periodic Markov operator P. Thus, { P! f} is Cesaro convergent to
a unique stationary density f. and P is ergodic by Theorem 4.7. This finishes the proof. [

This theorem tells us that for an asymptotically periodic system, cyclicity of the permutation «(7) is necessary
and sufficient for the existence of a unique state of thermodynamic equilibrium characterized by the stationary density

e

B. ASYMPTOTIC PERIODICITY ILLUSTRATED.

Asymptotic periodicity may be either inherent to a dynamical system, or induced by stochastic perturbations
of a system (Chapter 10). For dynamics described by maps on the unit interval, the following theorem (Lasota and
Mackey, 1994) is sometimes useful in establishing the existence of inherent asymptotic periodicity.

Theorem 6.4. Let S :[0,1] — [0,1] be a nonsingular transformation satisfying the following three conditions:

(1) There exists a partition 0 = by < by < -+- < by, = 1 of [0,1] such that for each integer i = 1,--- ,m the

restriction of S(x) to [b;—1, ;] is a C* function.

@) [S'(@)| 20> 1,2 £ b

. . i . ) . |S" ()] s

(3) There exists a real constant c such that W%V <c<oo,x#b;,1=0,1,---,m
Further, let P be the Frobenius-Perron operator corresponding to S. Then for all densities f, the sequence {P'f} is
asymptotically periodic.
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Example 6.1. To examine the properties of an asymptotically periodic system, choose a generalization of the tent

map (3.5),
ax 0<L
S(x) = { -
1<

1
2 .
a(l — ) 1 (6.9)

where 1 < a < 2 (see Provatas and Mackey, 1991a).

To investigate how the map (6.9) transforms densities, we must first derive an expression for the operator P that
corresponds to this transformation. Proceeding as in Example 3.6 where the tent map with ¢ = 2 was introduced, it
is a simple calculation to show that the Frobenius-Perron operator corresponding to (6.9) is given by

Pf(x)=2L[f(Ltz) +f(1-22)]. (6.10)

For 1 < a < 2, and for the partition by = 0 < b; = % < by = 1, the generalized hat map (6.9) satisfies the conditions
of Theorem 6.4. Thus, the hat map is asymptotically periodic and the evolution of densities via the operator (6.10)
can be expressed through the spectral decomposition (6.1).

Tto et al. (1979) have shown that the hat map is ergodic, thus possessing a unique invariant density f. of the
form (6.4). Tts form has been derived in the parameter window a,.; = 91/2/ ) < o1/2/" Qp, n =1,2,---
by Yoshida et al. (1983). Provatas and Mackey (1991a) have proved the asymptotic periodicity of (6.9) with period
T = (n+1) for g1/ < 01/2Y™  Thys, for example, {P!f} has period 1 for 2'/2 < a < 2, period 2 for
21/ < a < 2Y/2 period 4 for 21/8 < a < 2174 etc.

To analytically illustrate the eventual dependence of the sequence { P* f} on the initial density f for asymptotically
periodic systems, pick @ = v/2 which is the upper boundary of the range of a values for which (6.9) is asymptotically
periodic with period 2. For this value of a, the unique stationary density (6.4) satisfying P f. = f., where P is given
by (6.10), takes the explicit form

fo(x) = uly (x) + vl () (6.11)

where u = %[3 +2V2], v = %[4 +3v/2], and the sets J; and J, are defined by
1
J1=[V2-1,2-v2] and Jp= [2—\/5,5\/51 (6.12)

respectively (cf. Provatas and Mackey (1991a)). S maps the set J; into Jz and vice versa.
It can be shown analytically that picking f.(z) given by {6.11) as an initial density simply results in a sequence of
densities all equal to the starting density. This is quite different from what happens with an initially uniform density

f@) = 2+ vV2)15,05(). (6.13)
In this case, the first iterate f; = Pf is given by
fil@) = (1+V2)1,, (2) + 2(1 + V2)1 () (6.14)
and iteration of fi(x) leads, in turn to an fo(z) = f(x) and thus the cycling of densities repeats indefinitely with
period 2 (¢f. Figure 6.1a).
This effect of the choice of the initial density on the sequence of subsequent densities can be further illustrated

by choosing an initial density

f(x) = [3+2v2)1 (x) (6.15)
totally supported on the set J;. In this case,
fi(@) = Pf(z) = [4+ 3V2)1,, (z), (6.16)

