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a b s t r a c t

Chemotherapy has profound effects on the hematopoietic system, most notably leading to neutropenia.

Granulocyte colony stimulating factor (G-CSF) is often used to deal with this neutropenia, but the

response is highly variable. In this paper we examine the role of pharmacokinetics and delivery

protocols in shaping the neutrophil responses to chemotherapy and G-CSF. Neutrophil responses to

different protocols of chemotherapy administration with varying dosages, infusion times, and

schedules are studied through a mathematical model. We find that a single dose of chemotherapy

produces a damped oscillation in neutrophil levels, and short-term applications of chemotherapy can

induce permanent oscillations in neutrophil level if there is a bistability in the system. In addition, we

confirm previous findings [Zhuge et al., J. Theor. Biol., 293(2012), 111–120] that when periodic

chemotherapy is given, there is a significant period of delivery that induces resonance in the system

and exacerbates the corresponding neutropenia. The width of this resonant period peak increases with

the recovery rate after a single chemotherapy, which is given by the real part of the dominant

eigenvalue pair at the steady state, and both are determined by a single cooperativity coefficient in the

feedback function for the neutrophils. Our numerical studies show that the neutropenia caused by

chemotherapy can be overcome if G-CSF is given early after chemotherapy but can actually be

worsened if G-CSF is given later, consistent with results reported in Zhuge et al. (2012). The nadir in

neutrophil level is found to be more sensitive to the dosage of chemotherapy than that of the G-CSF.

Furthermore, dependence of our results with changes in key pharmacokinetic parameters as well as

initial functions are studied. Thus, this study illuminates the potential for destructive resonance leading

to neutropenia in response to periodic chemotherapy, and explores and explains why the timing of

G-CSF is so crucial for successful reversal of chemotherapy induced neutropenia.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The chemotherapeutic treatment of malignant tumors is wide-
spread but lacks a strong theoretical understanding of its efficacy and
side effects. Chemotherapy is frequently accompanied by hematopoi-
etic side effects due to the myelosuppressive character of the drugs
used. These side effects commonly include neutropenia (accompanied
by fever and possible infection) and, less frequently, thrombocytope-
nia and/or anemia (Rahman et al., 1997; Vainstein et al., 2005a).
Administration of recombinant hematopoietic cytokines following
chemotherapy is frequently used in an effort to circumvent these side
effects. Thus, granulocyte colony stimulating factor (G-CSF) is now a
ll rights reserved.

x: þ86 10 62797075.

i),
standard post-chemotherapy treatment for neutropenia (Crawford
et al., 2003; Foley and Mackey, 2009).

The interval (period) between repeated administration of
chemotherapy is known to have effects on the hematopoietic
response (Thatcher et al., 2000; Tjan-Heijnen et al., 2002), and the
neutrophil response to G-CSF is highly variable and depends on
the timing and protocol of the drug’s administration (Morstyn
et al., 1989; Meisenberg et al., 1992; Butler et al., 1992; Fukuda
et al., 1993; Koumakis et al., 1999; Vainstein et al., 2005a). Over
the past decades, much efforts have been expended trying to
quantify the hematopoietic response to chemotherapy and G-CSF,
both clinically and through mathematical modeling, and in the
Discussion we survey some of the modeling efforts in this
direction.

Zhuge et al. (2012) used a mathematical model of the com-
bined dynamics of the hematopoietic stem cells and the differ-
entiated neutrophil progeny to examine the effects of repeated
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and periodic chemotherapy in generating neutropenia, and the
corresponding response to G-CSF intended to counteract the
neutropenia. They found that if chemotherapy is given alone
every T days, there is a significant period TR of administration
(with TR twice the average neutrophil lifespan from commitment
to death) that can induce resonance and neutropenia in the
system. This finding suggests that myelosuppressive protocols
should avoid this period to minimize hematopoietic damage.
A similar resonance in the face of periodic chemotherapy was
also noted in a modeling study of acute myelogenous leukemia
(Andersen and Mackey, 2001). However, the Zhuge et al. (2012)
study did not consider the pharmacokinetics of either the che-
motherapy or the G-CSF and therefore it is not clear whether
these results would still hold in a more realistic model and, more
importantly, whether they are valid clinically.

In this paper we expand a dynamic model for the stem cells
and neutrophils to include the pharmacokinetics of chemotherapy
and G-CSF, and use this to study neutrophil responses to different
protocols of chemotherapy administration including varying
dosages, infusion times and schedules, and re-examine the
dependence of the neutrophil response on the period of simulated
chemotherapy and secondary G-CSF administration as in Zhuge
et al. (2012). Thus this paper extends the previous studies in
Zhuge et al. (2012), aimed at understanding how different proto-
cols can shape the responses. We further amplify the under-
standing of how the previous results depend on changes in key
parameters and the history functions prior to the administration
of chemotherapy, since both may vary between patients.
2. The model

2.1. The model equations

Fig. 1 illustrates the two compartmental model of neutrophil
production presented in Zhuge et al. (2012) that we extend in this
paper. We summarize the model description below and refer to
Zhuge et al. (2012) for details.

This model includes the dynamics of the hematopoietic stem
cells (HSC) in the resting phase as well as circulating neutrophils.
HSCs can either remain in the resting phase (population Q , cells/kg),
exit into the proliferative phase at a rate b ðdays�1

Þ, or differentiate
into the committed neutrophil compartment at a rate kN (days�1),
or into the megakaryocyte and erythrocyte lines at a combined rate
kd ðdays�1

Þ. Cells in the HSC proliferative phase are assumed to
undergo apoptosis at a rate gS ðdays�1

Þ and the duration of the
proliferative phase is taken to be tS ðdaysÞ. Cells in the neutrophil
pathway are amplified by successive divisions over a time period of
duration of tNP (days) through proliferation at a rate ZNP ðdays�1

Þ.
Following the cessation of proliferation they enter a purely matura-
tion (no proliferation) compartment for a period of time tNM ðdaysÞ
while dying randomly at a rate g0 (days�1) before they enter the
circulation. The circulating neutrophils (population N, cells/kg) die
randomly at a rate gN ðdays�1

Þ so their average lifespan is g�1
N . The

rate of differentiation of HSCs to neutrophils is controlled by the
Fig. 1. A cartoon representation of the two compartmental model of neutrophil

production investigated here. Refer to the text and Zhuge et al. (2012) for details.
circulating neutrophil population through the differentiation rate
kNðNÞ, and the HSCs proliferation is controlled by the resting HSC
population through the proliferation rate bðQ Þ.

The mathematical formulation for this abstraction of the
neutrophil production system is described by an age structured
model, and the integration of this age structured model in
conjunction with the appropriate boundary conditions yields a
system of two delay differential equations (c.f. Bernard et al.,
2003; Foley and Mackey, 2009; Lei and Mackey, 2011; Zhuge
et al., 2012). Each of these equations takes into account the
balance between the net production and loss rates of HSCs and
circulating neutrophils. It is the resulting delay differential
equation model we are studying here. We always use the
convention that a variable delayed by a time t, e.g. xðt�tÞ, is
denoted by xt. With this convention, the equations describing the
dynamics of this model are given by

dQ=dt¼�ðbðQ ÞþkNðNÞþkdÞQþAQ ðtÞbðQtS
ÞQtS

ð1Þ

dN=dt¼�gNNþANðtÞkNðNtN
ÞQtN

, ð2Þ

where

kNðNÞ ¼ f 0y
s1

1 =ðy
s1

1 þNs1 Þ,

bðQ Þ ¼ k0y
s2

2 =ðy
s2

2 þQs2 Þ,

AQ ðtÞ ¼ 2 exp �

Z tS

0
gSðt�tSþsÞ ds

� �

ANðtÞ ¼ exp

Z tNP

0
ZNPðt�tNðtÞþsÞ ds

�

�

Z tN ðtÞ

tNP

g0ðt�tNðtÞþsÞ ds

�
:

tNðtÞ ¼ tNPþtNMðtÞ:

For hematologically normal individuals, the rates gS,ZNP and g0

are constants, and therefore

AQ ¼ 2e�gStS , AN ¼ eZNPtNP�g0tNM : ð3Þ

Notice that in the above equations, the rates gS, ZNP , g0, and the
neutrophil maturation time tNM are time dependent because of
effects of chemotherapy and G-CSF which are described below.

