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ABSTRACT

Cyclical thrombocytopenia (CT) is a rare hematological disease characterized by periodic oscillations in
circulating platelet counts. In almost all CT patients, other cell lines show no sign of oscillation, but
recently a CT patient was reported with significant oscillations in circulating neutrophils (in the same
period as the platelets). In this paper, we attempt to understand this phenomenon through a previously
published model of human hematopoiesis. We have investigated a variety of possible oscillation patterns
that may appear when alterations occur in the control parameters in the platelet regulatory dynamics.
Our results indicate that the platelet maturation time and the differentiation rate from hematopoietic
stem cells (HSCs) into the platelet cell line play important roles in the emergence of various types of
CT like oscillations. Moreover, we find different oscillation patterns, including CT and cyclical neutrope-
nia like oscillations, with certain parameter values in the platelet compartment. A bifurcation analysis
revealed the different origins of these oscillation patterns. We also identified bistable dynamics which
indicate the potential importance of system history in the treatment of these diseases. Together, these
results demonstrate the possible origins for various oscillation patterns dependent on alterations in the
platelet cell line control mechanisms. One of the important origins may be related to the regulation of
apoptosis in platelet precursors.

© 2018 Published by Elsevier Ltd.

1. Introduction

All mature circuiting blood cells arise from morphologically
undifferentiated cells in the bone marrow, that is, from the
hematopoietic stem cells (HSCs). HSC can either self-renew or dif-
ferentiate to produce all types of blood cells (erythrocytes, neu-
trophils, platelets, etc.). Hematopoiesis is a homeostatic system
controlled by feedbacks mediated by various hematopoietic cy-
tokines, such as erythropoietin (EPO) which mediates erythrocyte
(or red blood cell, RBC) production, granulocyte colony stimulation
factor (G-CSF), which controls the regulation of neutrophil produc-
tion, and thrombopoietin (TPO), which is the primary regulator of
thrombopoiesis and platelet production. Dysregulation in this con-
trol system can lead to failures in the homeostatic maintenance
in one or more blood cell lines (Foley and Mackey, 2009; Hoggatt
et al., 2016; Lei and Mackey, 2014; MacLean et al., 2014; Morales-
Mantilla and King, 2018).

Periodic hematological disorders are classic examples of dy-
namical diseases (Glass and Mackey, 1988) characterized by oscilla-
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tions in cell counts of one or more circulating blood cells with pe-
riods ranging from days to months (Dale and Mackey, 2015; Hau-
rie et al., 1998). Some diseases show oscillations in all major blood
cell lines, such as cyclical neutropenia (CN), with its characteris-
tic ELANE mutation in the gene for neutrophil elastase (Haurie
et al, 1998; 1999; Horwitz et al., 1999), and periodic chronic
myeloid leukemia (PCML) (Fortin and Mackey, 1999; Safarishahrbi-
jari and Gaffari, 2013), believed to arise in the stem cell com-
partment because of the presence of the Philadelphia chromosome
mutation (Seong et al., 1998). In other diseases, such as periodic
auto-immune hemolytic anemia (AIHA, Mackey (1979)) and cycli-
cal thrombocytopenia (CT, Swinburne and Mackey, 2000), most
patients show oscillations in only one cell type, and cell counts
in other cell lines are normal, suggesting potentially alternative
mechanisms for the disease origin.

CT is a rare hematological disorder characterized by periodic cy-
cling in platelet counts (Kosugi et al., 1994; Pavord et al., 1996;
Sekine et al., 1989; Swinburne and Mackey, 2000; Wahlberg et al.,
1977). This disorder is characterized by a variety of symptoms in-
cluding purpura, petechiae, epistaxis, gingival bleeding, menorrha-
gia, and easy bruising. In normal subjects, circulating platelet lev-
els remain relatively stable for years (150 — 450 x 10° platelets/L,
with an average of 290 x 10° platelets/L). However, in CT patients
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the platelet counts oscillate from very low (1 x 10° platelets/L)
to normal or very high levels (2000 x 10° platelets/L), with pe-
riods varying from 13 days to 65 days among different patients
(Swinburne and Mackey, 2000).

In all previously known CT cases the oscillations appear only
in the platelets and not in the white or red blood cells (Apostu
and Mackey, 2008; Swinburne and Mackey, 2000). However, a re-
cent case report of CT documents statistically significant oscil-
lations in neutrophil counts with the same period (39 days) as
the platelet oscillation (Langlois et al., 2018). The patient stud-
ied by Langlois et al. (2018) tested negative for the presence of
the ELANE mutation that is characteristic of cyclical neutropenia
(Horwitz et al., 1999) hence, it was not a case of misdiagnosis. This
observation intrigued us and led to the present paper.

Despite a long history of modeling of hematopoietic dynamics
(Adimy et al., 2014; Dale and Mackey, 2015; Foley and Mackey,
2009; Lei and Mackey, 2014; MacLean et al., 2014; Mouser et al.,
2014; Pujo-Menjouet, 2016; Roeder et al., 2009; Traulsen et al.,
2013; Whichard et al., 2010), the pathogenesis of CT is poorly un-
derstood. Previous modeling efforts have indicated that alterations
in control parameters can lead to bifurcations in system dynam-
ics in the genesis of periodic hematological diseases. However, the
precise nature of the underlying alteration varies depending on the
model being studied.

An early mathematical approach used to try to understand
CT was proposed by Santillan et al. (2000). Later, Apostu and
Mackey (2008) expanded this approach incorporating an assump-
tion of megakaryocyte deficiency and cyclical failure in platelet
production (amegakaryocytic CT), but they did not suggest that os-
cillations in platelet levels could be accompanied by oscillations
in neutrophil levels. A more recent publication (Langlois et al.,
2017) considered only the regulation of platelet production and
concluded that the primary change in cyclic thrombocytopenia is
an interference with, or destruction of, the thrombopoietin recep-
tor, with secondary changes in other processes, including immune-
mediated destruction of platelets, megakaryocyte deficiency, and
failure in platelet production.

In this study, we use an extension of previous mathemati-
cal models of hematopoiesis (Apostu and Mackey, 2008; Colijn
and Mackey, 2005a; 2005b; Lei and Mackey, 2011; Zhuge et al.,
2012) to examine the possible origins of CT and, in particular, the
possibility of concomitant neutrophil oscillations as reported in
Langlois et al. (2018). Based on the proposed model, we investigate
oscillation patterns that may be associated with CT.

The outline of the paper is as follows. The mathematical model
is introduced in Section 2, where we also specify the parame-
ters from previous studies that we used along with new param-
eters that had to estimated. Based on model simulations, we show
that a variety of oscillatory patterns are possible; we present our
study of how these patterns are dependent on model parame-
ters in Section 3.1. To verify the model, we fit simulations with
Langlois et al. (2018) patient data in Section 3.2. In Section 3.3, we
study the oscillation patterns by carrying out a bifurcation analysis
to further examine the role of various model components in gener-
ating the behavior observed numerically. The paper concludes with
a short Section 4 that summarizes our results.