and fo = f, fs = f1, --- so once again the densities cycle between f and f; with period 2 (¢f. Figure 6.1b). Figure
6.1c illustrates the behaviour of {P!f} for an initially nonuniform density.e
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Example 6.2. Sharkovski (1965) has shown that maps like (3.7),
S(x) =rz(l —x) (6.17)

with a single quadratic maximum display period doubling in the number of fixed points as the parameter r is increased.
For example, with 0 < r < 1 the bingle fixed point of (5.17) is z* = 0, while for 1 < r < 3, equation (6.17) has one
stable fixed point given by z* =1 — —. For 7 between 3 < r < 7, ~ 3.57--- there is a cascade of parameters which
sequentially give rise to 2 unstable fixed points, then 4, 8 etc. The periodicity in each of these intervals is equal to the
number of fixed points. At r., also known as the accumulation point, there are an infinite number of unstable fixed
points.

On the other side of the critical parameter, 7. < r < 4 the quadratic map (and maps like it with a single quadratic
maximum) has a spectrum of parameter values, labeled by r,, n = 1,2,--- where so-called “banded chaos” has been
reported by Crutchfield et al. (1980), Lorenz (1980), and Grossman and Thomae (1977, 1981) based on numerical
work. At these values the unit interval X = [0, 1] partitions into 2™ subintervals, labeled J;, | = 1,2,---,2". These
are such that S2" :.J; — J, maps J; onto J;. As well each J; is mapped cyclically through the whole sequence of {J;}
after 2™ applications of S. The iterates of a time series are attracted to these J; subsets, returning to any .J; every
2" iterations. These iterates form an aperiodic sequence with a positive Liapunov exponent [Devaney, 1986]. The
procedure whereby which one obtains the parameter values 7, at which 2" banded chaos occurs is given by Grossman
and Thomae (1981).

The Frobenius-Perron operator corresponding to the quadratic map (6.17) is

p,«m:;@{f@ ;,/1_§z)+f<;_.;. 1_)] 65.19)
1 — —

r

At values of r = 7, the iterates of any initial density f supported on [0, 1], acted on by (6.18), will eventually
decompose so they are supported on disjoint sets J;. Subsequent to the contraction of density supports onto the
sequence of sets {J;}, the evolution of the sequence {P*f} becomes periodic in time. At these values, the observed
periodic evolution of ensemble densities, is, in fact, asymptotically periodic (Provatas and Mackey, 1991a).

The parameter values r = r, define a reverse sequence to the period doubling sequence for r < r.. For the latter
sequence, we talk of a period doubling in the number of unstable fixed points. When r = r, however, fixed points are
replaced by “chaotic bands” and going from 7, to 7,11 involves a doubling in the number of bands.

As with the hat map of Example 6.1, the scaling coefficients A\ (f), A2(f) can be analytically determined for
period two asymptotic periodicity for the quadratic map when 7 = r;, and the attracting phase space consists of the
subsets J; and Jy. These are disjoint and connected at the fixed point of (6.17), and S : J, — J5, S : Jo — J;. The
coefficients A1 (f), A2(f) may be obtained for any arbitrary initial density f supported on the phase space X = [0,1].

Figure 6.2 illustrates the period 2 asymptotic evolution of {P?f} after 20 transients, for 7 = r. In Figure 6.2a
the initial density is uniform on the region of J; U Jy given by [0.7,0.8]. Figure 6.2b shows an asymptotic cycle of
{P'f} with f(x) = 200(z — 0.9) supported on [0.9, 1]. Figure 6.3a illustrates a period 4 cycle in {P!f} when 7 = ry,
with the initial density f uniform on [0.5,0.85]. Figure 6.3b shows one period 4 cycle of P! f with f(z) = 200(x —0.91)
supported on [0.9,1]. All of the illustrated sequences are dependent on the initial density. e

C. THE WEAK FORM OF THE SECOND LAW.

The fact that asymptotically periodic Markov operators have a stationary density given by (6.4) does not guar-
antee the uniqueness of this stationary density. Regardless of whether or not asymptotically periodic systems have
unique stationary densities, they have the important property that their conditional entropy is an increasing function
that approaches a maximum. This result is formulated more precisely in
Theorem 6.5. Let P be an asymptotically periodic Markov operator with stationary density f.. Then ast — oo the
conditional entropy H.(P'f|f.) of P'f with respect to f. approaches a limiting value H,..(f|f+) <0, where

Tmae(FIfe) = Z/ f)gi T)log{ Z)\ } dr. (6.19)