We have estimated parameters for hematologically normal
individuals, which are given in Table 1 in Appendix B. (A critical
change in the parameters, compared to Zhuge et al. (2012), is in
the value of s1 which we find essential for the recovery rate after a
single application of chemotherapy and the resonant peak width
in the case of periodic application of chemotherapy, detailed
below).

2.2. Simulating chemotherapy

There are many different chemotherapeutic drugs currently in use,
and their modes of administration are either by direct intravenous
infusion or by oral administration. After the drug enters the body, it is
usually modeled as being distributed amongst several compartments,
which may or may not have physiological correlates. This study
intends to investigate neutrophil dynamics after chemotherapy in a
general sense, and we do not study the detailed route of administra-
tion, nor do we consider the pharmacokinetics in different tissue
compartments. Thus, we consider a single compartment model with a
moderately rapid clearance that is characteristic of a number of
common chemotherapeutic agents (Minkin et al., 2008; Fogli et al.,
2001; Henningsson et al., 2001; Mou et al., 1997; Morikawa et al.,
1997; Peng et al., 2004; Vainstein et al., 2005a). Despite its simplicity,
our model captures the essential dynamics, and using a more
complex multi-compartment model does not affect the results we
have obtained (data not included). Such multi-compartmental models
are usually developed for specific drugs (for example, see Sparreboom



Table 1
Estimated equilibrium values for normal subjects.

Sources: 1¼Bernard et al. (2003), 2¼Mackey (2001), 3¼Bernard et al. (2003a),

4¼Hearn et al. (1998), 5¼Haurie et al. (2000), 6¼Colijn and Mackey (2005b),

7¼Henningsson et al. (2001), 8¼ Israels and Israels (2002), 9¼Foley and Mackey

(2009), 10¼Novak and Nečas (1994), 11¼Dancey et al. (1976), 12¼Calculated.

Parameters name Value used Unit Sources

Stem cell compartment

Qn 1.12 106cells=kg 1

gS 0.1043 days�1 1, 2

gmin
S

0.03 days�1 1

gmax
S 0.40 days�1 9

tS 2.83 days 1, 2

k0 8.0 days�1 1, 3

y2 0.0826 106 cells=kg 2, 12

s2 2 ðnoneÞ 1

Neutrophil compartment

Nn 5.59 108cells=kg 11

gN 2.4 days�1 1 , 5

bn 0.05 mg=ml 9

tN 9.7 days 4

tmax
NM 3.8 days 4

tNP 5.9 days 12, 13

bv 0.001 mg=ml 9

Vmax 3.8

ZNP 2.1995 days�1 12

Zmin
NP

0.4 days�1 12

Zmax
NP 2.5444 days

AN 1549.58 102 12

g0 0.27 days�1

gmin
0

0.12 days�1

f0 0.154605 days�1 1

y1 0.0154848 108cells=kg 12

s1 0.5 ðnoneÞ 12

Other cell compartments

kd 0.0134 days-1 6

G-CSF compartment

Xn 0.1 mg=kg 10

Gn 0 mg=ml 10

VB 76 ml=kg 10,11

Gprod 0 mg=ðml� dayÞ 9

kT 1.68 days�1 10, 11

kB 6.4 days�1 10

s 0.72 kg=day 10, 8

gG 4.36 days�1 9

k 10 ðmg=mlÞ2 9

Chemotherapy

d 100 days�1 7

f 32.07 days�1 7

hS 0.0702 kg=ðmg� dayÞ 12

hNP 0.4275 kg=ðmg� dayÞ 12

Fig. 2. A two-compartment model for subcutaneous administration of G-CSF. I(t)

is a step function representing injection of exogenous G-CSF into the tissue.

Redrawn from Foley and Mackey (2009).
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et al., 2003; Gianni et al., 2011; Henningsson et al., 2001 for models of
Paclitaxel administration).

We denote the active plasma chemotherapy drug concentra-
tion by C(t) that consists of an exponentially increasing portion
until a maximum value at the end of administration and then
followed by a falling phase back to zero. This assumption is in
agreement with experimental observations (Gianni et al., 2011;
Fetterly et al., 2008; Vainstein et al., 2005a). After a single
administration of chemotherapy these rising and falling phases
can be described by

CðtÞ ¼ ðI0=fÞ
ð1�e�dtÞ, 0rtrDc

ð1�e�dDc Þe�dðt�Dc Þ, Dc ot:

(
ð4Þ

Here, Dc (days) is the duration of the rising phase (infusion time)
of the chemotherapy, I0 (mg=ðkg� dayÞ) measures the injection
rate of drug into the plasma, f (days�1) is the clearance rate of
drug from the body, and d (days�1) is the effective rate constant
of removal of the chemotherapeutic drug. The total amount of
chemotherapy drug administered in the plasma (dosage D,
mg=kg) is therefore given by

D¼ I0Dc: ð5Þ

Thus the injection rate is expressed through the infusion time Dc

and dosage D as

I0 ¼D=Dc: ð6Þ

The decay time of a drug varies with the chemotherapeutic agent
being used. Here d¼ 100 days�1 is used corresponding to the drug
Taxol (Henningsson et al., 2001). We also choose dosage units to
mimic Taxol, such that a standard dosage of 135 mg/kg is capable
of causing severe neutropenia with periodic administration every
3 weeks.

Since we are interested in determining the effects of multiple
doses of chemotherapy delivered with period T, we extend this
formulation in the following way. In each time period ½jT ,ðjþ1ÞTÞ,
a single dose of chemotherapy is administrated in the interval
jTrtr jTþDc , and we have approximately

CðtÞ ¼
I0ð1�e�dðt�jTÞÞ, if jTrtr jTþDc

I0ð1�e�dDc Þe�dðt�jT�Dc Þ, if ðjTþDcÞrtr ðjþ1ÞT

(
ð7Þ

In the current model, let gchemo
S ðtÞ be the stem cell apoptosis

rate which is dependent on the concentration of chemotherapy.
For relatively short durations Dc of chemotherapy infusion, there
is an approximately linear relationship between C(t) and the
apoptosis rate (Karl et al., 2011), so we assume

gchemo
S ðtÞ ¼ gSð0ÞþhSCðtÞ ð8Þ

with gSð0Þ the default apoptosis rate before chemotherapy, and hS

is a constant to be determined.
Similarly, let Zchemo

NP ðtÞ be the neutrophil amplification rate
which is also dependent on the chemotherapy. Since

ZNP ¼ proliferation rate�apoptosis rate

during chemotherapy we write

Zchemo
NP ðtÞ ¼ ZNPð0Þ�hNPCðtÞ, ð9Þ

where ZNPð0Þ is the amplification rate in the absence of che-
motherapy, and hNP is also a rate constant.