2. Model development
2.1. Model description

Fig. 1shows a cartoon representation of the model in this pa-
per. We established model equations to examine the possible ori-
gin for the concomitant occurrence of oscillations in neutrophil
and platelet levels as reported in Langlois et al. (2018). The model
is based on previous studies and consists of three compartments
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Fig. 1. Schematic representation of the mathematical model of hematopoiesis. The
model includes the hematopoietic stem cells (HSC) (S(t)), neutrophils (N(t)), ery-
throcytes (R(t)) and platelets (P(t)). Resting phase HSCs either remain quiescent,
exit into the proliferative phase at a rate §, or differentiate into one of the com-
mitted blood cell lines. Cells in the HSC proliferative phase are assumed to undergo
apoptosis at a rate ys during a period 7. Each of the differentiated blood cell com-
partments are further divided into three subcompartments: proliferating (green),
maturating (yellow), and circulating (blue) cells. The differentiation rates are xy,
kp, and kg, respectively. Neutrophil precursors are amplified at a rate Ay, followed
by maturation for a total period of time tyy before they enter the circulation. The
circulating neutrophils randomly die at a rate yy. Platelet numbers are amplified
at a rate Ap by a series of nuclear divisions and undergo maturation during a time
period 7py before being released into the circulation. Circulating platelets randomly
die at a rate yp, and are destroyed at time 7ps after entering the circulation.

(Apostu and Mackey, 2008; Colijn and Mackey, 2005a; 2005b;
Zhuge et al,, 2012): the hematopoietic stem cells (HSC), the neu-
trophils (N), and the platelets (P). The current study was intended
to investigate the origin of CT; hence, we did not initially include
the dynamics of erythrocyte production in the model and assumed
that the differentiation rate from HSCs to erythrocytes is a constant
Ky (days —1). In previous models of the full hematopoiesis dynam-
ics (Colijn and Mackey, 2005a), mature red blood cells regulated
the erythrocyte differentiation through a feedback with a delay
(more than 120 days) which is much longer than the period of CT
oscillations, leading us to believe that the effect can be neglected
in the current study. We have compared simulated dynamics based
on models with and without the erythrocyte compartment, which
shows this to be the case (Appendix C), and (thus our simplifica-
tion of neglecting the erythrocyte compartment seems justified.
We employed a classical Gy phase cell cycle model for the stem
cells (Burns and Tannock, 1970). The HSCs are classified as either
quiescent (resting Gy phase, S(t)) or proliferative phase cells. Quies-
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cent phase HSCs can either enter the proliferative phase at a rate
(days—1) or differentiate into the precursors of any of the three cell
lines: neutrophils, erythrocytes, or platelets. The rate of re-entry
into the proliferative phase 8 depends on the number of resting
phase HSCs through a negative feedback described by a Hill func-
tion (Bernard et al., 2003; Mackey, 1978)

052
B(S) _"09;z+ssf (1)
where kj is the maximal re-entry rate and 6, is such that 8(6,) =
ko/2. Cells in the HSC proliferative phase are assumed to undergo
apoptosis at a rate ys (days—!), and the duration of the prolifera-
tive phase is tg (days). Each proliferative phase cell that survives
to mitosis generates two quiescent phase cells.

The neutrophil and platelet compartments were further subdi-
vided into three subcompartments that correspond to proliferating,
maturating, and circulating cells.

After differentiation from the HSC, the neutrophil precursors
are amplified by a factor Ay through successive mitotic divisions,
followed with maturation before release into the circulation. The
total time spent in amplification and maturation is 7y, (days). Cir-
culating neutrophils randomly die at a rate yy (days—1).

In the platelet compartment, cells undergo a series of divisions
until reaching the megakaryocyte stage where the cells no longer
proliferate but undergo endoreduplication. The total amplification
is given by Ap and a megakaryocyte needs tpy days to mature and
release platelets into circulation. Circulating platelets randomly die
at a rate yp (days~1). In addition, circulating platelets are assumed
to have a fixed lifetime tpg after entering circulation.

The model introduced by Colijn and Mackey (2005a) assumed
that circulating blood cells repress the differentiation of HSC to
their own precursors via cytokine interactions, and the differen-
tiation rates « and xp were formulated as Hill functions

o
kn(N) = fomv (2)
k(P = 1 pper 3)

Note that this assumption for the platelets was introduced by
Colijn and Mackey (2005a), and was subsequently discarded by
Apostu and Mackey (2008), as they considered CT with oscillations
only in the platelet compartment. Here, we kept the assumptions
in Colijn and Mackey (2005a) because the state-dependent differ-
entiation rate is more realistic since the platelets regulate the dif-
ferentiation of HSCs into their precursors through megakaryocytes
(Chang et al., 2007; Kaushansky and Zhan, 2018; Nakamura-Ishizu
et al., 2014). Moreover, the case report in Langlois et al. (2018) sug-
gests that the platelet dynamics might interact with the other cell
lines.

The dimensionless amplification factors Ay and Ap reflect the
net proliferation following cell division and apoptosis of precursors
formulated as follows.

AN(N) = AN,maxeinNrNMv (4)

AP(P) = AP.maer7PTPMs (5)

where ny and np are the apoptosis rates of the neutrophil and
platelet precursors, respectively. Here, as in Langlois et al. (2017),
we have assumed that the net precursor amplification is regulated
by mature blood cell counts so that the proliferation rates are de-
creasing functions of the corresponding mature cell counts. This
can be correspondingly interpreted that the apoptosis rates ny and

np are increasing functions of N and P, respectively, which are rep-
resented with Hill type functions:

NV

N) = iy 6
nn(N) ﬂNﬁ]v1+NV] (6)
- P4
P)=np———. 7
np(P) nPﬁX"+P"4 (7)

These considerations lead to the following set of delay differen-
tial equations for the three model components of the HSC, the neu-
trophils, and the platelets (Apostu and Mackey, 2008; Colijn and
Mackey, 2005a; 2005b):

ds
Fri —(B(S) + kn(N) + kp(P) + kg)S
+2e7755 B(Sy,)Se (8)
dN
SNP Model : = = NN + Ay (Nxy,, e (Ney, ) Sr 9)

dp
5= —pr+Ap(PfPM)(KP(PrpM)StpM

- eiVPTPS Kp (PTPSum )STPSum ) ’ (10)

where tpgy, = Tpy + Tps. We denote this as the SNP (stem cell,
neutrophil, platelet) model. Hereafter we always use the conven-
tion that a variable delayed by a time 7, that is, x(t — t) is denoted
by x;.