Proof. Since P is asymptotically periodic, the representation of the Spectral Decomposition Theorem 6.1 is valid, and
more precisely equation (6.2) for P*f. Write equation (6.2) in the form

Pf(z) = Sy(f, z) + Qi f (),
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where ¥, (f, ) denotes the summation portion of (6.2). Remember that since P is asymptotically periodic, for large
times 1, || Q¢f ||~ 0 and thus P! f(z) ~ 3,(f, z), so the long time conditional entropy is given by

B},

H (P f|f,) = - /X Z(f, ) log {W

= Ho(Z()If+)-

However, ¥;(f, «) is periodic with finite period T. Since by Theorem 3.1 we also know that H.(P'f|f.) > H.(f|f.) [the
conditional entropy can never decrease], it follows that the approach of H.(P!f|fs) to H.(Z¢(f)|f+) must be uniform.
Even though X;(f, ) is periodic with a finite period T, H.(Z;(f)|f«) is a constant independent of t. In fact we have

He(Z /Z log{ ZA )gi(x) } dz
= Hmaz(f|f*) =

for large t. The nonpositivity of Hp,..(f|f«) is a consequence of the integrated Gibbs inequality (1.5). O

Note that if the stationary density f, of P is given by (6.4), then the expression for Hy,,.(f|f.) becomes even
simpler. Namely, with
1 ™
= ;.' Zgl (‘T)v
i—1

Hppoo(f|f+) as given by (6.19) becomes
Hpnao(fIf2) = —log?“—z}\ Ylog A;(f) (6.20)

when we use the orthogonality of the densities g;(x). Since 0 < \;(f) < 1 for all 4, we may also place a lower bound
on Hpau(f1fe):

—logr < Hmam(f'f*) <0.

This weak form of the Second Law of thermodynamics is the strongest result that we have yet encountered.
It demonstrates that as long as the density evolves under the action of a Markov operator that is smoothing, the
conditional entropy of that density converges to a maximum. There are two important facets of this evolution that
should be recognized:

(1) The convergence of the entropy is due to the fact that || Q*f ||— 0 as t — oo in the representation (6.2) of
Theorem 6.1.

(2) The maximum value of the entropy, Hyax(f|f+), as made explicit by the notation, is generally dependent on
the choice of the initial density f and, thus, the method of preparation of the system. This indicates that
systems with asymptotically periodic dynamics may have a discrete or continuous spectrum of metastable
states of thermodynamic equilibrium, each with an associated maximal entropy.

Example 6.3. To illustrate the evolution of the conditional entropy of an asymptotically periodic system we return
to our example of the tent map (6.9) with a = V2. For this value of a, the stationary density f, is given by equation
(6.11). If we pick an initial density given by fi, then the conditional entropy H.(P*f:|f:) = 0, its maximal value, for
all t. However, if we pick an initially uniform density (6.13), f(z) = (24 v/2)17,07,, then it is straightforward to show
that
Ho(fIf) = He(f1]f.) = —0.01479,

where f; = Pf is given by equation (6.14). Thus by choosing an initial density given by (6.13) or (6.14), the limiting
conditional entropy approaches a value less than its maximal value of zero.

This effect of the choice of the initial density affecting the limiting value of the conditional entropy can be further
illustrated by choosing an initial density

f(z) = [3+42V2]1y, (z)

totally supported on the set J;. In this case, as we have shown,

fi(z) = Pf(z) = [4+ 3V2]14 (x),
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and fo = f, f3 = f1, etc. so once again the densities cycle between f and f; with period 2. The limiting value of the
conditional entropy is given by

H.(f|f+) = Ho(filf+) = —log(2) =~ —0.69316.

Thus, with three different choices of an initial density f we have shown that the conditional entropy of the asymptot-
ically periodic system (6.9) may have at least three different limiting asymptotic values. o

Example 6.4. The continuous functional dependence of Hy,q.(f|f+) on the initial density f can be illustrated ana-
lytically for the maps (6.9) and (6.17) when they generate period 2 asymptotic periodicity. In particular consider a
class of initial densities given by (cf. Provatas and Mackey, 1991a)

f(z) = { g 7€bumtd] (6.21)

0 otherwise,
where 7, is the solution of y; = S?(7,) and is given by

1
a+1

M=

for the hat map and by

r? ry
n=7(-7)
for the quadratic map.

