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á'ß�éÓê i{o.i£ë=i£l�d4ì.í�i£eJf�dFîÍ��i£lÙl<�£Q��£l�i�í�dRo.i£l�ïÈfjd/k4����d4ð.eJf�î�d4g
f ê ipïhfzkFfh��ïjfh���6kFl�ì.gjd4ì�i£ghfh��i�ïEdFî^oC�ÙëR��ïh��d4e7oCQRe�kFí^����ï¥�Ùeñì�d4ì.ð.l�kFfh��d4eIïòdFî���i£lÙl�ï/�ÙeCó
i£ë��ÙfzkFP.lÙQ�l�i�oNfjd^f ê i���d4eIïh��o.i£gzkFfh��d4e#dFî�ïjfjdR� ê k4ïhfh���6kFlÙlÙQ/ì�i£ghfhð.ghP�i�oNoCQ�e�kFí^���6kFl�ïhQCï�ó
fji£í�ï�ô¿õCö0÷G÷Jö0÷6ø.öIùGøCö�ùFú4û@ü éÓê i�ïji�kFì.ì.lÙ��i�oN��d4eIïh��o.i£gzkFfh��d4eIï ê k�ë=i�P�i�i£eýî�d4lÙl�d6�Íi�o¥PJQ
�Íd4ghþ�d4e�f ê i}P�i ê k6ëR��d4ð.gÓdFî�ÿ�d4��ïjïjd4eýoCgh�Ùë=i£eýoCQ�e�kFí^���6kFl�ïhQ�ïjfji£í�ï'�Ùeýk�ì.ð.gji}í�kFf ê ó
i£í�kFfh���6kFl���d4eJfji��Cf/ôÙ÷£ú�ö�ùC÷�û@ü�cEd4gji�gji���i£eRfhlÙQ_d4f ê i£g�kFgji6k4ï{dFîÈkFì.ì.lÙ���6kFfh��d4e gji£l�kFfji�o
fjd f ê i�gjd4l�i�dFî��ÙeJfhgh�ÙeIïj����b�k4ï�d4ì.ì�dGïji�oýfjd{i��Cfhgh�ÙeIïh����m'eId4��ïji��Ùe��=i£eIi�gji��Gð.l�kFfjd4ghQ�oCQRó
e�kFí^����ï�ô��Cö%÷6õCö0ú4û ê k6ë=i�í�k4o.i�f ê i�ð.eIo.i£gjïhfzkFeIoC�Ùe��EdFîÜïhfjd�� ê k4ïjfh���^ì�i£ghfhð.ghP�kFfh��d4eIï
dFî<oCQRe�kFí^���6kFl�ïjQ�ïhfji£í�ï�dFî�í�d4gjivf ê kFe¥ì�k4ïjïh�Ùe��^�ÙeJfji£gji�ïjf6ü

� i��Íi£gji�d4gh�	�G�Ùe�kFlÙlÙQýí�d4fh�ÙëGkFfji�oNPRQ�f ê i��Íd4ghþ/dFî�
�k4ïjd4fzk^i£f}kFl>üMôÙ÷6øKû�� ê d���d4eCó
ïh��o.i£gji�o kUbWP.��d4l�d��G���6kFlnm{ïhQCïhfji£í � ê ��� ê ì.gjd�oCðI��i�ï�,i£ë=i£eJfjï��/kFeIo ê k4ï�kFeU�ÙeRfji£ghe�kFl
d4g�ì ê Q�ïj��d4l�d��G���6kFlÍfh�Ùí�i��ÙeÔk4o.oC�Ùfh��d4eÔfjdNf ê i�l�kFP�d4gzkFfjd4ghQpfh�Ùí�i

t
ü � i�o.i£eId4fji�f ê ��ï

�ÙeJfji£ghe�kFlBfh�Ùí�i�PRQ
τ
fjdNoC��ïhfh�Ùe��Gð.��ï ê îWgjd4í f ê i�fh�Ùí�i

t
ü � ê i£eUkFeqi£ë=i£eJf{kFì.ì�i6kFgjï

f ê i�ì ê QCïh��d4l�d��G���6kFlÓfh�Ùí�i
τ = τe

��ï gji�ïji£f fjd
τ = 0

ü � i/k4ïjïhð.í�i�f ê kFf{f ê i�gzkFfji
dτ/dt

o.i£ì�i£eIo.ï�d4e/f ê ivkFí�d4ð.eRf�dFî�kFe�³k4�£fh�ÙëGkFfjd4g��È� ê ��� ê �Íivo.i£eId4fji�PRQ
a
ü éÓê ðIï

�Íi ê k�ë=i
b�÷GüÙ÷�m dτ

dt
= ϕ(a), ϕ ≥ 0.
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� ��Õ4��Õ=��Ìz½��£¸,ÒÈÌz·4ÂÈ��Õ4�IÒ�Å@Ìz·KÏ��%Ì�Î�¾��Kº���Ì

éÓê i�k4�£fh�ÙëGkFfjd4g���ïÓì.gjdRoCðI��i�oýPRQ�k oCQRe�kFí^����ï�o.i�ïj�£gh�ÙP�i�o�PRQ�f ê i�oC���0i£gji£eJfh��kFl�i
	Rð�kKó
fh��d4e

b�÷Gü¿ù=m da

dt
= g(a),

� ê i£gji
g ≥ 0

��ï�k���d4eJfh�ÙeJðId4ðIï�îWð.eI�£fh��d4e#d4e kFe#d4ì�i£eE�ÙeJfji£ghëGkFl�f ê kFfÈí�k�QEd4g}í�k6Q
eId4fBP�i}P�d4ð.eIo.i�o0ü � ê i£e/kFeýi£ë=i£eJfÓ��ïÍì.gjdRoCðI��i�o/kFf�kvfh�Ùí�i

τe
kFeIo�k4�£fh�ÙëGkFfjd4gÓl�i£ë=i£l

ae
öCf ê i£e¥k ì�d4ghfh��d4e

%(ae)
dFî
ae

��ï���d4eIïhð.í�i�o/ïjd{f ê i�l�i£ë=i£lMdFî�f ê i�k4�£fh�Ùë4kFfjd4g}kKî�fji£g
f ê i�i£ë=i£eRfÜ��ï�f ê i£e
b�÷Gü¿ø=m

σ(ae) := ae − %(ae).
� i�kFl�ïjd�kFlÙl�d�� f ê ivì�dGïjïh�ÙP.�ÙlÙ�Ùf,Qýf ê kFfÜf ê ivì�d4ghfh��d4e

%(ae)
o.i£ì�i£eIo.ï�d4eòkFeNi£eRëR�Ùgjd4eCó

í�i£eJfzkFlBd4g�i��Cfji£ghe�kFl<î�k4�£fjd4g�ïjdýf ê kFf
%
��ï�kýîWð.eI�£fh��d4eqdFîÓf@�BdNëGkFgh��kFP.l�i�ï

%(ae, θe)
ö

� ê i£gji
θe ∈ Θ

��ï�oC��ïhfhgh�ÙP.ð.fji�o#k4����d4gjoC�Ùe���fjd�ïjd4í�i�ì.gjd4P�kFP.�ÙlÙ�Ùf,QNí�i6k4ïhð.gji
ν
d4e

Θ
ü

éÓê i�ïjd4lÙð.fh��d4eòdFî�b�÷Gü¿ù=mÓ���Ùf ê f ê iv�Ùe.�Ùfh��kFl���d4eIoC�Ùfh��d4e
a(0) = x

���ÙlÙl�P�ivo.i£eId4fji�o¥PJQ

a(t) = πtx
kFeIo��Íi�k4ïjïjð.í�i}f ê kFf��ÙfÓ��ïÓo.i��IeIi�o�î�d4g�kFlÙl

t ≥ 0
ü éÓê i£e�f ê ivïzd4lÙð.fh��d4eýdFî�i
	Jð�kFfh��d4e

b�÷GüÙ÷�mB���Ùf ê f ê i��Ùe.�Ùfh��kFl���d4eIoC�Ùfh��d4e
τ(0) = 0

��ï��G�Ùë=i£eòPJQ

τ(t) =

t

0

ϕ(πrx) dr.