2.2. Reduced models

The SNP model that couples the three cell lines is basic to the
discussions below. To better understand and analyze the core ori-
gin of CT, we omit specific feedbacks to decouple the compart-
ments and obtain reduced models. First, by assuming a constant
neutrophil count (N(t)=N-«) in (8), we reduced the original SNP
model to an SP model for the dynamics of the HSC and platelet
compartments:

ds
a5 = ~(BO) +xp(P) +K0)S +267 B (S)Se (1)
dP

SP Model : - = —ypP +Ap (Pepng) (P (Pepyy ) Sty

- e*}’PTPS Kp (P‘[Psum )ST[’Sum ) ) ( 12)

where kg = kn(Ny) + k5.

We also considered the equation for the dynamics of HSC alone
by assuming constant neutrophil and platelet levels, which yields
the S model:

ds

S Model : = = —(B(S) +K)S + 26777 (Sx;)Sx. (13)

where « = y(Ni) +«p(P.) +«f, and similarly, the dynamics of
platelets alone by assuming constant HSC counts S(t)=S:, which
yields the P model:

P Model : %’; = —¥pP + Ap(Pyy)S. (kp (Pryy,) — €775 kp(Pry,,)).-
(14)

2.3. Model parameters

In this study, most model parameters in HSC and the neutrophil
compartments were taken from Colijn and Mackey (2005a) and
Zhuge et al. (2012), and parameters in the platelet compartment
were from Lei and Mackey (2011). Parameters related to the apop-
tosis rates of precursors (those in Eqgs. (6) and (7)) were calcu-
lated from Langlois et al. (2017). All parameter values are listed
in Table 1, and their determinations are detailed in Appendix A.
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Table 1
Normal steady state parameters.
Parameter name  Value used Unit Sources
Stem cell compartment (S)
S. 11 x 106cells/kg 1
Vs 0.1 days’1 1
Ts 2.8 days 1
ko 3.0 days’1 1
0, 0.5 x 106cells/kg 1
S2 4 (none) 1
Neutrophil compartment (N)
N. 6.9 x 108cells/kg 1,2
YN 24 days™! 1,2
TN 35 days 1
AN, max 70635 (none) Calculated from 2
iin 0.27 days™! 2
fo 0.40 days™ 1,2
04 0.36 x 108cells/kg 1,2
S1 1 (none) 1,2
9 79.7 x 108cells/kg Assumption
Vq 1 (none) Assumption
Erythrocyte compartment
K; 0.00469 days™' Calculated from 1
Platelet compartment (P)
P- 3.1071 x 10'0cells/kg 3
Yp 0.05 clays’1 3
Tpym 7 days 1,4
Tps 9.5 days 1,4
Kp 0.372 days™! Calculated from 3
Ap, max 21 (none) Assumption based on 3
np 0.55 days’1 Calculated based on 3
Kp 11.66 (107 cells/kg )% 1,4
S4 129 (none) 1,4
9y 35.9 x 10™0cells/kg Calculated from 3
Vg 1 (none) Calculated from 3

Sources: 1=Colijn and Mackey (2005a), 2=Zhuge et al. (2012), 3 =Langlois et al.
(2017), 4=Lei and Mackey (2011). Details are described in Appendix A.

2.4. Methods

The delay differential models were solved numerically, with
given set of parameters, through WOLFRAM MATHEMATICA.

To explore the dependence of model dynamics with a set of pa-
rameters, we altered the parameters randomly within 1/30 to 30 of
their default values, and sampled them uniformly in log scale (e.g.,
for kp and tpy, the logkp and log T py; were taken random bellow-
ing the uniform distribution), but other parameters were fixed to
their default values to perform model simulation (Fig. 2a).

In fitting the experimental data, we were not trying to fit each
discrete data point. Instead, we applied the genetic algorithm to
identify parameters to fit the characteristic measurements of oscil-
lation dynamics in the clinical data. Details are shown in Appendix
D and the parameters for fitting patient data are shown in Table 3.

The bifurcation analysis in Section 3.3 was carried out using
MATLAB® package DDE-BIFTOOL (Engelborghs et al., 2002; Sieber
et al., 2014).

All source codes are available in the Supplemental Material.

3. Results
3.1. Different patterns of cellular dynamics

To study the dynamic behavior of this model, we introduced
perturbations to the parameters in the platelet compartment con-
trol and investigated the system dynamics. With their model,
Apostu and Mackey (2008) observed that the period of the platelet
oscillation was dependent on the platelet maturation time tpy.
Cyclical thrombocytopenia is characterized by significant fluctua-
tions in the platelet counts. Hence, to explore their effects on the

platelet dynamics, we considered how the model dynamics de-
pend on the parameters Kp and tpy (Fig. 2a). According to model
simulations, increasing the maturation time tpy results in rela-
tively small amplitude oscillations in the platelet counts (Fig. 2c-
d), while increasing the maximum differentiation rate ip yields
larger amplitude oscillations in the platelet counts (Fig. 2e). Note
that, in Fig. 2d-e, there are oscillations in both stem cell and neu-
trophil counts. In Fig. 2d, which corresponds to increases in both
Tpy and kp, neutrophils show small amplitude oscillations with
high nadirs. In Fig. 2e, neutrophil oscillations show large ampli-
tudes with a low-level nadir, somewhat akin to the dynamics of
cyclical neutropenia (Colijn and Mackey, 2005a; Lei and Mackey,
2011).

The nadirs of neutrophils are crucial for patients because low
level neutrophil counts are often associated with severe neutrope-
nia and immune-deficient symptoms that may cause death. There-
fore, we further examined the dependence of neutrophil nadirs on
the parameters t7py and kp (Fig. 2b). A clear separation occurs be-
tween a high neutrophil nadir ( > 2.3 x 108 cell/kg) and low nadirs.
From Fig. 2b, low neutrophil nadirs correspond to an increase in
kp, and the parameter region of low neutrophil counts is in accor-
dance with the region of large platelet amplitude (Fig. 2a and b).
These results suggest a possible association between the large am-
plitude platelet oscillations and low level neutrophil nadirs (to be
detailed below).