2.3. Simulating G-CSF administration

The model for G-CSF pharmacokinetics studied here is adapted
from Colijn et al. (2007) (also see Foley and Mackey, 2009) that
consists of two compartments consisting of tissue and the
circulation system (Fig. 2).
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Let X(t) (mg=kg) denotes the tissue level of G-CSF, G(t) (mg=ml)
the circulating G-CSF concentration, and I(t) a step function
representing the injection of exogenous G-CSF into the tissues.
We can write the dynamic equation for the G-CSF administration
in the form (Foley and Mackey, 2009)

dX=dt¼ IðtÞþkT VBG�kBX ð10Þ

dG=dt¼ GprodþkBX=VB�kT G�ðgGGþsNFðGÞÞ: ð11Þ

Here kT and kB are rate constants for the exchange between the
blood and tissue compartments, and VB is the volume of the blood
compartment in order to make the units of G and X agree in both
equations. In the second equation, Gprod is the fixed G-CSF
production rate, and the clearance is given by two parts: the
degradation of G-CSF by the kidneys at a rate gG, and the removal
of G-CSF from the circulation through a saturable clearance
sNFðGÞ where (see Appendix A)

FðGÞ ¼
G2

kGþG2
, ð12Þ

In modeling, a single injection starting from t¼ ton and with
duration s is mimicked by a step function

IðtÞ ¼ ða=sÞ½Hðt�tonÞð1�Hðt�ðtonþsÞÞÞ�, ð13Þ

where a measures the dosage given in a bolus injection, and H(t)
is the Heaviside function defined as

HðtÞ ¼
0, to0

1, tZ0

(
ð14Þ

The parameters a and s differ with different forms of G-CSF, i.e.

filgrastim versus pegfilgrastim. Here, we study the effect of
filgrastim, and from Foley and Mackey (2009) take a¼5 or
10 mg=kg and s¼ 0:0083 day in our simulations.

G-CSF is known to perturb the hematopoietic dynamics by
decreasing the apoptosis rate of the HSC (Merchant et al., 2011),
reducing the apoptosis rate of the committed neutrophils (Leavey
et al., 1998), and decreasing the neutrophil precursor maturation
time (Price et al., 1996). Using G(t) in the current model, the
effects of G-CSF administration are modeled by

gSðtÞ ¼ gmin
S þðgchemo

S ðtÞ�gmin
S Þ

bS

GðtÞþbS
, ð15Þ

g0ðtÞ ¼ gmin
0 þðg0�gmin

0 Þ
b0

GðtÞþb0
, ð16Þ
Fig. 3. Numerical simulation of neutrophil response to a single dose of chemotherapy

D¼ 135 mg=kg and the infusion time Dc ¼ 1 h (starting from t¼0). Dashed lines show fit

simulations with Dc ¼ 1 h (black solid line) and Dc ¼ 24 h (dashed line), respectively.

chemotherapy. Markers are obtained from simulations, while solid lines are the

(D¼ 135 mg=kg,Dc ¼ 1 h). Arrows show the direction of increasing time. Three specifi

blue triangle (t¼ 9 days), respectively (refer to the text for further detail). Neutrophil

interpretation of the references to color in this figure caption, the reader is referred to
ZNPðtÞ ¼ Z
chemo
NP ðtÞþðZmax

NP �Z
chemo
NP ðtÞÞ

GðtÞ

GðtÞþcn
, ð17Þ

and

tNMðtÞ ¼ tmax
NM =VnðtÞ, VnðtÞ ¼ 1þðVmax�1Þ

GðtÞ

GðtÞþbv
: ð18Þ

From the (8), (9), (15), (17), the rates gS and ZNP are modeled
by the following: when jTotrðjþ1ÞT, let

gSðtÞ ¼ gmin
S þðgchemo

S ðtÞ�gmin
S Þ

bS

GðtÞþbS

gchemo
S ðtÞ ¼ gSðjTÞþhSCðtÞ, ð19Þ

and

ZNPðtÞ ¼ Z
chemo
NP ðtÞþðZmax

NP �Z
chemo
NP ðtÞÞ

GðtÞ

GðtÞþcn
,

Zchemo
NP ðtÞ ¼ ZNPðjTÞ�hNPCðtÞ: ð20Þ

Here C(t) and G(t) are given by (7) and (10)–(11), respectively.

2.4. Numerical techniques

We numerically solve the model equations using the Euler
method for the delay differential equations with the parameters
of Table 1, and an integration step size Dt¼ 0:001day. In the
integration, if not specified explicitly, we start from a constant
initial function ðQ ðtÞ,NðtÞÞ ¼ ðQn,NnÞ for to0, consistent with the
steady state of a normal individual. The simulation code is written
in Cþþ, and is available upon request.
3. Results

3.1. Effects of a single application of chemotherapy

First we quantify the effect of a single application of
chemotherapy with varying dosage D (from 0 to 295 mg=kg) and
the infusion time Dc (from 1 to 24 h) (Fig. 3). Simulations show that
a single chemotherapy treatment induces a significant reduction in
the number of stem cells and neutrophils, followed by a recovery
stage during which the neutrophil count displays a damped oscilla-
tory return to the normal level steady state with an oscillation
period of 20 days and a recovery rate of 0:074 days�1, i.e., the
circulating neutrophils regain their normal level after two cycles of
oscillation (Fig. 3a). Changes in the infusion time have only a small
effect on the neutrophil response. An infusion time of 24 h produces
. (a) Neutrophil time course after a single dose of chemotherapy. Here the dosage

ting of the maximum and nadir levels with recovery rate 0:074 days�1. Inset shows

(b) Dependence of neutrophil maximum and nadir levels after a single dose of

fits with Eqs. (21). (c) Phase plane plot of neutrophil vs. stem cell counts

c time points are marked by the red circle (t¼0), green diamond (t¼ 4 days) and

levels are in units of 108 cells=kg, stem cell level are in units of 106 cells=kg. (For

the web version of this article.)



Fig. 4. Numerical simulations of neutrophil dependence after a single application

of chemotherapy, with different initial functions. Dashed line shows the day of

chemotherapy administration. In simulations, D¼ 135 mg=kg and Dc ¼ 1 h. Initial

functions are assigned by replacing the coefficients AQ(t) and AN(t) by

AQ ðtÞð1þr1ðtÞÞ and ANðtÞð1þr2ðtÞÞ before chemotherapy administration, with

riðtÞ ¼ 0:5 sinð0:3tÞ (blue), 0:2 sinð0:6tÞ (magenta), or 0:3 sinð0:1tÞ (black) for

periodic initial functions, and independent random numbers ri uniformly dis-

tributed on the intervals ½0,2� (red) or ½0,1� (green) for abnormally high neutrophil

levels with stochastic fluctuations. Neutrophil levels are in units of 108 cells=kg.

(For interpretation of the references to color in this figure caption, the reader is

referred to the web version of this article.)
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a slight delay in the neutrophil response, but no effect on the
maximum and nadir neutrophil levels or oscillation period, com-
pared to the infusion time of 1 h (and with the same dosage) (Fig. 3a
inset). Both maximum and nadir levels depend on the dosages
exponentially as (Fig. 3b)

Maximum¼ 5:59e0:0052D

Nadir¼ 5:59e�0:0133D
ð21Þ

We also note that the stem cell count decreases immediately after
chemotherapy administration, while neutrophils respond with a lag
time of 4 days and drop to their lowest level at about 9 days after
the chemotherapy administration (Fig. 3c). The postponed response
of the neutrophils is due to the delay in neutrophil precursor
maturation, and is in agreement with clinical observations, where
the time of the nadir in the circulating neutrophils ranges from 7 to
14 days (Green et al., 2003).