� f���ï�gji6k4ïjd4e�kFP.l�ivfjd^gji
	Rð.�Ùgjivf ê kFf}kFl�ïzd
τ(t)

��ï��Ie.�Ùfji�î�d4g�kFlÙl
t ≥ 0

ü

�k4ïjd4fzk�i£f�kFl>ü�ôÙ÷6øKû�ïhfhðIoC��i�oNf ê i ïhfzkFfh��ïhfh���6kFl�P�i ê k6ëR��d4ð.g�dFî'k�ïji
	RðIi£eI��i�dFî%ïhðI� ê

i£ë=i£eJfjï}dR���£ð.ghgh�Ùe���kFfÜgzkFeIo.d4í fh�Ùí�i�ï

0 = t0 < t1 < · · · < tn < · · ·
kFeIoNo.i£eId4fji�o

an = a(tn)
fjd��IeIo

b�÷Gü úRm
an+1 = T (an, τn),

� ê i£gji
τn =

tn

tn−1

ϕ(πs−tn−1an−1) ds

�Íi£gji�i���ì�d4eIi£eJfh��kFlÙlÙQýoC��ïhfhgh�ÙP.ð.fji�o/�ÙeIo.i£ì�i£eIo.i£eJfÜgzkFeIo.d4í ë4kFgh��kFP.l�i�ï6ö �G�Ùë��Ùe���k�gji£l�kKó
fh��d4eEP�i£f,�Íi�i£e ïhðI����i�ïjïh�Ùë=i{k4�£fh�ÙëGkFfjd4g}l�i£ë=i£l�ïvkFf�i£ë=i£eJf�dR���£ð.ghgji£eI��i^kFeIoEïhfhðIoCQR�Ùe��/k
oC��ïj�£gji£fji�fh�Ùí�i�ïhQCïhfji£í ���Ùf ê ïjfjdR� ê k4ïhfh����ì�i£ghfhð.ghP�kFfh��d4eIï�PRQ/f ê i

τn
ü��}i£gji��Íi ê k6ë=i

i��Cfji£eIo.i�oòf ê i�ïzi ��d4eIïj��o.i£gzkFfh��d4eIïvfjd/k���d4eRfh�ÙeJðId4ðIï�fh�Ùí�i{ïh�Ùfhð�kFfh��d4e PRQòi��IkFí^�Ùe.�Ùe��
� ê kFf ê kFì.ì�i£eIï�kFfÈkFlÙl�fh�Ùí�i�ï

t
kFeIo¥eId4f}í�i£gji£lÙQ¥kFf

t0, t1, t2, . . . .
éÓê ðIï��Bi kFghgh�Ùë=i

kFf�k{��d4eJfh�ÙeRðId4ðIïÈfh�Ùí�i�ì.��i���i£����ïji�o.i£fji£ghí^�Ùe.��ïhfh����cEkFghþ=d�ë�ì.gjd���i�ïjï6öC� ê dGïzivïzkFí^ì.l�i
ì�kFf ê ï�P�i£f@�Íi�i£e�f ê i���ð.í^ì{fh�Ùí�i�ï

t0, t1, . . .
kFgjiD�G�Ùë=i£e^PRQ�f ê iÓïjd4lÙð.fh��d4e�dFîÜb�÷Gü¿ù=m�kFeIo

kFfvf ê i���ð.í^ì fh�Ùí�i�ï�f ê i�ïjfzkFfji^dFîBf ê i{ì.gjd���i�ïjïv��ï�ïzi£l�i��£fji�oqk4����d4gjoC�Ùe��¥fjdNk���ð.í^ì
ïhfjd�� ê k4ïhfh����þ=i£gheIi£l>ö�� ê ��� ê ��ïBf ê i�fhgzkFeIïh�Ùfh��d4e/ì.gjd4P�kFP.�ÙlÙ�Ùf@Q�îWð.eI�£fh��d4eýî�d4g�b�÷Gü¿ø=m£ü éÓê ��ï
l�i6k4o.ïÜðIïÜfjd^ïhfhðIoCQ�i£ë=d4lÙð.fh��d4eEi
	Jð�kFfh��d4eIï}dFî�f ê iÈî�d4ghí
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b�÷Gü¿õ=m ∂u

∂t
= A0u− ϕu+ P (ϕu),

� ê i£gji
A0u(x) = − d

dx
(g(x)u(x)),

d4e/f ê i�ïhì�k4��ivdFî��ÙeRfji��GgzkFP.l�i�î�ð.eI�£fh��d4eIï
L1 öC� ê i£gji P ��ïÜk ïhfjdR� ê k4ïhfh���vd4ì�i£gzkFfjd4gÜd4e

L1 ��d4ghgji�ïhì�d4eIoC�Ùe���fjd�f ê i ��ð.í^ì�ïjfjdR� ê k4ïhfh����þ=i£gheIi£l0kFeIo
ϕ
eIi�i�o�eId4fBP�iÜP�d4ð.eIo.i�o0ü

� iBïhð.ì.ì.l�i£í�i£eJfÜb�÷Gü¿õ=m����Ùf ê f ê iÍ�Ùe.�Ùfh��kFlC��d4eIoC�Ùfh��d4e
u(0) = u0

� ê ��� ê ��ï�f ê iBo.i£eIïh�Ùf@Q
dFî�f ê i�oC��ïhfhgh�ÙP.ð.fh��d4e¥dFî�f ê iv�Ùe.�Ùfh��kFl�kFí�d4ð.eRf}dFî�f ê i�k4�£fh�Ùë4kFfjd4g6ü


�i£fÜðIï���gh�Ùfji
b�÷Gü��=m

Au = A0u− ϕu
kFeIo Cu = Au+ P (ϕu).

� î
ϕ
��ï ð.eJP�d4ð.eIo.i�o f ê i£e C ��ï f ê iýïhð.í dFî�f,�Íd#ð.eJP�d4ð.eIo.i�o d4ì�i£gzkFfjd4gjï6ö�ïjdòf ê i

i��C��ïhfji£eI��i�kFeIoNð.e.� 	RðIi£eIi�ïjï}dFî<ïzd4lÙð.fh��d4eIïÜfjd^f ê i	�ÓkFðI� ê QNì.gjd4P.l�i£í �Ùe
L1 ��ï�ì.gjd4PCó

l�i£í�kFfh����
�b�÷Gü¿õ=mÍí�k6Q ê k6ë=i�í�ð.lÙfh�Ùì.l�i�ïjd4lÙð.fh��d4eIï�ô¿ùKû@ü � i�í�kFþ=i�ðIïji�dFî�ì�i£ghfhð.ghP�kFfh��d4e
gji�ïhð.lÙfjïÜî�d4gÜì�dGïh�Ùfh�Ùë=i�ïzi£í^�	�Ggjd4ð.ìIï}d4e