To further investigate the effects of perturbations in the platelet
compartment on the full system, we further explored the de-
pendence of oscillation patterns with all key regulation param-
eters in platelet compartment (Kp, 7p, Tps, Tpy, Vp, I4 and
Ap max). For each parameter set with oscillatory dynamics, we
calculated the periods using the Lomb-Scargle periodogram tech-
nique (Lomb, 1976), neutrophil nadirs, and relative amplitudes of
platelets and neutrophils (the ratio of the amplitude to the av-
erage level, Fig. 3). Despite perturbations in all 7 parameters, an
obvious separation occurs in the neutrophil nadirs at a bound-
ary of approximately 2 x 108 cells/kg (Fig. 3a), similar to previ-
ous observations with perturbations to the two parameters tpy
and «p (Fig. 2b). Comparing Figs. 3a with b, parameters with high
(blue dots) and low (red dots) level neutrophil nadirs correspond
to small and large relative amplitudes of neutrophils, respectively,
except for a few exceptions in the transition region. These observa-
tions suggest a classification of oscillatory dynamics based on the
neutrophil nadirs: Pattern 1 when the neutrophil nadir is larger
than 2.3 x 108 cell/kg (blue dots), and Pattern 2 for smaller neu-
trophil nadirs (red dots) (Fig. 3a). Based on the random platelet
compartment parameters, we calculated the percentage of parame-
ters with a low neutrophil nadir ( < 2.3 x 108 cell/kg) in accordance
with various relative amplitudes of HSC and platelets, and the per-
centage is increased with the relative amplitude (Fig. 3c).

For Pattern 1 oscillations, most cases have large relative ampli-
tudes in platelet oscillations and small relative amplitudes in the
neutrophil oscillation ( <0.1), similar to the dynamics observed in
cyclical thrombocytopenia. An example is shown in Fig. 2¢c. Never-
theless, cases have occurred in which there are obvious oscillations
in neutrophils (relative amplitudes between 0.1 and 1.0), as shown
in Fig. 2d.

Typical cyclical thrombocytopenia patients show significant os-
cillations in platelets and no oscillation in neutrophils (Apostu and
Mackey, 2008), but a recent case report studied a patient with os-
cillations in both platelets and neutrophils (Langlois et al., 2018).
Pattern 1 oscillations in our model simulations reproduced these
two types of dynamics: most perturbations in the platelet com-
partment showed typical dynamics with no (or low amplitude) os-
cillation in the neutrophils, and in rare situations, we saw oscilla-
tions in both platelets and neutrophils. Hence, we further divided
the Pattern 1 oscillations into two subclasses, Pattern 1a (typical
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Fig. 2. Simulating hematopoietic dynamics. (a) Dependence of platelet amplitudes on the parameters tpy and kp. The value of the amplitudes are shown by the color, and
each dot represents the value for a solution with given parameter values and initial condition from the normal steady state level (other parameters are the same as in
Table 1). Parameter values are shown by the logarithm of the ratio to their default values, respectively. The color bar shows the platelet amplitudes (in 10'cells/kg). The
black square marks the default parameter value shown. The three triangles mark, from left to right, the location of the parameters corresponding to Pattern 1a, Pattern 1b,
and Pattern 2 in Table 2. (b) Dependence of neutrophil nadirs of oscillatory solutions on different parameters tpy and ikp. The color bar shows the neutrophil nadir (units
of 108 cells/kg). (c)-(e) Typical hematopoiesis dynamics with parameters given by black triangles in (a) (from left to right). The bar below (c) through (e) gives the units for
the three cell populations. Note that the periods of the neutrophils in (d) and (e) include multimodal periods. Namely, a slow period is present that is the same as in the
platelets and HSC, while fast period oscillations are also present that are much shorter than those of the platelets and HSCs.

Table 2
Characteristics and parameters for the three oscillation patters in Fig. 2c-e. Here,
we also show some typical oscillation periods.

Default  Pattern 1a  Pattern 1b  Pattern 2

Fig. 2¢ Fig. 2d Fig. 2e
Characteristics
Oscillation in platelets no yes yes yes
Oscillation in neutrophils  no no yes yes
Nadirs of neutrophils normal normal normal low
Instances of model parameters and dynamic properties
icp (days)™! 0.372 0.0744 2 9.5442
Tpv (days) 7 13 14 11.583
Period(days) - 34.8 38.5 24.8

CT-like) and Pattern 1b (unusual CT-like), for the two types of dy-
namics, respectively (Table 2).

Pattern 2 oscillations showed obviously different dynamics with
significant oscillations in all cell lines (Fig. 2e), which is CN-like. In
particular, obvious oscillations were observed in the HSC counts,
which suggest a destabilization in the stem cell compartment.

Moreover, many cases show periods of approximately 20 days, and
the neutrophil nadirs are lower than 1/10 of the normal level
(Fig. 3a), which are typical in CN. These results suggest that pertur-
bations in the platelet cell line can induce CN-like behavior, which
would be a novel mechanism of inducing CN-like oscillations by
increasing the platelet differentiation rate «p. Here, we mainly fo-
cus at the origin of CT. For further discussion of CN dynamics, one
can refer to Bernard et al. (2003), Lei and Mackey (2011).

According to the three typical dynamics in Fig. 2, we noted that
the oscillations in neutrophil counts were accompanied with oscil-
lations of HSC counts. We compared the relative amplitudes of HSC
and neutrophils, which were highly correlated (Fig. 3d). Hence,
when dysregulation occurs in the platelet compartment, large am-
plitude oscillation in HSC often implies significant oscillation in
neutrophil counts.

3.2. Comparison with Langlois et al. (2018) patient data

Based on the above analysis of oscillation patterns, we fit
our model simulation with patient data from the case report of
Langlois et al. (2018). In Langlois et al. (2018), Patient 1 had signif-
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were calculated by the ratio of the amplitude to the mean level for each oscillatory solution. Colors are the same as in (a). (c) The percentage of parameters with low
neutrophil nadir ( <2.3 x 10%) versus the relative amplitudes of HSC (the triangled line) and platelets (the circled line), respectively. Here, to calculate the percentage, we
divided the data set based on the relative amplitudes of platelet or HSC, and calculate the percentage of parameters in a given subgroup to have low neutrophil nadir. (d)
The correlation between the relative amplitudes of HSC and neutrophils. Colors are the same as in (a).

Table 3

Parameter values fitting to the clinical data of Langlois et al. (2018) and the key characteristic quantities of the oscillatory dynamics for Patients 1 and 2 in
Langlois et al. (2018). The normal values of the parameters from Table 1 are also shown. Note that the changes in kp and tpy are qualitatively consistent with the
changes shown in Table 2 required to produce Pattern 1a (typical CT like) and Pattern 2 (CN like) oscillations, and substantial changes in several other parameters are

required in order to achieve precise fits to the clinical data. All units are the same as those in Table 1.

Parameter values to fit to the clinical data.