In simulations, the neutrophil dynamics in the recovery stage
are independent of the dosage and infusion time (data not
shown). Theoretically, the recovery rate is determined from the
linearization of the model equations (1) and (2) near the steady
state. The steady state of a normal individual is assumed to be
stable, therefore all eigenvalues of the linearized equation should
have negative real parts, each of which gives a corresponding
damping rate after a small perturbation that is defined by the
absolute value of the real part. The recovery rate after a single
application of chemotherapy is then given by the minimum of all
these rates. In Appendix C, we analyze the dependence of the
recovery rate based on a single equation model of the neutrophil
dynamics. We show that the recovery rate decreases with tN and
the coefficient s1 in the feedback function kNðNÞ approximately as
(refer to Fig. 11)

Recovery rate��t�1
N ln s1: ð22Þ

The coefficient s1 is a phenomenological parameter, and there is
no experimental data available to aid in estimating its value. Our
results thus provide a way to estimate this coefficient through a
single perturbation in neutrophil counts by chemotherapy and
then subsequent measurement of the recovery dynamics.

In these simulations, we have assumed the initial function to
be constant at the normal steady state ðQn,NnÞ. However, in many
clinical situations, the hematopoietic dynamics of a patient before
chemotherapy administration may deviate from the normal state
or even fluctuating due to previous perturbations. Here we
examine how the above results depend on the initial functions
by examining the neutrophil response with initial functions of
either oscillatory or abnormally high neutrophil levels with
stochastic fluctuations (Fig. 4). The simulations show that changes
in the initial function may alter the maximum and nadir neu-
trophil level, but have no effect on either the oscillation period
(same as the resonance period discussed below) or the recovery
rate after a single application of chemotherapy.

3.2. Effect of short chemotherapy protocols in developing a

stationary state

Short term chemotherapy of a few months is suggested in
some clinical situations. For example, adjuvant chemotherapy
(after surgery) tends to last between 5 and 12 months (Levine and
Whelan, 2006). An interesting question is whether short-term

chemotherapy can induce permanent oscillations in the neutro-
phil dynamics. Here, we study this issue numerically and show
that the answer is parameter dependent.

First, we simulate the neutrophil response with the para-
meters as in Table 1, and fix the period of chemotherapy
administration at T¼21 days, but stop the chemotherapy after a
few applications (ranging from 1 to 6 applications). We also
varied the dosage D over the range from 95 to 175 mg=kg.
Simulations show that in all cases neutrophil levels oscillate
during the chemotherapy administration, and then recover to
their normal steady state at a rate of 0:074 days�1 after the
chemotherapy administration is stopped. This is similar to the
case of a single application (see for example Fig. 5a). Thus, using
the parameters as in Table 1, a finite application of chemotherapy
would not induce sustained oscillations in neutrophil dynamics.

Next, we adjust the parameters so that the model has multi-
stability with a co-existence of stable oscillation and steady state
solutions. The existence of such multi-stability of the hematopoi-
etic dynamics model has been studied in Bernard et al. (2003) and
in Lei and Mackey (2011), and Foley et al. (2006) (Fig. 9) contains
experimental evidence for this multistability. We take kd ¼ 0:145
with the other parameters as in Table 1. The simulations are
shown in Fig. 5. From the simulation, if only one chemotherapy is
applied, the neutrophil dynamics recover to the normal level
after the chemotherapy is stopped. However, if three or more
chemotherapy cycles are applied, the chemotherapy induces
permanent oscillatory dynamics even after cessation of the
chemotherapy. Thus, when kd ¼ 0:145, it is possible to induce
permanent oscillations in neutrophil dynamics after a few rounds
of chemotherapy. We note that kd denotes the total differentia-
tion rate of HSC into the megakaryocyte and erythrocyte lines,
which is subject to feedback regulation by the erythrocyte and
platelet populations (Colijn and Mackey, 2005a). A decrease in red
blood cell and/or platelet level may give rise to an increase in the
differentiation rate kd. In this case, our simulations suggest that it
may be possible to induce cyclical neutropenia with a finite
number of chemotherapy treatments. However, this result
remains to be verified through a more comprehensive model
including both erythrocyte and platelet cell lines and will be a
subject for future investigation.

3.3. Effects of periodic application of chemotherapy

Zhuge et al. (2012) found that if chemotherapy is given
periodically, there is a significant period T of administration that
can induce resonance in the system and a corresponding neu-
tropenia. There have been at least two reports in the clinical
literature of sustained neutrophil oscillations in patients receiving



Fig. 5. Neutrophil dynamics with either 1 or 3 (with an interval of 21 days) chemotherapy administrations, with different values of the differentiation rate kd:

(a) kd ¼ 0:0134 and (b) kd ¼ 0:145, and other parameters as in Table 1. The dosage D¼ 135 mg=kg, infusion time Dc ¼ 1 h. Neutrophil levels are in units of 108 cells=kg.

Fig. 6. Numerical simulations results of periodic administration of chemotherapy with varying period T, dosage D and infusion time Dc . (a) The amplitude in neutrophil

response is shown as a function of the period of T of chemotherapy, with (D,DcÞ ¼ ð135 mg=kg, 1 hÞ (blue squares connected with a solid line) and (175 mg=kg, 24 h) (red

triangle connected with a dashed line), respectively. (b) The nadir as a function of T , with parameters and markers same as in (a). The horizontal black dashed-dot line

indicates the level for severe neutropenia ð0:56� 108 cells=kgÞ. (c) Simulated neutrophil levels in response to chemotherapy with a period of either T ¼ 15 days or

T ¼ 20 days, with D¼ 135 mg=kg and Dc ¼ 1h. Neutrophil levels are in units of 108 cells=kg, the dashed-dot horizontal line again indicates the level for severe neutropenia.

(For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)
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long term chemotherapy (David et al., 1973; Kennedy, 1970). To
study the neutrophil response to periodic chemotherapy, we vary
T from 5 to 30 days and, for each value, solve the model equations
and examine how the eventual amplitude and nadir in neutrophil
numbers depends on T. In our simulations, to study the effects of
varying dosage D and infusion time Dc , we take D¼ 135 mg=kg or
175 mg=kg, and Dc ¼ 1 h or 24 h. Results are shown in Fig. 6.

Fig. 6 shows both the amplitude and nadir of simulated
neutrophil levels as functions of the chemotherapy period T.
Fig. 6(a) and (b) shows that the numerically determined amplitude
has a maximum, and the nadir a minimum, when the period of
chemotherapy application is 20 days. The dose of chemotherapy
changes the values of the maxima and minima, but does not alter
the period at which the maximum amplitude and minimum nadir
appear. These results are in accordance with Fig. 6(c) where we
show computed time series for the neutrophils at two different
periods of chemotherapy administration, indicating that severe
neutropenia was produced in the model at T¼20 days but not at
T¼15 days. As in Zhuge et al. (2012), the period of 20 days is
referred to as the resonant period TR, which is approximately twice
the average neutrophil life time

TR � 2ðtNþg�1
N Þ:

Note that the amplitude response in Fig. 6(a) has a broad peak
at T � 20, and thus a wide range of resonant periods. In contrast,
the response function shown by Zhuge et al. (2012) is sharp
and therefore the resonant period range is narrow. This width DTR

in the peak of the response function is important in clinical
treatment in order to decide which periods of chemotherapy to
avoid to minimize severe neutropenia. Theoretically, DTR is
measured by the curvature of the response function at the peak,
and therefore is determined by the second derivative of the
response function at TR (refer to Eq. (C.7)). An analysis in
Appendix C indicates that DTR is determined by the recovery rate
after a single application of chemotherapy discussed above as
DTRpa3=2 where a is the recovery rate. Fig. 7 shows how DTR

varies with the recovery rate a when s1 is varied from 0.1 to
1.0 and other parameters as in Table 1, which gives

Resonance width� 44:64� recovery rate3=2, ð23Þ

in agreement with our theoretical result. Eq. (23) provides a method
to clinically estimate the width of the resonant period peak.