L1 ó@ïhì�k4��i�ïÜ� ê ��� ê �=d�P�k4�jþýfjdNôÙ÷�FûBb�ïzi�i	��i���ó
fh��d4e^ø=m�ö�î�gjd4í � ê ��� ê �Ùf�î�d4lÙl�d6�Üï�f ê kFf�f ê iÓd4ì�i£gzkFfjd4g C ê k4ï<kFe i��Cfji£eIïh��d4e C �=i£eIi£gzkFf�ó
�Ùe���kÈì�dGïh�Ùfh�Ùë=i���d4eJfhgzk4�£fh��d4eýïji£í^�	�Ggjd4ð.ì {P (t)}t≥0

ì.gjd�ëR��o.i�o^f ê kFf'f ê i�d4ì�i£gzkFfjd4g
A��ï�f ê iB�Ùe �Ie.�Ùfji�ïh�Ùí�kFl��=i£eIi£gzkFfjd4g%dFî�k�ì�dGïh�Ùfh�Ùë=iÓ��d4eRfhgzk4�£fh��d4e�ïji£í^�	�Ggjd4ð.ì^d4e

L1 kFeIo C��ïBo.i��IeIi�o�d4e�f ê iÈo.d4í�kF�ÙeýdFî
A
ü � e��=i£eIi£gzkFl>öR�ÉîMf ê iÈ�£l�dGïhð.gji�dFî C ��ïÍf ê i��=i£eIi£gzkFfjd4g

C
dFî {P (t)}t≥0

f ê i£e f ê i��ÓkFðI� ê Qòì.gjd4P.l�i£í ��ïÈð.e.� 	RðIi£lÙQòïjd4lÙë=i�o kFeIo {P (t)}t≥0��ï�kýïhfjd�� ê k4ïhfh����ïji£í^�	�Ggjd4ð.ìMü � e���i��£fh��d4eÔø��Íi^ì.gjd�ë=i�k�eIi£� ïhð����£��i£eJf���d4eIoC�Ùfh��d4e
î�d4gvð.e.� 	JðIi£eIi�ïjï kFeIo �Ùe���i��£fh��d4e_õ/�Íi�ï ê d�� f ê kFf��ÉîÓf ê i�oC��ïj�£gji£fji�ì.gjdR��i�ïjï ê k4ï�k
ïhfhgh���£fhlÙQ ì�dGïj�Ùfh�Ùë=i�ïhfzkFfh��d4e�kFghQ^o.i£eIïh�Ùf@Q f ê i£e�ð.e.� 	RðIi£eIi�ïjï ê d4l�o.ï6ü éÓê ��ï%ïj�Ùí^ì.lÙ����i�ï<f ê i
kFe�kFlÙQCïh��ï}dFî{b�÷Gü¿õ=m�� ê i£e#��d4í^ì�kFgji�o¥���Ùf ê f ê i�kFì.ì.gjd=k4� ê �ÙeÔô¿ùKû@ö�kFeIoEkFlÙl�d��Üï}ðIï�fjd
�ÙeJë=i�ïjfh�	�JkFfjiÜP�d4f ê f ê iÓð.e.� 	JðIi£eIi�ïjïÍdFî�ïjd4lÙð.fh��d4eIïBkFeIo{f ê i£�ÙgÍk4ïhQ�í^ì.fjd4fh����ì.gjd4ì�i£ghfh��i�ï6ü

éÓê iÓd4ð.fhlÙ�ÙeIiÓdFî�f ê ��ï�ì�kFì�i£g���ï<k4ï�î�d4lÙl�d6�Üï6ü � iBgji��6kFlÙlCP�k4ïh���Ío.i��Ie.�Ùfh��d4eIïÍkFeIo�î�ð.eCó
oIkFí�i£eJfzkFl�f ê i�d4gji£í�ï}î�gjd4í f ê i�f ê i�d4ghQNdFî'ïhfjdR� ê k4ïhfh��� d4ì�i£gzkFfjd4gjï�kFeIoòïzi£í^�	�Ggjd4ð.ìIï
�Ùe���i��£fh��d4eÔù/kFeIopì�i£ghfhð.ghP�kFfh��d4e_gji�ïhð.lÙfjï�î�d4gvì�dGïh�Ùfh�Ùë=i�ïji£í^�	�Ggjd4ð.ìIï�d4e

L1 ó@ïhì�k4��i�ï
�Ùe���i��£fh��d4eUøCöM� ê ��� ê �£l�dGïji�ï����Ùf ê f ê i�ì.gjdRdFîÜdFîÜd4ð.g�í�kF�Ùe �=i£eIi£gzkFlÍgji�ïhð.lÙfýb éÓê i�ó
d4gji£í ø=m�ü � e���i��£fh��d4e*úÔ�Íiòì.gjd6ë=iEf ê kFf�f ê iEd4ì�i£gzkFfjd4gjï

A0
kFeIo

A
o.i��IeIi�o d4e

ïhð.�ÙfzkFP.l�i�o.d4í�kF�ÙeIï{kFgji �=i£eIi£gzkFfjd4gjï6ü � e���i��£fh��d4e õ/�Bi�ï ê d�� f ê i�kFì.ì.lÙ���6kFP.�ÙlÙ�Ùf@Q_dFî
éÓê i�d4gji£í øvfjd i
	Jð�kFfh��d4epb�÷Gü¿õ=m%� ê i£e

P
��ï�kFe�kFghP.�ÙfhgzkFghQ�ïjfjdR� ê k4ïhfh���}d4ì�i£gzkFfjd4g�kFeIo

kFl�ïjd �G�Ùë=iýïhð����£��i£eJf���d4eIoC�Ùfh��d4eIï{î�d4g^k4ïhQ�í^ì.fjd4fh���/ïhfzkFP.�ÙlÙ�Ùf@Q=ü � e���i��£fh��d4e��ò�Íi�l�i£f
f ê i�d4ì�i£gzkFfjd4g

P
ê k6ë=iýk¥o.i��Ie.�Ùfji�î�d4ghí f ê kFf �Ifjï oC�Ùgji��£fhlÙQp�ÙeRfjdEd4ð.g�îWgzkFí�i£�Bd4ghþ�ö

kFeIo �G�Ùë=iÜïji£ë=i£gzkFlI��d4eI�£gji£fji�i��.kFí^ì.l�i�ïÍoCgzk���e^î�gjd4í2�Íd4ghþ^d4e^f ê iÓgji��Gð.l�kFfh��d4e�dFî�f ê i
��i£lÙl'�£QC�£l�i�k4ïv�Íi£lÙlBk4ï��£l�k4ïjïh���6kFl%�ÙeRfji��GgjdFó@oC����i£gji£eRfh��kFl�i
	Jð�kFfh��d4eIï6ü � e���i��£fh��d4e����Bi
i��Cfji£eIo�d4ð.g%gji�ïhð.lÙfjïÍfjdvf ê i}ïh�Ùfhð�kFfh��d4e��Ùe�� ê ��� ê f ê i£gjiÜ��ï'o.i��Ggzk4oIkFfh��d4e b�k4ï'd4ì.ì�dGïji�o
fjd �Ggjd6��f ê mÈkFeIo¥�ÙlÙlÙðIïjfhgzkFfji�f ê i£�ÙgvkFì.ì.lÙ���6kFP.�ÙlÙ�Ùf@QEðIïh�Ùe���í�d�o.i£l�ï}î�d4g}f ê i�ïjfjdR� ê k4ïhfh���
gji��Gð.l�kFfh��d4eòdFî��=i£eIi�i��Cì.gji�ïjïh��d4eMü