Kp 7p Tps Trm Yr 94 Ap, max
Patient 1 0.102882 106.436 0.547693 18.978 4.92866 9.20914 2057948
Patient 2 0.0872189 0.876661 6.32347 9.26656 0.277219 11.9973 471591
Normal 0.372 0.55 9.5 7.0 0.05 359 21

key quantities

Amplitudes of platelets*

Cases clinics fit clinics
Patient 1 8.09 9.66 441
Patient 2 3.23 4.37 249

Amplitudes of neutrophils*

Periods** Nadirs of neutrophils
fit clinics/fit clinics fit
12.5 39 days 24 0.58
6.21 23 days 317 439

* Because of the noise in clinical data, the amplitudes were calculated as follows. 1) divide the dynamics data according to the time window of 90 days. 2) calculate the
amplitudes in each time window. 3) averaging over all time windows to get the resulting amplitudes.
** The periods for the fitting data are the same as those in case report (Langlois et al., 2018)

icant oscillations (in the same period) in both platelets and neu-
trophils, and Patient 2 only displayed significant oscillations in the
platelets (Figs. 4 and 5). The fitting parameters and comparison of
key quantities for the two patients are shown in Table 3.

For Patient 1, our fitting results are consistent with the clin-
ical data in both amplitude and period of the platelet and neu-
trophil oscillations (Fig. 4a-d); model simulation reproduces the
most significant peak in the spectral power (Fig. 4c-d). In the clin-
ical data, the peak in the neutrophils precedes that in the platelets
by 8.3+2.0 days. Our simulation reproduced this phenomenon
and the neutrophil peak precedes that of the platelets by 7 days

(Fig. 4e). We further predicted the dynamics of TPO by employ-
ing the TPO model of Langlois et al. (2017) with the fitted platelet
dynamics (i.e., the dynamics shown in Fig. 4a) and HSCs (see Ap-
pendix B for details). Our prediction shows that the TPO level os-
cillates from a nadir of near zero to a maximum of 187 pg/mL, the
TPO level is very low during the period of the extremely high level
of the platelets count, and vice versa (Fig. 4f), which is qualitatively
consistent with the data (Langlois et al., 2018, Fig. 1E).

For Patient 2, model simulations fit to both the amplitude and
the period of the reported platelet oscillations well, as well as the
neutrophil dynamics (Fig. 5). Furthermore, the predicted spectral
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Fig. 4. Fitting the clinical data of Langlois et al. (2018, Patient 1). The fitting parameters are shown in Table 3, and the time is appropriately shifted to fit the data. (a) Platelet
count dynamics. (b) The dynamics of neutrophil counts. In both panels, red triangles denote clinical data, and black solid lines are the model simulation. (c) The spectral
power of the platelet dynamics. Horizontal dashed-dotted lines indicate the statistical significance levels of oscillations (Lomb, 1976). (d) The spectral power of neutrophil
dynamics. Red lines are for the patient data and dashed black lines are the spectral power of simulation dynamics. (e) A period of simulated dynamics of both platelets and
neutrophils. The two crosses show the first peaks from the nadirs in neutrophils and platelets, which occur at days 2029 and 2036, respectively. (f) Simulated dynamics of
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are clinical data, and black solid lines are model simulation. (c) The spectral power of the platelet dynamics. (d) The spectral power of neutrophil dynamics. Red lines are
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Fig. 6. Bifurcation diagram of the model equations. (a) Numerical bifurcation curves of different models and amplitudes of HSC counts in the SNP model. The bifurcation
curves are obtained based on the SNP model (solid black line), SP model (blue dots), P model (red dashed line), and the S model (black dashed line). Points c-f mark the
parameters with corresponding platelet dynamics shown at panels (c)-(e), respectively. The yellow dots in background represent the amplitudes of the HSC counts by means
of shades of the colors as shown in the colorbar. The units of the amplitudes of HSC are 106 cells/kg. (b) Periods at the Hopf bifurcation point. The periods are calculated

based on the linear stability. The meanings of lines are the same as those in (a). (c1

)-(c3) Time evolution of platelets when the parameters are at c in (a). Here (c1) for the

P model, (c2) for the SP model, and (c3) for the SNP model. (c4) is the time course of the dynamics of stem cell counts of the S model (13). (d1)-(d4) Same as (c1-4), with
parameters taken at point d in (a). (e1)-(e4) Same as (c1-c4), with parameters taken at point e in (a).

power is consistent with that from the clinical data with the most
significant peak in the spectral power of the platelet dynamics at
23.5 days in simulations, agreeing well with that of the clinical
data (23.3 days) (Fig. 5¢). For the spectrum of neutrophils, the sig-
nificance level for the principal peaks obtained from simulation is
less than 0.9 (Fig. 5d); hence, the oscillations in the neutrophil
counts were not significant, which is qualitatively consistent with
the clinical data. Here, we note that the spectrum of the fitting
dynamics was more significant than that for the clinical data. This
difference may come from random fluctuations in clinical data that
can counteract the small amplitude oscillations.

3.3. Numerical bifurcation analysis

In previous simulations, we had noted that varying the param-
eters kp and Tpy can results in obvious oscillations either only in
platelet counts or in all cell lines. Here, we further apply numerical
bifurcation analysis to investigate the sources of various oscillation
patterns.

The bifurcation curve of the SNP model is shown as the solid
line in Fig. 6a. Given the constant initial condition at their normal
steady states, the system shows oscillatory dynamics when tpy is
larger than the corresponding point on the bifurcation curve and
the system converge to a stable steady state when tpy is smaller.
Fig. 6b shows the periods of oscillatory solutions, which was when
the parameters were taken near the bifurcation curve.

To further understand and analyze the core origin of these os-
cillation patterns, inspired by the close relation between the rela-
tive amplitudes of HSC counts and neutrophil counts (Fig. 3c), we
omitted the feedback from the neutrophil compartment and con-

sidered the SP model (11) and (12) for the dynamics of the HSC
and platelet compartments.

The numerically determined bifurcation points are shown by
blue diamonds in Fig. 6a, which indicate the parameters (kp, Tpy)
at which the steady state becomes unstable. Fig. 6b shows the os-
cillation periods when parameters were taken from the bifurcation
curves. From Fig. 6a and b, the bifurcation curve as well as the pe-
riods obtained from the reduced SP model, agrees well with the
curve obtained from the SNP model. These results indicate that the
dynamic properties of the SNP model in platelet counts are main-
tained without the feedback from the neutrophil compartment.
Moreover, we have seen that the relative amplitudes between the
HSC and neutrophils are closely related (Fig. 3c), which implies
that the neutrophil oscillation patterns can be derived from the
HSC dynamics. Consequently, the above analysis showed that the
dynamics based on regulation in the HSC and platelet cell lines
alone are sufficient to reveal the origin of the CT-like oscillations:
namely, that the dysregulation in the HSC and platelet dynamics is
apparently sufficient to generate the CT-like oscillations as well as
the platelet-originated CN-like oscillations.