In these simulations, we have chosen parameters consistent
with the available data for a hematologically normal individual.
However, for a particular patient, there may be inter-individual
variation in some of these parameters and we unfortunately have
little if any information about this variation. For example, extre-
mely high levels of the absolute neutrophil count before che-
motherapy have been reported in some cancer patients (for
example, 41:2� 108 cells=kg in Fetterly et al. (2008), and 74�
108 cells=kg in Shankar et al. (2006), 10-fold higher than the
normal level) which may indicate activation of immune
responses. Here, we adjust the parameters ZNP , gS and g0 (all
relate to cell apoptosis rates) to mimic these abnormally high
neutrophil levels, and investigate how these changes would
then affect the neutrophil response to periodic chemotherapy.
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The results are shown in Fig. 8(a), which shows a similar response
curve as the default situation given in Fig. 6. Again, there is a
resonant period at about T ¼ 20 days.

Next, we examine the effect of changing in kd on the neutrophil
response to periodic chemotherapy. From Fig. 5, an increase in kd
can induce significant changes in the neutrophil response to a short
Fig. 7. Numerical results for the variation of the resonant period width as a

function of the recovery rate a after a single application of chemotherapy.

Computed data are obtained from the response function with the cooperative

coefficient s1 ranging from 0.1 to 1.0. The dashed line shows the fit of Eq. (23) to

the computed values. Refer to Appendix C for details. (For interpretation of the

references to color in this figure caption, the reader is referred to the web version

of this article.)

Fig. 8. Neutrophil response to periodic administration of chemotherapy with varying p

and (b) kd ¼ 0:145, and other parameters as in Table 1 in each case. The chemotherapy

panels, the amplitude (left hand ordinate) in neutrophil response (blue squares conne

circles connected with a dashed green line) are shown as functions of the period T of ch

reader is referred to the web version of this article.)

Fig. 9. The simulated effect of periodic chemotherapy (T ¼ 21 days) and 1 day G-CSF ad

(a) Dependence of the neutrophil nadir on the day of G-CSF administration [filgrasti

Vmax ¼ 1:9 (hollow) for each case] after chemotherapy in each cycle. (b) Simulated neu

days after chemotherapy, respectively. Dashed-dot lines show the threshold for severe n

D¼ 135 mg=kg, and the infusion time is Dc ¼ 1 h at each administration. (For interpretat

version of this article.)
term application of chemotherapy with period T ¼ 21 days.
Fig. 8(b) shows the neutrophil response when kd ¼ 0:145, with
different periods of the periodic chemotherapy. There is a large
difference in the response when comparing the results in Fig. 7 with
Fig. 8(b). In this case, severe neutropenia always occurs when the
period T varies from 5 to 30 days. However, it is also the case that a
maximum neutrophil amplitude (and also the minimum nadir level)
occurs when the period T is about 20 days. The complicated
response may originate from the coupling interaction between the
periodic perturbation due to chemotherapy and the intrinsic oscilla-
tion, but a mathematical understanding awaits further study.

3.4. Effects of G-CSF in conjunction with chemotherapy

To study the effect of G-CSF along with periodic chemother-
apy, we fix the period of chemotherapy at T¼21 days, in
accordance with the protocols for many chemotherapy drugs
(Skeel et al., 2007), and then vary the day T1 of G-CSF adminis-
tration after chemotherapy. We also alter the dosage and the
parameter Vmax in the G-CSF dynamics to examine how the
pharmacokinetics might shape the response.

Simulations are shown in Fig. 9(a), which illustrate the depen-
dence of the neutrophil nadir on the day of G-CSF administration in
each cycle. The response to G-CSF is highly variable. Giving G-CSF
either early or late in each chemotherapy cycle is possible to avoid
severe neutropenia, and if 10 mg=kg filgrastim is administered the
most beneficial response (in terms of minimizing the neutropenia)
occurs when T1 ¼ 5 days. Nevertheless, there is a wide range of T1 at
eriod T and model parameters. Parameters are: (a) ZNP ¼ 2:56, gS ¼ 0:06, g0 ¼ 0:13,

dosage D¼ 135 mg=kg and the infusion time Dc ¼ 1 h in both cases. In the figure

cted with a dashed blue line) as well as the nadir (right hand ordinate and green

emotherapy. (For interpretation of the references to color in this figure caption, the

ministration on neutrophil dynamics. Neutrophil levels are in units of 108 cells=kg.

m, 10 mg=kg (black squares) or 5 mg=kg (green circles), and Vmax ¼ 3:8 (solid) or

trophil response with one day G-CSF (10 mg=kg filgrastim) administration 5 or 15

eutropenia (0:56� 108 cells=kg). In our simulations, the dosage of chemotherapy is

ion of the references to color in this figure caption, the reader is referred to the web



Fig. 10. Simulation of the dependence of the nadir in neutrophil levels on doses of

chemotherapy and G-CSF. In the simulations, the chemotherapy is administrated

with a dosage varying from 55 to 175 mg=kg, at a period of 21 days, and the

infusion time Dc ¼ 1 h at each administration. The G-CSF dosage varies from 2.5 to

12.5, with the parameter Vmax ¼ 3:8, and G-CSF is administered 15 days after

chemotherapy to mimic the worst situation.
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the middle of each chemotherapy cycle (about 15 days after
chemotherapy) that can actually augment the neutropenia induced
by the chemotherapy. These results are insensitive to either the
neutrophil maturation time after G-CSF (controlled by the para-
meter Vmax in our simulations) or the dosage of G-CSF (Fig. 9a).
These observations agree with our previous conclusions obtained
with a simpler model (Zhuge et al., 2012). A mathematical analysis
that gives a rough understanding of the simulation results is given in
Appendix D. Two representative computed neutrophil time series
with 10mg=kg filgrastim (and Vmax ¼ 3:8) administered at either 5 or
15 days after chemotherapy are shown in Fig. 9b. Administrating
G-CSF 5 days after chemotherapy is able to abolish neutropenia, but
G-CSF 15 days after chemotherapy actually worsens the neutropenia
(compare with Fig. 6)! This result is consistent with clinical
observations of a group of metastatic breast cancer patients, that
an optimal G-CSF support schedule for alleviating neutropenia is
6–7 days post-docetaxel, administered tri- and bi-weekly (Vainstein
et al., 2005a). These results indicate that the timing of G-CSF after
chemotherapy is crucial for a positive outcome.

To further investigate how the combination of dosages for
chemotherapy and G-CSF shapes the neutrophil response, we
simulate the model equations by varying the dosages but fixed
the period of chemotherapy and the day of G-CSF unchanged
(Fig. 10). The simulations show that the nadir neutrophil level is
more sensitive to the dosage of chemotherapy than to that of G-
CSF. Thus, a proper dosage of chemotherapy is important for
neutrophil response to G-CSF as a post-chemotherapy treatment.
4. Discussion

Before discussing the implications of the present work, a bit of
history is in order. Mathematical modeling in biology, indeed in
any of the sciences, is a combination of science with a type of ‘art
form’. Models are constructed based questions asked, on the
biology as well as on observations, available data, and/or data
that may be collected. Mathematical models for granulopoiesis
have been developed for a number of years, no doubt because of
the interesting dynamics that are displayed in some types of
pathological hematological states (e.g. cyclical neutropenia). The
mathematical formulation of these models varies from group to
group depending on individual taste and the questions of interest.
Some of the earliest of these are to be found in Wheldon et al.
(1974), Wheldon (1975), MacDonald (1978), Steinbach et al.
(1979), Steinbach et al. (1980) and these were compartmental
models partially based on the morphological classification of
neutrophil precursors. These types of models have been greatly
extended by Wichmann and Loeffler (1985) and then used very
effectively to examine the hematopoietic response to G-CSF by
Schmitz et al. (1993), Schmitz et al. (1996), Shochat et al. (2007),
Shochat and Rom-Kedar (2008) and to chemotherapy by Engel et al.
(2004), Fetterly et al. (2008). In a long and comprehensive study,
Scholz et al. (2005) modified the original Wichmann and Loeffler
(1985) formulation to examine granulopoiesis in the face of poly-
chemotherapy with G-CSF as an adjunct. In Shochat and Rom-Kedar
(2008) the authors study G-CSF effects on chemotherapy-induced
neutropenia by expanding a simple mathematical model in Shochat
et al. (2007), and the results clarified and complemented the
American Society of Clinical Oncology recommendations for G-CSF
administration in neutropenia: high sustained G-CSF levels are
needed to treat severe neutropenia.