� e k_��d4í^ì�kFe.��d4e ì�kFì�i£g ô¿ùGùFû@öÍf ê i�ïji kFeIo d4f ê i£gýgji�ïhð.lÙfjïNkFgjiEì.l�k4��i�o*�Ùe f ê i
�=i£eIi£gzkFl.��d4eJfji��Cf<dFî�ïji£í^�	�Ggjd4ð.ì{f ê i�d4ghQ kFeIo�ì.gjd4P�kFP.�ÙlÙ�Ùf@Q�f ê i�d4ghQ����Ùf ê kFì.ì.lÙ���6kFfh��d4eIï
fjd�ì.��i���i£����ïji'o.i£fji£ghí^�Ùe.��ïhfh���'c#kFghþ=d6ë�ì.gjd���i�ïjï0���Ùf ê d4ð.f ³k4�£fh�Ùë=i%P�d4ð.eIoIkFgh��i�ï��zü éÓê i£gji
�Íi�kFl�ïjd{ì.gjd6ë=ivf ê kFf��Éî�f ê ivïji£í^�	�Ggjd4ð.ì {P (t)}t≥0

��ï�ïhfjd�� ê k4ïhfh���vf ê i£eÔb�÷Gü¿õ=mB��ïÓf ê i
��d4ghgji�ïhì�d4eIoC�Ùe���i£ë=d4lÙð.fh��d4e¥i
	Rð�kFfh��d4e/î�d4g�o.i£eIïh�Ùfh��i�ïÜdFî<ïhðI� ê ì.gjdR��i�ïzïji�ï6ü
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�0ß���â6ä0ç�������â�èWç^ä
	��Jã��Câ6ä�ã���Iá�å������qè���ãFä
æ�	��Gß 
Mi£f
(E, E ,m)

P�iÜk
σ
ó��Ie.�Ùfji

í�i6k4ïhð.gji�ïjì�k4��iGü � ivo.i£eId4fji�PRQ
D
f ê i�ïji£fÜdFî%kFlÙl�o.i£eIïh�Ùfh��i�ïÜd4e

E
öC�>üÃiGü

D = {u ∈ L1 : u ≥ 0, ‖u‖ = 1},
� ê i£gji ‖ · ‖ ��ïÜf ê iveId4ghí �Ùe

L1 = L1(E, E ,m)
ü��?lÙ�ÙeIi6kFg}d4ì�i£gzkFfjd4g

P : L1 → L1
ïhðI� ê f ê kFf

P (D) ⊂ D ��ïÜ�6kFlÙl�i�o ¢£�>�6�����4¢������ d4g�� �G���F��� ôÙ÷6ùFû@ü

�i£f

P : L1 → L1 P�iEk_ïhfjd�� ê k4ïhfh���Ed4ì�i£gzkFfjd4g6ü�� o.i£eIïj�Ùf@Q
u
��ï�ïzkF��o fjdqP�i

�W���K�4�����G��� d4g ¢£�>�G�����4�
�4��� î�d4g
P
�Éî
Pu = u

ü � i�ïzk6Q�f ê kFf
P
���F��� �É�"!
¢v¢"#$!%!C�4�£�W¢ �Éî

î�d4gÜi£ë=i£ghQ
u, v ∈ D f ê i£gjiv��ïÜk{ì�dGïh�Ùfh�Ùë=i��ÙeJfji��=i£g

n ≥ 1
ïhðI� ê f ê kFf

m(suppP nu ∩ suppP nv) > 0,
� ê i£gji{f ê i^ïhð.ì.ì�d4ghf�dFî

u ∈ L1 ��ïvo.i��IeIi�o ð.ì fjdNk�ïji£f�dFîBí�i6k4ïhð.gji'&6i£gjdýPJQEf ê i
î�d4ghí�ð.l�k

supp u = {x ∈ E : u(x) 6= 0}. ( d4fjiÜf ê kFf'�Éî P d�ë=i£ghl�kFìIïBïjð.ì.ì�d4ghfjï'f ê i£e
�ÙfÜ�6kFe ê k6ë=i�kFf�í�dGïhf�d4eIi��ÙeRë4kFgh��kFeRf}o.i£eIïh�Ùf,Q ôÙ÷�).öCì.gjdRdFî<dFî �Bd4gjd4lÙl�kFghQ#÷�û@ü


�i£f J : E × E → [0, 1]
P�i/k ¢��>�������F¢£�����E���h�4�.¢��������4�*�4������� � ö<�>üÃiGü J (x, ·) ��ï

kqì.gjd4P�kFP.�ÙlÙ�Ùf@Quí�i6k4ïjð.gjiNî�d4g�i6k4� ê
x ∈ E

kFeIouf ê i¥îWð.eI�£fh��d4e
x 7→ J (x,B)

��ï
í�i6k4ïhð.gzkFP.l�i�î�d4gÜi6k4� ê

B ∈ E öIkFeIo/l�i£f P P�i�k{ïhfjd�� ê k4ïhfh����d4ì�i£gzkFfjd4g�d4e
L1 ü � î

b�ùCüÙ÷�m 

E

J (x,B)u(x)m(dx) =



B

Pu(x)m(dx)
î�d4g�kFlÙl

B ∈ E , u ∈ D(m),

f ê i£e
P
��ïÜ�6kFlÙl�i�oNf ê i �����G�.¢��������G�E�"!.�£���G�>�G� ��d4ghgji�ïhì�d4eIoC�Ùe���fjd J ü� î J (x,B) = 1T−1(B)(x)

î�d4g
x ∈ E

ö
B ∈ E öB� ê i£gji T : E → E

��ïNk
�
�4�I¢��W�,+-#��É�4� í�i6k4ïhð.gzkFP.l�i�fhgzkFeIï�î�d4ghí�kFfh��d4eMöM�>üÃiGü

m(T−1(B)) = 0
î�d4g�kFlÙl

B ∈ EïhðI� ê f ê kFf
m(B) = 0

öJf ê i£eýf ê i£gji�i�����ïjfjïBk�ð.e.� 	JðIi�ïhfjd�� ê k4ïjfh���}d4ì�i£gzkFfjd4g
P
d4e

L1
ïzkFfh��ï�î�Q��Ùe��{b�ùCüÙ÷�m£öFkFeIo��Ùf���ï��6kFlÙl�i�o�f ê i/. �h�10j�����2#R¢�ª43������h�4� d4ì�i£gzkFfjd4g���d4ghgji�ïhì�d4eIoC�Ùe��
fjd
T
ü

� ïhfjdR� ê k4ïhfh���#d4ì�i£gzkFfjd4g
P

d4e
L1 ��ïý�6kFlÙl�i�o !.�4�������-���Û�Ô�W���@�5+4�h�-� d4g !C�G�������-���Û�

�4������� � �Éî�f ê i£gji�i��C��ïhfjïÜk{í�i6k4ïhð.gzkFP.l�i�î�ð.eI�£fh��d4e
p : E ×E → [0,∞)

ïjðI� ê f ê kFf


E



E

p(x, y)m(dy)m(dx) > 0
kFeIo

Pu(x) ≥


E

p(x, y)u(y)m(dy)

î�d4gÜi£ë=i£ghQýo.i£eIïj�Ùf@Q
u
ü � î�ö.k4o.oC�Ùfh��d4e�kFlÙlÙQ=ö



E

p(x, y)m(dx) = 1, y ∈ E,
f ê i£e

P
��d4ghgji�ïhì�d4eIo.ïÜfjd{f ê i�ïhfjdR� ê k4ïhfh���vþ=i£gheIi£l

J (x,B) =



B

p(y, x)m(dy), x ∈ E, B ∈ E ,
kFeIo/�Bi�ïh�Ùí^ì.lÙQýïzk�Q�f ê kFf

P
ê k4ï �G������� �

p
ü

� ïhfhgjd4e��GlÙQ#��d4eJfh�ÙeJðId4ðIï ïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
d4e