From Fig. 6a, the oscillatory dynamics can be induced by at
least two different approaches. The first one is the increase in the
megakaryocyte maturation time tpy, when the maximum differ-
entiation rate kp is small. In this case, the amplitudes of the HSC
counts are essentially close to zero (light yellow points on the left
top areas in Fig. 6a). Second, the oscillation can also be induced by
increasing the maximum differentiation rate p, where the ampli-
tudes of HSC counts are significantly larger (Fig. 6a).

These observations led us to further explore the origin of os-
cillations with changes in the two parameters Tpy and «p. To this
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end, we considered the reduced S and P models ((13) and (14)) to
investigate the roles of dysregulation in the HSC and platelet com-
partments.

Previous studies based on a bifurcation analysis for the S model
have shown that oscillations in the HSC counts emerge when the
differentiation rate x increases above a threshold (Ma et al., 2015)
(Fig. 6a, black dashed line) and the role of the maturation time in
the S model have been analyzed (Camara De Souza et al., 2018).
The numerical bifurcation analysis for the P model shows that the
bifurcation is mainly determined by the megakaryocyte maturation
time tpy (Fig. 6a, red dashed line).

As shown in Fig. 6a, when the differentiation rate ip is small,
the values of tpy where bifurcation appears for the three mod-
els (SNP, SP, and P) are similar. In these cases, alterations in the
P model alone can induce oscillations by destabilization of the
platelet cell line through increasing the megakaryocyte maturation
time tpy. In addition, the amplitudes of the neutrophils and HSCs
are small, and the neutrophil and HSC counts vary around their
steady states. Hence, the platelet oscillations in the SNP or SP mod-
els are mainly due to alteration in the platelet cell line, and the
oscillation dynamics in the platelet cell line do not significantly
affect the dynamics of neutrophils or HSCs. These results suggest
a mechanism of CT generation through the destabilization of the
platelet cell line by increasing the megakaryocyte maturation time
TpMm-

We took a parameter (point c in Fig. 6a) with a small value
of kp and solved the equations of the P, SP, and SNP models with
the initial conditions of the constant steady state platelet counts.
Solutions based on the three models show similar oscillation pat-
terns in the platelet counts (Fig. 6, c1-c3), whereas the HSC dy-
namics obtained from the S model remained near the stable steady
state (Fig. 6, c4). Hence, when the differentiation rate is small, the
platelet count dynamics seem to be mainly determined by the reg-
ulation in the platelet cell line.

On the other hand, when the differentiation rate kp is large, the
HSC oscillates significantly with large amplitudes. From Fig. 2a, the
amplitudes of the platelets in this area are much larger than those
in the region of the smaller «p. These two facts suggest that a large
amplitude in platelet oscillations may induce the unstable dynam-
ics of HSC and result in the oscillatory dynamics in all cell lines;
consequently, the system displays Pattern 2 (CN-like) oscillations.
An example is shown in Fig. 6 (d1-d4) with parameter values given
by point d in Fig. 6a. The platelet amplitudes in the SP model and
the SNP model are much larger than those in the P model. In ad-
dition, in this region, the bifurcation point tpy for the P model
is larger than that for the SP and SNP models. These observations
suggest that in the large kp region, platelet-induced unstable HSC
counts enhance the oscillation of the platelet counts.

At the transition region with the intermediate value kp and
when the maturation time tpy is larger than the bifurcation value
for the P model (point e in Fig. 6a), the normal steady state is un-
stable in the P model but is stable in the SP and SNP models (Fig. 6,
el-e3). Moreover, we note the essentially negligible amplitude of
the HSC counts in this region (compare Fig. 6e4 with Fig. 6d4).
Hence, for parameters in this region, the amplitudes of platelets
are smaller than those for large kp, and the negative feedback to
the differentiation rate is able to weaken the oscillations induced
by platelets. These results indicate that coupling of the HSC com-
partment to the platelet cell line can serve as a pool to stabilize
small perturbations in the platelet counts induced by increasing
the maturation time 7py.

Previous studies have shown that bistability with coexistence
of both a stable steady state and an oscillatory state can emerge
based on a mathematical model of HSC and neutrophil dynamics
(Bernard et al., 2003; Ma et al., 2015). In the present model, bista-
bility is observed when we set parameters «p and tpy at the point

e in Fig. 6a and yp = 0.15, 7jp = 0.1. We solved the equations with
oscillatory or constant platelet levels as initial conditions, whereas
other cell lines were taken at their normal steady states (Fig. 7,
a-c). The results show bistability in both SNP and SP models. So-
lutions with constant initial platelet counts converge to constant
levels (blue lines in (b)-(d)), but solutions with oscillatory initial
conditions converge to the stable oscillatory solutions (red line in
(b)-(d)). These results show that the long-term behavior of the SP
or SNP models may show sensitivity in its dependence on the pa-
rameter values as well as on the initial conditions. This result is
similar to those for CN (Lei and Mackey, 2011). For systems with
bistability, one cannot take the system back to a normal state sim-
ply by changing the parameters back to their normal values but
must also control the states of all cell lines.

Moreover, we sampled the parameter space to obtain the area
for kp and tpy (Fig. 7d, the black dots) within which the SP and
SNP models show bistability with a proper choice of yp and 7p,
and initial oscillatory conditions generate oscillatory solutions. We
also found that, outside the visible region in Fig. 7d, parame-
ters exists for which the system shows bistability, and constant
initial conditions do not necessarily imply a stable steady state.
For example, when we took (kp, Tpy) as kp =4.5, Tpy =90 and
yp = 0.22, p = 0.11, the system dynamics evolves to stable steady
states from initially oscillatory condition, whereas the constant ini-
tial conditions can result in oscillatory dynamics (Fig. 7e). For this
specific sample, oscillatory initial conditions in the platelet com-
partment result in the very low counts in HSC, and in turn, make
the counts of platelets eventually drop to low levels. Previous dis-
cussion has shown that in the bistable region below the bifurcation
curve, the HSC compartment acts as a stabilizer of the system. In
this region, the opposing effects of HSC and platelets on the system
may contribute to the bistability and for extreme abnormal dif-
ferentiation rate and maturation time, the bistability pattern (zero
and oscillations) is suggested to be different from those in the re-
gion around the default values (positive steady states and oscilla-
tions). This transition as a further mechanism for the occurrence
of bistability is beyond the scope of the current study.

4. Conclusion and discussion

In this study, we examined the dynamics of hematopoiesis reg-
ulation using a simplified model for the HSC, the platelets and the
neutrophils. Our aim was to try to understand the nature of the
clinical situation in a cyclical thrombocytopenia patient reported
by Langlois et al. (2018); this patient showed concomitant neu-
trophil and platelet oscillations with no signs of a mutation char-
acteristic of cyclical neutropenia. Cyclical thrombocytopenia is nor-
mally characterized by significant oscillations in platelet counts
without oscillations in the neutrophils.