A different modeling approach was taken by Rubinow and
Lebowitz (1975) who developed a ‘time-age-maturation’ model
for granulopoiesis that has served as a philosophical basis for
much of the work done by our group over the past 30 years. This
formulation is equivalent at some level to the compartmental
approach mentioned above (MacDonald, 1989). In addition to the
work from our group, this approach has also been followed by
Østby et al. (2004) who also used the same type of model to
examine the effects of chemotherapy (Østby et al., 2003) and
combined chemotherapy and G-CSF (Østby et al., 2004). In a very
nice and relatively recent study, Vainstein et al. (2005b) have
used a hybrid of the compartmental and time-age-maturation
approaches to granulopoiesis, including details of the neutrophil
precursor cell cycle, to examine the effects of G-CSF.

In Zhuge et al. (2012), the authors investigated neutrophil
dynamics in response to periodic chemotherapy and G-CSF with a
simple mathematical model. Their results suggested that there is
a significant period of chemotherapy delivery that can induce
resonance in neutrophil dynamics and neutropenia in the system,
and that the response to G-CSF is variable. In this paper, we study
a mathematical model combining the model in Zhuge et al. (2012)
with chemotherapy and G-CSF dynamics to investigate the role of
pharmacokinetics in shaping the responses, as well as what may
occur when more realistic treatment schedules are used.

A single application of chemotherapy can produce a damped
oscillation in both stem cell and neutrophil levels with an
oscillation period of about 3 weeks, and a recovery rate of
0:074 days�1. These dynamic behaviors are independent of the
dosages and infusion time of the chemotherapy administration
(Fig. 3). The neutrophil level reaches its maximum and nadir
during the first oscillation cycle and with values depend expo-
nentially on the chemotherapy dosage (Fig. 3). Further analysis
shows that the recovery rate decreases with the cooperativity
coefficient (s1) in the feedback function kN regulating the rate of
differentiation of stem cells into the neutrophil line. However, the
coefficient s1 is simply a phenomenological parameter, no experi-
mental data is available for the estimation of its value, and further
clinical justification is required.

With a few (less than five) applications of chemotherapy, the
neutrophil dynamics evolve to a stationary state of either con-
stant numbers or permanent oscillation depending on the model
parameters and numbers of chemotherapy administrations. Using
the parameters as in Table 1 for normally healthy individuals, a
finite number of applications of chemotherapy never induces
permanent oscillations in neutrophil dynamics, regardless of the
dosage or the number of applications of chemotherapy. However,
these results are different when the differentiation rate kd is
10-fold higher (kd ¼ 0:145) than the default value. Then, the
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model exhibits multi-stability with a co-existence of a stable
oscillation and a steady state solution. In this case, if only one
chemotherapy is applied, the neutrophil dynamics recover to the
normal level after the chemotherapy is stopped. However, if three
or more chemotherapy cycles are applied, it can induce perma-
nent oscillations even after the chemotherapy is stopped (Fig. 5).

If periodic chemotherapy is given, we confirmed the observa-
tion from Zhuge et al. (2012) that there is a significant resonant
period of chemotherapy delivery that induces large amplitude
oscillations in neutrophils and subsequent neutropenia ((Fig. 6).
The width of the resonant period (curvature of the neutrophil
response curve with chemotherapy period) is found to increase
with the recovery rate of neutrophil levels after a single che-
motherapy application. This provides a method to clinically
estimate the width of the resonant period peak. Thus, together
with the method to estimate the resonant period (twice the
average neutrophil lifetime) as has been discussed in Zhuge
et al. (2012), it is possible to estimate the period of chemotherapy
to avoid possible resonance in neutrophil dynamics. These results
are independent of pharmacokinetic parameters of chemother-
apy, and remain valid when apoptosis rates are reduced abnor-
mally. Increasing the differential rate kd may result in a different
profile of the neutrophil amplitude response function with the
chemotherapy period, but the significant effect of resonance
remain unaffected (Fig. 8).

If chemotherapy is given at a period T in combination with
G-CSF T1 days later then the results depend on the day of G-CSF
administration. When the chemotherapy is delivered at a period
of 3 weeks (as suggested for many chemotherapy drugs), there is
a range of T1 values (either early or late in each chemotherapy
cycle) such that G-CSF administration has positive effects in
eliminating severe neutropenia (Fig. 9). However, there is also a
range of T1 (around 15 days after chemotherapy) that will lead to
a worsening by G-CSF of the neutropenia induced by the che-
motherapy (Fig. 9). These results are independent of the G-CSF
dosage and qualitatively in agreement with the results presented
in Zhuge et al. (2012), but await confirmation from clinical
observations.

In Zhuge et al. (2012) and the current study, only the
neutrophil response to chemotherapy was considered and the
platelet and red blood cell responses that have been reported (Sola
et al., 2000) were not treated. These responses can be important for
an understanding of the full hematopoietic response and also for
Fig. 11. Numerical solutions of the dependence of the recovery rate a on the

cooperativity coefficient s1 and tN (inset). The recovery rate is given by the

maxima negative real parts of the root of hðsÞ ¼ 0. In simulations, we change

0os1 o1 and 9otN o15 randomly and independently uniformly distributed over

the intervals, and adjust y1 according to (C.4), and kept the other parameters

unchanged from their values in Table 1. Red solid line shows the curve

a¼ t�1
N ln s1 with tN ¼ 9:7 days as in Table 1. (For interpretation of the references

to color in this figure caption, the reader is referred to the web version of this

article.)
predicting the effect of G-CSF administration. A more comprehen-
sive model of the entire hematopoietic system is needed to further
investigate the response of chemotherapy and G-CSF. Although
clinicians have recognized the connection between the timing of
chemotherapy and the development of neutropenia, as far as we are
aware, the work by Zhuge et al. (2012) and the current paper are the
first to illuminate the potential for destructive resonance leading to
neutropenia in response to periodic chemotherapy, and to system-
atically explore and explain why the timing of G-CSF is so crucial for
successful reversal of chemotherapy induced neutropenia.
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Appendix A. Saturable clearance of G-CSF

The saturable clearance of G-CSF, F(G), can be derived by
examining the interaction between G-CSF and the G-CSF receptor
as below. From Layton and Hall (2006), at least two G-CSF
molecules bind to a single G-CSF receptor. The resulting G-CSF/
receptor complex is internalized and the G-CSF molecule is
degraded, after which the receptor is released. We write these
processes as:

Rþ2G"
k1

k�1

RG2, RG2-
k2

R, ðA:1Þ

which gives the rates of change for concentrations of G-CSF (½G�)
and G-CSF/receptor complex ð½RG2�Þ as

d½G�

dt
¼�k1½R�½G�

2þk�1½RG2� ðA:2Þ

d½RG2�

dt
¼ k1½R�½G�

2�ðk�1þk2Þ½RG2�: ðA:3Þ

We assume the internalization of the G-CSF/receptor complex is
fast once G-CSF molecules bind to the receptor, and therefore
½RG2� is at the state of quasi-equilibrium so that Eq. (A.3) reduces
to

½RG2� ¼
k1

k�1þk2
½R�½G�2: ðA:4Þ

Let k¼ ðk�1þk2Þ=k1. Since the total concentration of receptors
equal the total concentration of neutrophil ½N� times the average
number n of receptors per neutrophil, we have

½R� ¼ n½N��½RG2�,

and thus we obtain

½RG2� ¼
n½N�½G�2

kþ½G�2
: ðA:5Þ

Substituting Eqs. (A.4) and (A.5) into Eq. (A.2), we finally obtain

d½G�

dt
¼�k2

n½N�½G�2

kþ½G�2
: ðA:6Þ
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Thus, comparing with (11) and dropping the bracket notation, we
have

FðGÞ ¼
G2

kþG2
ðA:7Þ

and s¼ k2n.
Appendix B. Parameter estimation

A number of studies have provided estimations for the para-
meters of this model, and readers are referred to Bernard et al.
(2003); Foley and Mackey (2009); Lei and Mackey (2011); Zhuge
et al. (2012)). Parameters used in the current study are summar-
ized in Table 1 and are detailed below.