L1 ��ïv�6kFlÙl�i�opk ¢£�>�6�����4¢������
¢��£� �6+4�h�-#$! d4g7� �4�"�F�-��¢����{�6+4�h�-#�! �Éî

P (t)
��ïBk�ïhfjd�� ê k4ïhfh���Èd4ì�i£gzkFfjd4g'î�d4gBkFlÙl

t ≥ 0
ü

� o.i£eIïh�Ùf,Q
u∗

��ï��6kFlÙl�i�o �W���K�4�����4��� d4g ¢£�>�G�����G�
�4��� î�d4g {P (t)}t≥0
�Éî
P (t)u∗ = u∗î�d4gÜi£ë=i£ghQ

t ≥ 0
ü



� B 4 ��� � �"!���4�G G9��4&!0���	B ��� 3�. % �	�	3�4 ��4���FH3�C/��� I�FH3*����!+!"��! @

� ïhfjd�� ê k4ïjfh����ïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
��ï��6kFlÙl�i�o �F¢��4� !��>�G�����j�-���Û��¢��>�10 ��� �Éî<f ê i£gji

��ï�k{ïhfzkFfh��d4e�kFghQ/o.i£eIïh�Ùf,Q
u∗

ïhðI� ê f ê kFf

lim
t→∞

‖P (t)u− u∗‖ = 0
î�d4g

u ∈ D,
kFeIop�Ùf���ï��6kFlÙl�i�o !.�4�������-���Û�¥�n���@� +4����� �Éî�ö�î�d4g�ïjd4í�i

t0 > 0
öMf ê i�d4ì�i£gzkFfjd4g

P (t0)
��ï

ì�kFghfh��kFlÙlÙQý�ÙeJfji��GgzkFl>ü
t�XMZ � r0Z
| ÷�b�ôÙ÷ ��ûWm�] ¡��£� {P (t)}t≥0

0j��� !C�4�£�������2�Ý���W���@�5+G���-��¢£�>�6�����F¢£������¢����{���
+4�h�-#$!�����¢z¢"#����_�W���G���W�C�p¢����{�6+4����#�! ���4¢_�4���Ý� �4���q�W���K�4�����G�����J�£�.¢������

u∗
���n�

u∗ > 0
���W�	���W�C���#�W�C��¢��£� �6+4�h�-#$!q��¢��F¢��4� !��>�G�����j�-���Ý��¢��>�,0 �Ù�
�

�Mß��JãKâ�æ�ã����Câ�èWä�á7ã��1�Kæ��nâ��#èWá
L1 ß 
Mi£f

(A0,D(A0))
P�i^f ê i��Ùe �Ie.�Ùfji�ïh�Ùí�kFl

�=i£eIi£gzkFfjd4g}dFî%k{ïhfjd�� ê k4ïhfh����ïji£í^�	�Ggjd4ð.ìMö
ϕ ≥ 0

P�i�k í�i6k4ïhð.gzkFP.l�ivî�ð.eI�£fh��d4eMö�kFeIo

L1
ϕ =

{
u ∈ L1 :



E

ϕ(x)|u(x)|m(dx) <∞
}
.


Mi£f
P
P�i�k�ïhfjd�� ê k4ïjfh���Üd4ì�i£gzkFfjd4gBd4e

L1 kFeIo�l�i£f%f ê iÜd4ì�i£gzkFfjd4gjï A kFeIo C öJk4ï �G�Ùë=i£e
�Ùe¥b�÷Gü��=m£ö4P�i�o.i��IeIi�o�d4e D(A) ⊆ D(A0)∩L1

ϕ

ü��Èïjïhð.í�iÓf ê kFf
(A,D(A))

��ï<f ê iÓ�ÙeCó
�Ie.�Ùfji�ïh�Ùí�kFl/�=i£eIi£gzkFfjd4gÍdFî�k}ì�dGïj�Ùfh�Ùë=i�ïhfhgjd4e��GlÙQ ��d4eRfh�ÙeJðId4ðIïB��d4eJfhgzk4�£fh��d4e�ïji£í^�	�Ggjd4ð.ì
{S(t)}t≥0

d4e
L1 ü éÓê i£eò�Ùf���ï�þReId���eÔôÙ÷�Cö�ùGõCö�÷Gö�ùFû�f ê kFf�f ê i£gji i�����ïhfjïÈk{ì�dGïh�Ùfh�Ùë=i

ïhfhgjd4e��GlÙQU��d4eJfh�ÙeRðId4ðIï���d4eRfhgzk4�£fh��d4e ïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
d4e

L1 ï�kFfh��ï�îWQ��Ùe��#f ê i
î�d4lÙl�d6���Ùe����

b�÷�mýf ê i{�Ùe �Ie.�Ùfji�ïh�Ùí�kFl �=i£eIi£gzkFfjd4g
C
dFî {P (t)}t≥0

��ï�kFepi���fji£eIïh��d4e_dFî C ö��>üÃiGü
D(A) ⊆ D(C)

kFeIo
Cu = Cu î�d4g u ∈ D(A)



b�ù=mý�Éî {P̄ (t)}t≥0

��ï�kFeId4f ê i£g�ïji£í^�	�Ggjd4ð.ì �=i£eIi£gzkFfji�o�PJQ�kFe{i���fji£eIïh��d4e dFî C f ê i£e
P̄ (t)u ≥ P (t)u

î�d4g�kFlÙl
u ∈ L1 ö u ≥ 0

ö0�>üÃiGü {P (t)}t≥0
��ï�f ê i{í^�Ùe.�Ùí�kFl

ïji£í^�	�Ggjd4ð.ì 

b�ø=mýf ê i �=i£eIi£gzkFfjd4g

C
��ïÜ� ê kFgzk4�£fji£gh�6&6i�o¥PRQ

b�øCüÙ÷�m
R(λ,C)u = lim

N→∞
R(λ,A)

N∑

n=0

(P (ϕR(λ,A)))nu, u ∈ L1, λ > 0,

� ê i£gji
R(λ, ·) ��ï�f ê ivgji�ïzd4lÙë=i£eJf�d4ì�i£gzkFfjd4g
bWúRmýf ê ivïji£í^�	�Ggjd4ð.ì {P (t)}t≥0

ïzkFfh��ï ��i�ï�f ê i�i
	Rð�kFfh��d4e

b�øCü¿ù=m
P (t)u = S(t)u+

t

0

P (t− s)P (ϕS(s)u) ds, u ∈ D(A).

� i��6kFe.eId4f'��d4eI�£lÙðIo.iGö=�Ùe �=i£eIi£gzkFl>öGf ê kFf'f ê iÜïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
��ï<ïjfjdR� ê k4ï�ó

fh����ôÙ÷�Iö����IkFí^ì.l�i�úIü¿øKû@ü��È��ïj�£ðIïjïh�Ùe���ëGkFgh��d4ðIïB��d4eIoC�Ùfh��d4eIï'î�d4g'f ê ��ï'fjd ê d4l�o ê k4ï'P�i�i£e
k í�k �hd4gÜd4P ��i��£fh�Ùë=i�dFî<ïhfhðIoCQ#ôÙ÷�CöIùGõCö0÷=ö �CöIùKû�kFeIoýl�i6k4o.ï�fjd{f ê i�î�d4lÙl�d6���Ùe���gji�ïhð.lÙf6ü

t�XMZ � r0Z
| ùI] �n�<���4��¢£�G���
λ > 0

ö
b�øCü¿ø=m

lim
n→∞

‖(P (ϕR(λ,A)))nu‖ = 0
�£�4�����2�

u ∈ L1
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�W�C��� {P (t)}t≥0
��¢ �ý¢��>�6���C�F¢������{¢6���{� +4�h�-#$! �4�����W�W¢ +J�������h�G�>�4�

C
�n¢ �W�C��� �É�4¢"#��h�

�����W�C� �"!I�����=�>�4�
(C,D(A))

�

� i�eId6�ñì.gjd�ë=i�d4ð.g�í�kF�ÙeNgji�ïhð.lÙf6ü
t�XMZ � r0Z
|2øI] �n���£�G�}¢��4���

λ > 0
�W�C�£�h���n¢

v ∈ L1 ¢"#.���N�W���G�
v > 0

���W�	���4�
�
P (ϕR(λ,A))v ≤ v ö �W�C���p�j�4���4�W�����4� b�øCü¿ø=m ���-�Ù�F¢ �

3Ó���6�h� � � i{�6kFe k4ïzïhð.í�i f ê kFf
v
��ïvk�o.i£eIïh�Ùf,Q=ü ��i£f

Kλ = P (ϕR(λ,A))
ü éÓê i

d4ì�i£gzkFfjd4g
Kλ

��ïvk�ì�dGïj�Ùfh�Ùë=i���d4eRfhgzk4�£fh��d4eMü �R�ÙeI��i
Kλv ≤ v

ö
f ê i{ïji
	RðIi£eI��i
Kn
λv

��ï
ïhfhgjd4e��GlÙQE��d4eJë=i£g*�=i£eJf��Ùe

L1 fjdýk ���.i�oEì�d4�ÙeRf
u∗

dFîÍf ê i{d4ì�i£gzkFfjd4g
Kλ

ü � gjd4í ô¿ù.ö
éÓê i�d4gji£í úIü¿øKûM�ÙfÜî�d4lÙl�d��ÜïÜf ê kFf

u∗ = 0
ü � d4g}kFeJQ/o.i£eIïh�Ùf,Q

u
�Íi ê k6ë=i

0 ≤ Kn
λuk ≤ kKn

λv,
� ê i£gji

uk = min{u, kv}, k, n ≥ 1.
�R�ÙeI��i ‖uk − u‖ → 0

k4ï
k →∞ ö.f ê ��ï���d4í^ì.l�i£fji�ïÜf ê ivì.gjd�dFî�dFî�b�øCü¿ø=m�ü

��ß�� � � ���,�_è2�
ãKä�æ 	 {S(t)}t≥0
ß 
Mi£f

E
P�iÜkFe�d4ì�i£e��ÙeRfji£ghë4kFl��Ùe

R
ö4P�d4ð.eIo.i�o

d4gÜð.eRP�d4ð.eIo.i�o0ö E = B(E)
kFeIo

m
P�ivf ê i 
�i£P�i�ï*�GðIi�í�i6k4ïhð.gjiGü � i�ï ê kFlÙl�o.i£eId4fji

PJQ
L1

loc

f ê iBïjì�k4��i�dFî�kFlÙl��Ód4gji£l.í�i6k4ïhð.gzkFP.l�iBîWð.eI�£fh��d4eIï'd4e
E
� ê ��� ê kFgjiÓ�ÙeJfji��GgzkFP.l�i

d4e#��d4í^ì�k4�£f�ïjð.PIïji£fjï}dFî
E
kFeIoòPJQ

AC
f ê i�ïhì�k4��i dFîÍkFlÙl<kFPIïjd4lÙð.fji£lÙQ¥��d4eJfh�ÙeRðId4ðIï

î�ð.eI�£fh��d4eIï�d4e
E
ü � i�k4ïzïhð.í�i^î�gjd4í eId6� d4epf ê kFf

E = (d0, d1)
ö�� ê i£gji −∞ ≤

d0 < d1 ≤ ∞
ö
g : E → R

��ï�kq��d4eJfh�ÙeJðId4ðIï/ïjfhgh���£fhlÙQ ì�dGïh�Ùfh�Ùë=iNîWð.eI�£fh��d4eMöÓkFeIo
ϕ ∈ L1

loc

��ï}eId4e.eIi��JkFfh�Ùë=iGü � eòf ê ��ï�ïji��£fh��d4eE�Íi{ïhfhðIoCQNf ê i �Igjïhf�d4gjo.i£gvoC����i£gji£eRfh��kFl
d4ì�i£gzkFfjd4gjï

A0
kFeIo

A
� ê ��� ê kFgjiEí�i6kFe.�Ùe��4î�ð.lÈî�d4gýkFeJQ î�ð.eI�£fh��d4e

u ∈ L1
loc

î�d4g
� ê ��� ê

gu ∈ AC ü � i}���ÙlÙl0o.i��IeIiÈf ê iÈd4ì�i£gzkFfjd4gjï
A0

kFeIo
A
d4eýïjð.�ÙfzkFP.l�iÈo.d4í�kF�ÙeIï

D(A0)
kFeIo D(A)

ïjdvf ê kFf'f ê i£Q�kFgji �=i£eIi£gzkFfjd4gjïBdFî0��d4ghgji�ïhì�d4eIoC�Ùe�� ïzi£í^�	�Ggjd4ð.ìIïBk4ï
o.i�ïj�£gh�ÙP�i�o/�Ùe ��i��£fh��d4eEøCü

�R�ÙeI��i
1/g, ϕ/g ∈ L1

loc

öC�Íi��6kFe¥o.i��IeIi

bWúIüÙ÷�m
G(x) =

x

x0

1

g(z)
dz

kFeIo
Q(x) =

x

x1

ϕ(z)

g(z)
dz,

� ê i£gji
x0 = d0

kFeIo
x1 = d0

� ê i£eUf ê iý�ÙeRfji��GgzkFl�ï�i�����ïjf�î�d4g�kFlÙl
x

�d4f ê i£gh����ïziGö

x0
ö
x1

kFgjiÓkFeJQ�ì�d4�ÙeJfjï��Ùe
E
ü éÓê iÍî�ð.eI�£fh��d4e

G
��ï�ïhfhgh���£fhlÙQ�í�d4eId4fjd4eIiGöG��d4eJfh�ÙeRðId4ðIïhlÙQ

oC���0i£gji£eJfh��kFP.l�i d4e
E
ö
G(d0) ∈ {0,−∞} ö�kFeIo G(d1)

��ï}i£�Ùf ê i£g �Ie.�Ùfji�d4g�i
	Jð�kFl�fjd
+∞ ü éÓê iÜîWð.eI�£fh��d4e

Q
��ï%í�d4eId4fjd4eIi����Ùf ê

Q(d0) ∈ {0,−∞} kFeIo Q(d1)
��ïÍi£�Ùf ê i£g

�Ie.�ÙfjiNd4g�i
	Rð�kFl�fjd
+∞ ü

G
��ï^�ÙeJë=i£ghfh�ÙP.l�i¥���Ùf ê

G−1 �Bi£lÙl�o.i��IeIi�o d4e
G(E)

ü � î
G(E) 6= R

ö%f ê i£eu�Biòi��Cfji£eIo
G−1 ��d4eJfh�ÙeJðId4ðIïjlÙQ ïjdpf ê kFf

G−1(R \ G(E)) =
{d0, d1}

ü éÓê i�î�d4ghí�ð.l�k

a(t, x) = G−1(G(x) + t), x ∈ E, t ∈ R,
o.i��IeIi�ïqk í�d4eId4fjd4eIi ��d4eRfh�ÙeJðId4ðIïqîWð.eI�£fh��d4e2�Ùe i6k4� ê ë4kFgh��kFP.l�iU���Ùf ê ëGkFlÙðIi�ï#�Ùe
[−∞,∞]