Through the examination of system response to regulation in
the platelet compartment, by varying the differentiation rate ip
and the maturation time tpy, we identified the conditions needed
to induce oscillations only in platelet counts while the neutrophil
population varied around its normal levels with small fluctuations
(Pattern 1a oscillations), and oscillations in both platelet and neu-
trophil counts (Pattern 1b oscillations). In additional to cyclical
thrombocytopenia, we also identified parameters that yield cycli-
cal neutropenia-like dynamics (Pattern 2), which showed signifi-
cant oscillations in both platelet and neutrophil numbers. These
results explain the recent case report that cyclical thrombocy-
topenia patients can also display oscillations in the neutrophils
(Langlois et al., 2018), and raises the possibility of inducing cyclical
neutropenia-like symptoms due to defects in the platelet compart-
ment alone.

Numerical bifurcation analysis based on the differentiation rate
kp and maturation time tpy has shown two possible origins of
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Fig. 7. Bistability of the model equations. (a)-(c) Dynamics with different initial conditions of the P, SP, and SNP models respectively. kp and tpy are taken as the green
diamond point in (d) (i.e. the point e in Fig. 6(a)) and yp = 0.15, 7jp = 0.1. (a)-(c) Blue lines were obtained from solutions with constant platelet counts initial conditions,
and red lines were obtained from solutions with oscillatory platelet count initial conditions. Initial conditions for the other cell lines remain constant at their normal steady
states. (d) The dots are the values of kp and tpy at which bistability is observed with suitable yp and 7jp values. The solid line is the bifurcation curve of the SNP model as in
Fig. 6a. The green diamond point shows the values of kp and tpy used for (a)-(c) (same as point e in Fig. 6a). (e) The dynamics of the SNP model where the constant initial
conditions induce oscillations while the oscillatory initial conditions induce stable steady states. The parameters are taken as kp = 4.5 (i.e., In(kp/k}) = 2.49294), Tpy = 90

(i.e., In(Tpm/Th,) = 2.5539), yp = 0.22, 7jp = 0.11.

platelet oscillation. The first one is from the destabilization of
the platelet compartment through the increasing of maturation
time tpy. The second is the destabilization of the HSC compart-
ment due to the upregulation of the differentiation rate. The two
sources induce cyclical thrombocytopenia-like oscillation and cycli-
cal neutropenia-like oscillations, respectively. Other sources of the
oscillations and patterns remain for further investigation.

Our study theoretically uncovers a possible mechanism of cycli-
cal thrombocytopenia through the perturbation in the platelet
compartment, and suggests a possible connection between cycli-
cal thrombocytopenia and cyclical neutropenia. These results may
stimulate further experimental and/or clinical verification. Al-
though we have been able to obtain a fit to the data in
Langlois et al. (2018) for the two patients displaying dramatically
different oscillatory patterns, this was achieved with large changes
in seven different parameters, which indicates we have likely not
captured the essence of platelet and neutrophil regulation with
this model. This study provides a qualitative explanation of the
connections between cyclical thrombocytopenia and cyclical neu-
tropenia. However this new mechanism and more comprehensive
dynamical responses in the hematopoietic system await further in-
vestigation.
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Appendix A. Parameters in the platelet compartment

Most model parameters in the HSC and neutrophil com-
partments were taken from Colijn and Mackey (2005a) and
Zhuge et al. (2012), and most parameters in the platelet compart-
ment were from Lei and Mackey (2011). Other parameters were
calculated or assumed based on existing models so that in the nor-
mal system the three blood cell levels are stable at their normal
value.

For parameters in the platelet compartment, we took the de-
fault level of platelets P« and the apoptosis rate of circulating
platelet yp as in Langlois et al. (2017) so that our model matches
their model for these two parameters. We also set the differen-
tiation rate at the default platelet level as that used in Langlois’
model, so

Kk =0.0072419 day .

The maturation time tpy, the maximal life time of platelets Tps,
the parameters Kp, and the s, that appear in the differentia-
tion rate of platelets xp (Eq. (3)) were taken from Colijn and
Mackey (2005a) and Lei and Mackey (2011). Thus, we obtained the
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value of «p as follows.
&p = 15 (KpP5* + 1) = 0.0072419(1 + 11.66 x 3.1071'%°) = 0.372 day™".

The parameters in the proliferation Ap and apoptosis of
platelet precursors np, which appear in the functions (5) and
(7), were calculated based on fitting of numerical results in
Langlois et al. (2017). In the Langlois model, the dynamics of the
platelet counts are governed by the equations shown in Fig. 8(a)
and (b). The platelet precursors are regulated by a negative feed-
back loop involving thrombopoietin (TPO) and platelets.

To obtain the relation between the amplification factor Ap and
the platelet level P, we calculated the effective proliferation rate 7,
through the TPO dynamics in the Langlois model and then trans-
lated 7 to Ap in our model. Therefore, a comparison of Egs. (8)-(10)
with the Langlois model is reasonable. The logarithm of the am-
plification factor Ap in our model is proportional to the effective
proliferation rate 7 in the Langlois model (Fig. 8)

Te+Tm Te
1 m([ nm(T(t—a)da-i-/(; ne(T(t—a))da>.

(15)

Next, we solved for the steady states of thrombopoietin T with dif-
ferent levels of platelets P through equation (L2) in Fig. 8a to ob-
tain the dependence of 7 on the levels of platelets P (Fig. 8c). As
shown in Fig. 8c, the dependence of 1 on P is a Hill function

_ P4

InAp x 1} :=

7 =7N(P) = flmax — (16)

where 7max is the maximum of 7, 7; is the difference between
maximum and minimum of 7, and 9, is the level of platelets such

that 7 is at the average of its maximal and minimal values (Fig. 8a).
Hence, we were able to determine the parameters in (16) as fol-
lows.

fimax = 0.6329 day™", 7j; = 0.2372 day™', ¥4 =35.9 x 10 cells/kg.

Ap max in our model can be represented in terms of the parameters
in the Langlois model as follows.

DOVm

AP, max — ,BP

exp [ﬁmax(fe + Tm))]

0.21829 47 x 213 R

0.632918x (5+8.09) _
56 53 = 487837.

For the Hill coefficient v,4, from Eq. (7), we have

In (L - 1)
Nmax — N
1[1(194/[)) ’
Therefore, we obtained the value of v, by taking the average of

each pair of numerical values of platelet levels and the values of 7
as shown in Fig. 8. We have

Vg =

Vs = 1.00. (17)

Next, we calculated the parameters in Eq. (7). To do this, we
calculated the normal amplification factor as follows.

DoV, _
Ay /(;Pmexpm(a)(reum))
0.21829 47213 0.614852 x (5+8.09)
=55 7e = 385100.