B.1. Hematological model parameters

Estimation of the parameters is crucial in order to obtain
physiologically reasonable parameters. In general, some of the
parameters can be retrieved or be derived from experimental data
found in the literature, or derived from the steady-state solutions
of equations (1) and (2).

The steady state value of the stem cells in the resting phase
(G0 phase), Qn, is estimated from different sets of experimental
data on the numbers of stem cells per nucleated bone marrow
cells in mice and cats. Boggs et al. (1982), Micklem et al. (1987),
Harrison et al. (1988), McCarthy (1997) gave a value that varies
from 1 to 50 stem cells per 105 nucleated bone marrow cells in
mice, whereas Abkowitz et al. (2000) gave a value of eight stem
cells per 105 nucleated bone marrow cells in cats. Novak and
Nečas (1994) gave a mean count of 1:4� 1010 nucleated bone
marrow cells per kg in mice. Since the number of stem cells per
nucleated bone marrow cells seem somewhat similar between
both mice and cats, we can estimate from the two previous
experimental results that

Qn ¼ ð8=105
Þ � 1:4� 1010

¼ 1:12� 106 cells=kg: ðB:1Þ

We infer gS, the apoptosis rate of HSC, and tS, the time for the
stem cell to divide during the proliferation phase, from Mackey
(2001), i.e., gS ¼ 0:1043 days�1 and tS ¼ 2:83 days, respectively.
Bernard et al. (2003a) found that the value of k0 ¼ 8:0 days�1 in
the stem cell reentry rate (b Qnð Þ) gave a good fit to the experi-
mental data of Oostendorp et al. (2000). It is not clear what the
value of s2, the cooperativity coefficient of the stem cell reentry
rate, should be (Bernard et al., 2003a). There is evidence that at
least two different cytokines are needed to trigger HSC prolifera-
tion in vitro, and so we take the value of s2 to be equal to 2. The
last parameter of the stem cell reentry rate, y2, is calculated from
the experimental steady state value of bðQnÞ and the above
parameters. From Mackey (2001), we have calculated the average
of bðQnÞ of the mice data to be 0.04333. It is then straightforward
to compute the value of y2 to be 0:0826� 106 cells=kg.

The total differentiation rate of the platelet and erythrocyte
lines, kd, is assumed to be a constant and equal to 0:0134 days�1.
The value is calculated from various experimental results and
estimations (Colijn and Mackey, 2005b; Lei and Mackey, 2011).

Hearn et al. (1998) found tN ¼ 9:7 days and tNM ¼ 3:8 days
following analysis of data from Perry et al. (1966), which in turn
gives 5:9days for tNP , a value in agreement with a value of 6:0days
quoted by Israels and Israels (2002). The random loss rate of
neutrophils in the circulation, gN , has been estimated by Haurie
et al. (2000) to be 2.4 days-1. The amplification parameter AN is
then calculated from the other parameters and the constraint that
at steady state Eqs. (1) and (2) are equal to 0. Indeed, we can solve
AN from the other parameters in Eq. (2), and then by solving for
kðNnÞ in Eq. (1) and substituting in Eq. (2):

AN ¼ ðgNNnÞ=ðkNðNnÞQnÞ

¼ ðgNNnÞ=ðQnðbðQnÞð2e�gStS�1Þ�kdÞÞ

� 1549:58: ðB:2Þ

The normal death rate of proliferative neutrophil precursors, g0,
is set to 0:27 days�1. Given AN ¼ eZNPtNP�g0tNM , we can solve for
the proliferation rate of neutrophil precursors, ZNP , and obtain
ZNP ¼ 2:1995 days�1. Some experiments report a 20-fold increase
in differentiation activity under administration of G-CSF (Bernard
et al., 2003a and references therein). This suggests that the maxi-
mal differentiation rate f 0 � 20� kNðNnÞ ¼ 20� ðgNNnÞ=ðANQnÞ ¼

0:154605 days�1. Bernard et al. (2003a) assumed the cooperativity
coefficient s1 of the feedback function of neutrophils to be 1. However,
this value results in a long recovery time after one chemotherapy
injection that is clinically unrealistic. In this study, we chose the
cooperativity coefficient s1¼0.5 (see Appendix C), and therefore y1 is
calculated to be 0:0154848� 108 cells=kg from the condition that
Eq. (2) is equal to 0 at steady state.

B.2. Chemotherapy

In the chemotherapy kinetics, we chose to use a value of
d¼ 100 days�1, corresponding to a decay time of 0:24 h�1. This
value is approximately the decay time for a number of relatively
common chemotherapy drugs, including Taxol (Henningsson
et al., 2001), Carboplatin (Oguri et al., 1988), Gemcitabine (Kiani
et al., 2003), and several others.

To mimic the role of chemotherapy, we need to know how
chemotherapy drugs affect the cell apoptosis rates, i.e., the coeffi-
cients hS and hNP in (8) and (9). However, there is no good
experimental evidence that qualitatively connects the plasma con-
centration of chemotherapy drugs with cell apoptosis rates. Refer-
ring to previous studies (Foley and Mackey, 2009; Zhuge et al.,
2012), we take the maximum apoptosis rate gmax

S ¼ 0:4 day�1 and
minimum proliferation rate Zmin

NP ¼ 0:4 day�1, to represent the effect
of one day chemotherapy administration. These number are taken
so that the model displays neutropenia. Here, we refer to these
values as our baseline, and assume that they correspond to a 1 day
infusion of 135 mg=kg chemotherapy drug, i.e., D¼ 135 mg=kg, and
Dc ¼ 1 day, and hence I0 ¼ 135 mg=ðkg� dayÞ.

From (8), the total cell loss in the stem cell compartment
during the first day of drug injection (normalized by the total loss
in stem cell number, which is assumed to be a constant, i.e.,
SðtÞ � S0 when 0rtr1) is given by

Ls ¼

Z 1

0
gchemo

S ðtÞSðtÞ dt

,Z 1

0
SðtÞ dt

¼ S0

Z 1

0
gchemo

S ðtÞ dt

,
S0

¼ gSþhS

Z 1

0
CðtÞ dt

¼ gSþhSðI0=fÞð1�d
�1
ð1�e�dÞÞ

� gSþhSI0=f:

Here we note Dc ¼ 1 and d¼ 100b1. We compare Ls with the
above gmax

S ð�1 dayÞ, which also gives the total loss in stem cell
number during 1 day of drug injection. Thus, we should have

gmax
S ¼ gSþhSI0=f,

which yields

hS ¼fðgmax
S �gSÞ=I0 ¼fðgmax

S �gSÞ=135¼ 0:0702 kg=ðmg� dayÞ:

ðB:3Þ
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Similarly, we have

hNP ¼fðZNP�Z
min
NP Þ=135¼ 0:4275 kg=ðmg� dayÞ: ðB:4Þ

B.3. G-CSF administration

Parameters for the G-CSF administration are taken from the
filgrastim data in Foley and Mackey (2009), with changes detailed
below. The amplification rate in neutrophil development is
defined as

AN ¼ etNPZNP�g0tNM :

After G-CSF administration, the apoptosis rate of maturing neu-
trophil precursors decreases to gmin

0 ¼ 0:12, and the amplification
rate can be increased to 221. Therefore, the maximum prolifera-
tion rate Zmax

NP is given by

Zmax
NP ¼ ðln Amax

N þgmin
0 tNMÞ=tNP ¼ 2:5444 days�1: ðB:5Þ
Appendix C. Recovery rate and the resonance period width

To obtain the relationship between the recovery rate, the
resonance period width, and the cooperative coefficient s1, we
first simplify the model equation, and then study the response
function as in Zhuge et al. (2012).