� ê ��� ê ��ï�k#ïjd4lÙð.fh��d4e dFî¥b�÷Gü¿ù=m£ü � î
G(d1) = +∞ f ê i£e

πtx = a(t, x)��ï �Ie.�ÙfjiNî�d4gýkFlÙl
t ≥ 0

ö
x ∈ E

öÍkFeIo
πt(E) ⊆ E

ö
t ≥ 0

ü � euf ê iN�6k4ïziN� ê i£e
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|G(d0)| = G(d1) = ∞ f ê i ë4kFlÙðIi
a(t, x)

��ï �Ie.�Ùfji�î�d4gvkFlÙl
t ∈ R kFeIo

x ∈ E ö�ïjdf ê kFfÜ�Bi ê k�ë=iGö.�ÙeNî�k4�£f6öIk���d��
πt

d4e
E
ïhðI� ê f ê kFf

πt(E) = E
ü

� d4g
t > 0

�Bi�o.i��IeIivf ê i�d4ì�i£gzkFfjd4gjï
P0(t)

kFeIo
S(t)

d4e
L1 PRQ

P0(t)u(x) = 1E(π−tx)u(π−tx)
g(π−tx)

g(x)
, x ∈ E, u ∈ L1,

bWúIü¿ù=m

S(t)u(x) = eQ(π−tx)−Q(x)P0(t)u(x), x ∈ E, u ∈ L1.
bWúIü¿ø=m

t�XMZ � r0Z
| ú
] �n�
G(d1) = +∞ �W�C�£� {P0(t)}t≥0

�n¢���¢��>�6���C�F¢������ ¢��£� �6+4�h�-#$!
�4�
� {S(t)}t≥0

��¢��7!C�F¢��W�����F�Ü¢����h�4�,+-�Ý� �z�4�����W��#C��#J¢È�z�4�����h�=�������4�ý¢����{�6+4�h�-#�!ò�4�
L1 �

3Ó���6�h� �
P0(t)

��ï�k^ïhfjd�� ê k4ïhfh��� d4ì�i£gzkFfjd4g}P�i��6kFðIïzi��Ùf���ï}f ê i � gjd4P�i£e.�ÙðIï��Rÿ�i£ghgjd4e
d4ì�i£gzkFfjd4gýî�d4gýf ê i#fhgzkFeIï�î�d4ghí�kFfh��d4e

x 7→ πtx
ü �R�ÙeI��i

Q
��ïýeId4eIo.i��£gji6k4ïh�Ùe�� kFeIo

t 7→ πtx
��ïÜ�ÙeI�£gji6k4ïh�Ùe��Iö.�Íi�kFlÙ�Bk�QCï ê k�ë=i

eQ(π−tx)−Q(x)1E(π−tx) ≤ 1E(π−tx).
�Èi£eI��i

S(t)
��ï�kBì�dGïj�Ùfh�Ùë=i%��d4eJfhgzk4�£fh��d4eMü é d�� ê i��jþvf ê iÍïji£í^�	�Ggjd4ð.ì�ì.gjd4ì�i£ghf@Q�d4PIïji£ghë=i

f ê kFf��Éî
x ∈ E kFeIo

π−s−tx ∈ E
ö0f ê i£e

πs(π−s−tx) ∈ E ö�PJQpk4ïjïhð.í^ì.fh��d4eMö�kFeIo
f ê ðIï

πs(π−s−tx) = π−tx ∈ E
ü � ð.ghf ê i£ghí�d4gjiGö��Éî

x ∈ E
kFeIo

π−tx ∈ E
f ê i£e

π−s(π−tx) = π−s−tx
ü �}i£eI��i

1E(π−tx)1E(π−s(π−tx)) = 1E(π−s−tx),
� ê ��� ê ï ê d��ÜïÈf ê kFf

S(t)S(s)u(x) = S(s + t)u(x)
î�d4g

t, s ≥ 0, x ∈ E, u ∈ L1 ü
� �Ùe�kFlÙlÙQ=öJ�Bi�í�ðIïhfÍï ê d6� f ê kFf {S(t)}t≥0

��ïBïhfhgjd4e��GlÙQ���d4eRfh�ÙeJðId4ðIï6ü 
Mi£f
u ∈ Cc(E)

ö
� ê i£gji

Cc(E)
��ï{f ê i�ïhì�k4��iýdFî}��d4eRfh�ÙeJðId4ðIï�îWð.eI�£fh��d4eIï{� ê ��� ê kFgji�i
	Rð�kFlBfjd &6i£gjd

eIi6kFg�P�d4ð.eIoIkFgh��i�ï6ü � d4g�i£ë=i£ghQ
x ∈ E kFeIoqkFlÙlÍïhð����£��i£eRfhlÙQpïhí�kFlÙl

t > 0
�Íi ê k�ë=i

1E(π−tx) = 1
kFeIo

π−tx→ x
k4ï
t ↓ 0

ü �Bd4eIïji
	JðIi£eRfhlÙQ=ö

lim
t↓0

S(t)u(x) = u(x), x ∈ E,
� ê ��� ê ö�PJQ�f ê i 
Mi£P�i�ï*�GðIi�o.d4í^�Ùe�kFfji�oò��d4eJë=i£g*�=i£eI��i�f ê i�d4gji£íNö.�Ùí^ì.lÙ��i�ï

lim
t↓0
‖S(t)u− u‖ = 0.

�R�ÙeI��i
Cc(E)

��ï}k^o.i£eIïji�ïhð.PIïzi£fÜdFî
L1 öCf ê ��ïÜï ê d��ÜïÜf ê i�ïjfhgjd4e�����d4eJfh�ÙeRð.�Ùf@Q¥dFî�f ê i

ïji£í^�	�Ggjd4ð.ì {S(t)}t≥0
ü � îÜ�Bi�fzkFþ=i

ϕ ≡ 0
f ê i£e

S(t) = P0(t)
kFeIoÔ�Íi��=i£f�f ê i

�£l�kF�Ùí î�d4g {P0(t)}t≥0
ü

( d6�7�Íi���o.i£eJfh�Éî�Q�f ê i �=i£eIi£gzkFfjd4gjï}dFî<f ê i�ïzi£í^�	�Ggjd4ð.ìIïÜî�gjd4í éÓê i�d4gji£í úIü éÓê i
í�k&�C�Ùí�kFl�o.d4í�kF�ÙeñdFî

A0
�Ùe
L1 ��d4eIïj��ïhfjïýdFî kFlÙlÈîWð.eI�£fh��d4eIï

u ∈ L1 ïjðI� ê f ê kFf
A0u ∈ L1 ü éÓê i£e�f ê i��ÙeJfji��GgzkFP.�ÙlÙ�Ùf@Q�dFî

A0u
�Ùí^ì.lÙ��i�ïÍi��C��ïhfji£eI��i}dFîMf ê i �Ie.�ÙfjiÜlÙ�Ùí^�Ùfjï

bWúIü úRm
l0(u) := lim

x↓d0

g(x)u(x)
kFeIo

l1(u) := lim
x↑d1

g(x)u(x).