So, from Eq. (5), we have
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-]

ip = ——In <Ap‘max) 93+ P

Tpm A; p

1 (487837)35.9+3.1071
7 \ 385100 3.1071

= 0.424 day .

The differentiation rate «;§ was given by the normal differentia-
tion rate in Colijn and Mackey (2005a):
o = ir _ 11

R™ 1+KR6.96 ~ 1+ 0.0382 x 3.56%

= 0.00469 days~".

Finally, we estimated the parameters in the neutrophil compart-
ment. We set the parameters in the neutrophil compartment based
on Colijn and Mackey (2005a) and Zhuge et al. (2012), except for
the apoptosis rate of precursors 1y, because our formulation of the
neutrophil compartment dynamics was identical with those two
models with the only exception being in the apoptosis of precur-
Sors.

Since we have introduced the apoptosis of precursors into
our model, the parameter Ay ma.x was calculated with the
normal amplification factor being calculated from Eq. (1) in
Zhuge et al. (2012), which gives fjy =027 day~' and A} =
exp(2.5420 x 5 - 0.27 x 6) = 65512.7.

Now, we assume that the apoptosis of the precursors of neu-
trophils follows a similar pattern as in the platelets. We simply as-

D, s
sumed that P—j = N—l and v; = vy. Thus,
0 = UaN- _ 297 108 cells/kg, vy = 1.

P,

Finally, the maximal amplification factor of the neutrophil pre-

cursors was estimated to obtain as follows.
V1
= *
N
n 1911)1 + N,l:]

AN max = Ay €xp ( 'L'Nm) = 70635.

Appendix B. Predicting the TPO dynamics from model
simulation

The model in the current study does not include TPO dynamics
explicitly. To obtain a prediction of TPO dynamics from platelets
and HSC counts, we used TPO dynamical equations shown by (L2)
in Fig. 8. Since P(t) and S(t) come from the SNP model, equation
(L3) was replaced with

(L3)  me(t, a) = Vimkp(P(£))S(t)

t—a t
x exp (/tar Nm(T(s))ds + /HI Ne (T(s))ds).

Here nm(T) and n.(T) are defined by (L4) and (L5) in Fig. 8. All pa-
rameters not appearing in our SNP models (8)-(10), except T, and
Tm, Which were taken from Langlois et al. (2017). We took values
for 7, and 7, so that they satisfy 7, + Ty = Tpy = 18.978 days and
the ratio 7/t is the same as in Langlois et al. (2017). The fitting
simulation result, based on the fitting parameters for Patient 1 in
Langlois et al. (2018), is shown at Fig. 4f.

Appendix C. Comparison between the dynamics of the SNP
model and the SNP model with erythrocyte compartment

In this study, the effects of the erythrocyte compartment were
simplified as a single differentiation rate «j. To justify the valid-
ity of this simplification, we can add the erythrocyte compart-
ment to the SNP model (8)-(10) based on the models of Colijn and
Mackey (2005a), and compare the dynamics obtained from the

two models. The modified model equations are given below (18)-
(21).

ds
= —(B(S) +Kkn(N) + kp(P) + kg (R))S
4267755 B(Sz, ), (18)
dN
SNRP Model : —== = —YNN + An (Nay, JKn (Noyy, ) Sty (19)
dR
¥ —YrR + Ar (KR (R ) St
— e_yRTRSKR (RTRSum )STRSum) (20)
dP
= —vpP + Ap(Pr,,) (KP (Pepyy ) Sty
— eiVPtPSKP (P‘Epsum )STPSum)’ (21 )
where
_ ke
“w®) = T iR

The model formation and parameters were based on Colijn and
Mackey (2005a). The parameters for the red blood cell
compartment were taken as Colijn and Mackey (2005a):
yr = 0.001, kg = 1.1, Ag = 563000, K; = 0.0382, 53 = 6.96, gy =

6, trs = 114, Treym = TrM + TRs-

The comparison is shown in Fig. 9. We compared the dynami-
cal trajectories of Patterns 1a, 1b and 2 (See Fig. 2(c)-(e)). The blue
solid lines represent the dynamics according to the SNP model and
the pink marked dotted lines represent the simulations by SNRP
models. The SNP and SNRP models are consistent for Patterns 1a
and 1b (Fig. 9(a)-(b)) and for Pattern 2 (Fig. 9), although the oscil-
lation phases are different in platelet compartment, the amplitudes
and periods are mostly consistent to each other within the two
models. To further verify our simplification, we compared the am-
plitudes and periods of the platelet dynamics with random choices
of all seven parameters as in Section 3.1 (Fig. 9d). The amplitudes
and periods obtained from the two models are closely correlated.
Hence, our simplification of neglecting the erythrocyte compart-
ment does not affect the results in our study.

Appendix D. Procedures to obtain the fitting parameters for
Langlois et al. (2017) patient data

In fitting the data, we were not trying to fit each discrete data
point. Instead, we applied the following procedure based on a ge-
netic algorithm to identify parameters to fit the characteristic mea-
surements of oscillation dynamics in the clinical data.

First, we set the following optimization problem

min Z (|ampi,sim - ampi.clii + |nadiri.sim - nadiri.cli|
i=PN
+3|period, y;,, — period; ;) (22)

spectra; g, (f) — spectra; 4;(f)
max; spectra; ¢; (f)

+ ) average,
i=P,N

)

where amp; ; represent the amplitudes of platelets (i = P) or neu-
trophils (i = N) in the simulated dynamics (j = sim) or the clini-
cal data (j = cli); period; ; and nadir; ; represent the periods and
nadirs, respectively, with i and j having the same meaning as those
of amp; ;; and spectra; j(f) is the spectral power at the frequency f
with i and j as before.
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Fig. 9. The comparison between the SNP model and the SNRP model. (a)-(c) The dynamics of platelets and HSC in SNP and SNRP models with parameters taken for Pattern
1a, 1b and Pattern 2, respectively. Black solid lines represent the dynamics in SNP model and the red dotted marked lines represent the dynamics of SNRP model. (d)
Comparison of amplitudes and periods with randomly chosen parameters. Pink squares for amplitudes, and blue for periods. Here, we have rescaled the amplitude and

period values to make the values consistent with each other.

Second, we started with a randomly chosen set of parameters
drawn from the parameters that generate Fig. 3 and apply the stan-
dard process of mutation and crossing in the genetic algorithm to
obtain a subset of parameters with reasonable fitting.

Finally, we adjusted the parameters to obtain the best fit such
that the amplitudes and periods in platelets are quantitatively con-
sistent with the clinical data, and the qualitative properties of os-
cillation amplitude, period, and nadir level are satisfied for the
neutrophil counts.

The resulting parameters for the two patients are given in
Table 3.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at 10.1016/j.jtbi.2018.11.024
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