We assume HSC numbers to be held constant (Q ðtÞ � QnÞ and
therefore have a single equation for the neutrophil dynamics

dN=dt¼�gNNþANkNðNtN
ÞQn: ðC:1Þ

In Zhuge et al. (2012), Eq. (C.1) was used to study the neutrophil
compartment dynamics and gave significant insight for the
full model.

Linearization of Eq. (C.1) near the steady state NðtÞ ¼Nn prior
to chemotherapy gives following characteristic equation

hðsÞ ¼ sþgNþBe�stN ðC:2Þ

where

B¼�ANQnk0NðNnÞ ¼ gNs1Ns1
n
=ðys1

1 þNs1
n
Þ: ðC:3Þ

Let ŝ ¼�aþ ib be the root of hðsÞ ¼ 0 with the maximum real part
(which is negative), then a gives the recovery rate after a single
dose of chemotherapy.

From Eqs. (C.2)–(C.3), the recovery rate depends on gN ,tN ,s1,y1

and Nn, and two of them (s1 and y1) are connected by

kNðNnÞ ¼ gNNn=ðANQnÞ: ðC:4Þ

From Appendix B.1, the parameter values of gN ,Nn,Qn and AN are
relatively precise from a variety of experimental data, a range of
9otN o14:4 is suggested according to Price et al. (1996), and s1 is
the most problematic. Fig. 11 shows the dependence of the
recovery rate a on s1 and tN . It is obvious that the recovery rate
decreases with s1, and is insensitive to tN .

In order to obtain an approximate relation between a and s1,
we substitute s¼�aþ ib to Eq. (C.2) to obtain

b�BeatN sinðbtNÞ ¼ 0:

Therefore,

a¼ ðlog ðb=sin btNÞ�log BÞ=tN :

Here b is close to the resonant frequency and is given approxi-
mately b� p=ðtNþg�1

N Þ from the discussion in Zhuge et al. (2012).
From Eqs. (C.3) and (C.4), we have

B¼ gNs1ð1�gNNn=ðf 0ANQnÞÞ:
Hence, we have approximately

a¼�t�1
N lnðs1=AÞ ðC:5Þ

where A¼ ðB sin btNÞ=ðbs1Þ is independent of s1. For parameters in
Table 1, we have approximately A¼1 (see Fig. 11).

Now, we find the connection between the recovery rate and
the resonance period width. From Eq. (A.4) in Zhuge et al. (2012),
the frequency response function of Eq. (C.1) at NðtÞ ¼Nn is given
by

FðoÞ ¼ 9kNðNnÞQn=hðioÞ9: ðC:6Þ

The resonant frequency oR is obtained by maximizing FðoÞ, i.e.,
minimizing 9hðioÞ9. The resonance period width is measured by
the second derivative of the response function at oR as following

DTR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
91=F 00ðoRÞ9

q
: ðC:7Þ

We note hðŝÞ ¼ 0 and hence

hðioÞ � cðio�ŝÞ

when io� ŝ ¼�aþ ib, where c is a coefficient independent of o.
Therefore when a is small,

FðoÞ � 9kNðNnÞQn=ðcðioþa�ibÞÞ9,

which yields the resonant frequency oR ¼ b, and when o� b

FðoÞ � c0ð1=a�ðo�bÞ2=ð2a3ÞÞ ðC:8Þ

where c0 ¼ 9kNðNnÞQn=c9. Therefore, the resonance period width is
calculated to be

DTR ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
a3=c0

q
ðdaysÞ: ðC:9Þ

Eq. (C.9) gives the fit for Fig. 7.
Appendix D. Understanding the effect of G-CSF timing

In Eq. (C.1), the combined chemotherapy plus G-CSF adminis-
tration is a periodic perturbation with period T of the amplifica-
tion factor so AN(t) can be expressed as ANðtÞ ¼ ANþxðtÞ, where AN

is the normal amplification rate and xðtÞ the periodic perturbation
due to the combined chemotherapy and G-CSF therapy. Linear-
ization of (C.1) near the steady state Nn gives the linear differ-
ential delay equation

dy=dt¼�gNy�BytN
þxðtÞkNðNnÞQn, ðD:1Þ

where B is given in C.3. Write xðtÞ ¼ xGðtÞ�xCðtÞ where xGðtÞ and
xCðtÞ are, respectively, the periodic perturbations due to G-CSF
and chemotherapy. Given xCðtÞ, the function xGðtÞ depends on the
G-CSF delivery protocol, and the relation between these two
functions are complicated. Here, we perform the analysis by
simply assuming the input functions satisfy

xGðtÞ ¼ rxCðt�TeÞ ðD:2Þ

where r is a constant and Te is the lag time between G-CSF and
chemotherapy to become effective in perturbing the amplification
rate AN. Because of the postponed response of chemotherapy (see
Section 3.1), Te is usually not the same as T1, the day of G-CSF
administration after chemotherapy.

Let f̂ ðsÞ be the Laplace transform of f(t), defined as

f̂ ðsÞ ¼

Z 1
0

e�stf ðtÞ dt,

and take the Laplace transform of Eq. (D.1) to give

HðsÞ ¼ ŷðsÞ=x̂CðsÞ ¼H1ðsÞ � H2ðsÞ

where

H1ðsÞ ¼�kðNnÞQn=ðsþgNþBe�stN Þ,



Fig. 12. Perturbation xC ðtÞ and xGðtÞ to the amplification rate. Here the period

T ¼ 20 days and xGðtÞ is calculated with T1 ¼ 15 days.

G. Brooks et al. / Journal of Theoretical Biology 315 (2012) 97–109108
H2ðsÞ ¼ 1�re�sTe :

Thus, the transfer function for Eq. (C.1) is given by

FðoÞ ¼ 9HðioÞ9¼ 9H1ðioÞ9 � 9H2ðioÞ9: ðD:3Þ

If we have chosen the period T of chemotherapy and G-CSF
administration to coincide with the resonant period of 9H1ðioÞ9
then the response to the G-CSF will be determined by the
behavior of

9H2ðioÞ9¼ 1�2r cosðoTeÞþr2: ðD:4Þ

This function will have a maximum when Te ¼ T=2.
In this study, the resonant period is T ¼ 20 days, so we expect

that the worst outcome from G-CSF would occur when
Te ¼ T=2¼ 10 days. Since the amplification rate AN responds to
chemotherapy with a delay of 5 days, and to G-CSF without delay
(Fig. 12), the value Te¼10 is reached when G-CSF is administered
around 15 days after chemotherapy. Fig. 12 shows the functions
xCðtÞ and xGðtÞ with T1 ¼ 15 days, which gives Te ¼ 10 days. This
provides a rough understanding for the effect of G-CSF timing in
Section 3.4.
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