A plot of Hy,,.(f|f+) for the hat map is shown in Figure 6.4. A remarkable feature of Figure 6.4 is the existence of
a sequence of ¢ values at which the limiting conditional entropy values are equal. For these values of ¢ the asymptotic
decomposition of P!f is identical and the limiting conditional entropy is Hyaz(f|f+) = —0.01479 as we calculated in
the previous example with an initial density given by (6.13). Note also the local minima in the limiting conditional
entropy as the spreading parameter £ increases.

A similar comparison of the limiting conditional entropy can be made for the asymptotic periodicity of the
quadratic map at 7 = r;. The same set of initial densities defined by (6.21) is considered. Figure 6.5 is the plot
analogous to Figure 6.4 for the hat map. Note that for the quadratic map the maxima in the limiting conditional
entropy do not define isoentropic points, although H,,a.(f|f+) = —0.093 as £ — 1. Moreover, a zig-zag pattern similar
to Figure 6.4 emerges but on a much smaller scale, as shown by the insets. o

We close this section with the statement and proof of a sufficient condition for the weak form of the Second Law
of thermodynamics.

Theorem 6.6. Let P be a Markov operator in a normalized measure space, and assume that there is a stationary
density f. > 0 of P. If there is a constant ¢ > 0 such that for every bounded initial density f

H.(P'f|fs) 2 —c
for sufficiently large t, then P! is asymptotically periodic and

th—zgo Hc(Pthf*) = Hmam(flf*) <0.

This theorem assures us that if we are able to find some time t; such that the conditional entropy is bounded below
for times t > t;, then the entropy is evolving under the action of an asymptotically periodic Markov operator and, as
a consequence of Theorem 6.5, the conditional entropy of P!f approaches a maximum that is generally dependent on
the initial density with which the system was prepared.

Proof. Pick a subset E of the phase space X with nonzero Lebesgue measure pp(E). From the definition of the
conditional entropy H.(P!f|f.) and our hypothesis, for all sufficiently large times ¢ we have

HAPfIf) = = [ P faog (}}’E:‘j)) ww- [ RECE (I}ZS)) dr

> —c.
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Remembering the definition of the function 7 from equation (1.2), it follows that

/EPt_f(:r) log <%> dr <c-— /X\E Ptf(z)log <};t*f(:(;;)> dr

< ¢+ Mmaz / e (d)
X\E

Further specify the set E by

- frex:(518) )

where the constant N is selected to make up(E) < 6. Then,

logN/EPtf(r)darg/EP‘f(x)log<Ptf(x)> dr < o+ X

() e
or
P f(a) de < S
< —=t—=c¢.
/E f(a)dz < log N ¢
Next, pick a second subset A C X of nonzero measure so
/ P‘f(:c)dx:/ Ptf(r)dx—/Ptf(x)dle—,u,L(A).
X\A X A
Thus,

/ Plf(zx)dr <1—pp(A) +e=k.
Eu(X\A

It is clear that we may always select the set A in such a way that € < up(A) < 1 and, hence, 0 < k < 1. Therefore, P
is smoothing by definition. The rest of the proof is a direct consequence of the Spectral Decomposition Theorem 6.1
and Theorem 6.5 concerning the convergence of the conditional entropy under the action of an asymptotically periodic
Markov operator. [

D. ASYMPTOTIC PERIODICITY AND CORRELATIONS.

In the previous chapter we showed that temporal correlations in mixing systems decay to zero in spite of the fact
that entropy is absolutely constant when the system is invertible. Suppose that instead of a mixing transformation
we have an asymptotically periodic transformation with a unique stationary density f. of the corresponding Markov
operator P, and, as a consequence, the system is ergodic. In this case the behaviour of the correlation function is quite
different.

Since P is asymptotically periodic and Theorem 6.1 also holds for L! functions, we can choose f = 1 to obtain

PT+1 Z/\ gar(l)(i +QTT]( )

Further, because of the ergodicity of P we can write the correlation function as
R, (T +1) =< P""n,0 >

or, more explicitly,

R(]’,T](T + 1) = Z ’\z(r)) A ga"‘(i)(r)o(x) dr + A U(CL‘)QT’](T) dz. (622)
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Due to the asymptotic periodicity of P, the first term in (6.22) is periodic in 7 with period T" < r!. Furthermore,
because of the convergence properties of the transient operator () the second term will decay to zero as 7 — oo.
Therefore, for asymptotically periodic dynamics the correlation function naturally separates into sustained periodic
and decaying stochastic components.

This decoupling of the time correlation function into two independent components can be understood as follows.
Asymptotically periodic systems have r disjoint attracting regions of their phase space X whose union is given by

r

| supp {g:}-

=1

Each of the regions supp{g;} map onto each other cyclically according to a(i). All ensembles of initial conditions
will asymptotically map into these regions (i.e., all densities will decompose). Thus a time series will also visit these
supports periodically, and we expect a periodic component in the time correlation function. However, iterates of the
time series which return into any one of the supp {g;}, are described by a density g;, and so there must exist a stochastic
component of the correlation function (the second term of (6.22)).

Thus, asymptotically periodic systems have temporal correlations which are a combination of both periodic and
stochastic elements and which never decay to constant values as t — 0o in spite of the fact that their conditional
entropy does approach a local maximum as t — oo. This is to be compared with mixing systems whose entropy is
forever fixed by the mode of preparation of the system, but which nevertheless show an approach of the correlations in
the system to zero at long times. The contrasting nature of these two results indicates that there is no connection to
be drawn between the limiting behaviour of entropy in a system and the limiting behaviour of temporal correlations.

E. SUMMARY.

In this chapter we have shown how the property of smoothing for Markov operators is equivalent to asymptotic
periodicity of sequences of densities (Theorem 6.1), and that asymptotic periodicity is sufficient to guarantee the
existence of at least one state of thermodynamic equilibrium (with density given by equation (6.4)) as well as the
increase of the entropy to a maximum as time progresses (Theorem 6.5). Interestingly, the maximum entropy to which
asymptotically periodic systems evolve in this circumstance (equation (6.19)) may be less than the absolute maximum
value corresponding to equation (6.4), and usually depends on the initial density with which the system is prepared.
Thus the entropy of the final thermodynamic state of an asymptotically periodic system depends, in general, on the
initial state. Theorem 6.6 gives a sufficient condition for this behaviour in the form of the existence of a finite lower
bound on the conditional entropy. Further, the behaviour of the entropy and correlations in asymptotically periodic
systems is opposite to that of mixing systems, indicating that there is no connection to be drawn between entropy
evolution and the limiting behaviour of correlations.

In the next chapter we introduce a dynamical property even stronger than asymptotic periodicity which is both
necessary and sufficient for the evolution of system entropy to its unique maximal value of zero.
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Figure 6.1. The evolution of P!f in the period two window under the action of the hat map, with @ = v/2. In (a)
£ is uniform over J; U J,. Since the g; are uniform over J;, i = 0,1, P!f sets into immediate oscillations without
transients. In (b) f is uniform over the subspace J;. Again P!f sets into immediate oscillations through the

states g1 and go. In (¢) f(x) = Mlx, restricted to J; U Jz. Now P! f evolves through two transient densities
before settling into a periodic oscillation.
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Figure 6.2. A numerical illustration of one periodic cycle of the asymptotic sequence {P'f} under the action of
the quadratic map for the parameter 7 = r, = 3.678573508. A transient of 20 densities has been discarded, and
the iterates P21 f, P?2f and P?*f are shown. Since P?'f = P23f  the sequence {P!f} asymptotically repeats
with period 2. In (@) the initial density f, shown in the inset, is uniform over [0.7,0.8]. In (b), f(x) = 200(xz—0.9)
over (0.9, 1].



14

MICHAEL C. MACKEY

Figure 6.3. Two period 4 cycles of the asymptotic sequence {P'f} for the quadratic map when r = ry =
3.592572184. In this figure 40 transients have been discarded and the iterates P4 f, P42f P43 f P4 f and P4 f
are shown. Since P f = P*f the sequence {P!f} asymptotically repeats with period 4. In (a) the initial
density (inset) f is uniform over [0.5,0.85]. In (b) f(x) = 200(z — 0.9) over [0.9, 1].
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Figure 6.4. The limiting conditional entropy, Hpqa.(f|f+), versus the spreading parameter ¢ for the hat map at
a = /2. ¢ is equal to the width of the support of an initial uniform density f. The local maxima in the figure
correspond to equal limiting conditional entropy values.
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Figure 6.5. A graph of the limiting conditional entropy H,q.(f|f+) versus £ for the quadratic map at r = ry.
The parameter ¢ plays the same role as in Figure 6.4. Variations in H,,,.(f|f+) occur over a smaller ¢ scale for
the quadratic map. (it) is a blow-up of the inset box in frame (7). (4i¢) is a blow-up of the inset box in (27).