�7eIi���i�ïjïzkFghQ/��d4eIoC�Ùfh��d4eNî�d4g
A0

fjd �=i£eIi£gzkFfji�k^ïhfjd�� ê k4ïjfh����ïji£í^�	�Ggjd4ð.ì¥��ïÜf ê kFfÜf ê i
lÙ�Ùí^�Ùfjï

li
kFgji�i
	Jð�kFl>ü��}i��6kFlÙlMf ê kFf

u ∈ L1
ϕ

�Éî%kFeIoNd4e.lÙQ��Éî
u ∈ L1 kFeIo ϕu ∈ L1 ü
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t�XMZ � r0Z
| õI] �n�
G(d1) = +∞ �W�C�����W�C�Ü�"!.���h�G�>�4�

A0
�J���'���h���4���W�.���=�4���4�W�

bWúIü¿õ=m D(A0) = {u ∈ L1 : gu ∈ AC, A0u ∈ L1, lim
x↓d0

g(x)u(x) = 0}
�n¢v�W�.� +R�������h�G�>�4�{�����W�C��¢��£� �6+4�h�-#$! {P0(t)}t≥0

ö �G�
���W�C� �"!.���h�G�>�4�
A
�J���%���j���G�

D(A) = D(A0) ∩ L1
ϕ

��¢��W�C�+J�£�����h�G�>�4� �h� {S(t)}t≥0
�

�Ói�î�d4gji��Íi��G�Ùë=i�f ê iÜì.gjd�dFî0dFî éÓê i�d4gji£í õ��Íi �Igjïhf%ì.gjd�ëR��o.i��=i£eIi£gzkFl�ì.gjd4ì�i£ghfh��i�ï
dFî�f ê i�d4ì�i£gzkFfjd4g

A
ü�
Mi£f

λ > 0
ü���i��IeIivf ê i�î�ð.eI�£fh��d4e

rλ : E ×E → [0,∞)
PJQ

(4.6) rλ(x, y) = 1(d0,x)(y)
eQλ(y)−Qλ(x)

g(x)
,

� ê i£gji
Qλ(z) = λG(z) +Q(z),

kFeIo/f ê i�ì�dGïh�Ùfh�Ùë=ivlÙ�ÙeIi6kFg�d4ì�i£gzkFfjd4g
Rλ : L1 → L1 PJQ

bWúIü �Gm
Rλv(x) =

d1

d0

rλ(x, y)v(y) dy.

� Z
|�|�Y ÷J] ¡��£�
λ > 0

�����C���"!.���h�G�>�4�
Rλ

¢��G���n¢��B��¢

λ‖Rλv‖ ≤ ‖v‖, v ∈ L1.
. �G�#� �F�£���

v ∈ L1 � �¥���-�F� gRλv ∈ AC
�4�
�U�W�C�{�"#��
�������4�

u = Rλv
��¢#�

!C�4�£����� #,�Ù�4��¢£�-� #������4�E�n�
L1 �����W�C�{�	� #.�G�����4�

bWúIü )=m
λu−Au = v.

3Ó���6�h� �
Rλ

��ï%kFe^�ÙeJfji��GgzkFl�d4ì�i£gzkFfjd4g%���Ùf ê eId4e.eIi��JkFfh�Ùë=i�í�i6k4ïhð.gzkFP.l�iÜþ=i£gheIi£l
rλ
ü


 PIïji£ghë=ivf ê kFf

λrλ(x, y) ≤ 1(d0 ,x)(y)
λ

g(x)
eλ(G(y)−G(x)) î�d4g

x, y ∈ E.
éÓê ðIïÜî�d4gÜi£ë=i£ghQ

y ∈ E �Íi ê k�ë=i

λ

d1

d0

rλ(x, y) dx ≤ 1− e−λ(G(d1)−G(y)) ≤ 1,

P�i��6kFðIïji
G(d1) ≥ G(y)

öIï ê d6���Ùe��
λ‖Rλ‖ ≤ 1

ü �R�ÙeI��i
e−Q ∈ AC öC�Bi��6kFe/��gh�Ùfji

Au(x) = −e−Q(x) d

dx
(g(x)u(x)eQ(x))

î�d4g�kFlÙl
u
ïhðI� ê f ê kFf

gu ∈ AC ü � i ê k�ë=i

g(x)Rλv(x) = e−Qλ(x)
x

d0

eQλ(y)v(y) dy

kFeIo
Qλ(y) ≤ Qλ(α)

î�d4g�i£ë=i£ghQ
y ≤ α < d1

ö�f ê ðIï�f ê i{î�ð.eI�£fh��d4e
eQλv

��ï��ÙeRfji�ó
�GgzkFP.l�iýd4e_�ÙeRfji£ghë4kFl�ï

(d0, α]
î�d4g i£ë=i£ghQ

α < d1
ü �Èi£eI��iGö

gRλv ∈ AC
kFeIo

RλvïzkFfh��ï ��i�ï�bWúIü )=m£ü
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� Z
|�|�Y ùI] �n�
Qλ(d1) = +∞ �W�C���

Rλ(L1) ⊆ D(A)
�4�
�

Rλ(λu−Au) = u
�£�G�

u ∈ D(A).
3Ó���6�h� � � �Ùgjïhf��Bi�ï ê d�� f ê kFf

Rλ(L1) ⊆ D(A)
ü-
Mi£f

v ∈ L1 ü éÓê i£e gRλv ∈
AC

ö

|g(x)Rλv(x)| ≤
d1

d0

|g(x)rλ(x, y)| |v(y)| dy î�d4g
x ∈ E,

kFeIo |g(x)rλ(x, y)| ≤ 1(d0,x)(y)
î�d4g�kFlÙl

x, y ∈ E ü � gjd4í f ê i�o.i��Ie.�Ùfh��d4e/dFî
rλ

kFeIo
f ê i�k4ïjïjð.í^ì.fh��d4e

Qλ(d1) = +∞ �Ùf�î�d4lÙl�d6�ÜïÜf ê kFf

lim
x→di

|g(x)rλ(x, y)| = 0
î�d4g

y ∈ E.
�BQýf ê i 
Mi£P�i�ï*�GðIi�o.d4í^�Ùe�kFfji�oE��d4eJë=i£g*�=i£eI��i f ê i�d4gji£íNö

li(Rλv) = 0
ö
i = 0, 1

öIî�d4g
kFlÙl

v ∈ L1 ü �R�ÙeI��i |v| ∈ L1 öCf ê ivîWð.eI�£fh��d4e Rλ|v|
��ï}k{ì�kFghfh���£ð.l�kFg�ïjd4lÙð.fh��d4e¥dFî

(λ+ ϕ)Rλ|v| = |v|+A0(Rλ|v|)
kFeIo

li(Rλ|v|) = 0
î�d4g

i = 0, 1
ü��Èi£eI��i

d1

d0

(λ+ ϕ(x))Rλ|v|(x) dx =

d1

d0

|v(x)| dx,

� ê ��� ê ï ê d��Üï�f ê kFf ‖ϕRλ|v| ‖ <∞
kFeIo

Rλv ∈ L1
ϕ

ü � �Ùe�kFlÙlÙQ=ö6î�gjd4í bWúIü )=mM�Ùf�î�d4lÙl�d��Üï
f ê kFf

A0(Rλv) = (λ+ ϕ)Rλv − v ∈ L1.

( d6�2l�i£f
u ∈ D(A)

kFeIo
v := λu − Au ü �R�ÙeI��i u ∈ L1

ϕ

kFeIo
A0u ∈ L1 ö
�Bi

ê k�ë=i
v ∈ L1 kFeIo Rλv ∈ D(A)

ü �}i£eI��i
w := u− Rλv ∈ D(A)

kFeIo
Aw = λw.éÓê i �=i£eIi£gzkFl�ïzd4lÙð.fh��d4e

w
dFî�f ê ��ïÜi
	Rð�kFfh��d4eN��ïÜdFî�f ê i�î�d4ghí

w(x) = c
e−Qλ(x)

g(x)
, x ∈ E,

� ê i£gji
c
��ï�k{��d4eIïhfzkFeRf6ü éÓê ðIï

g(x)(u(x) −Rλv(x)) = ce−Qλ(x) î�d4g
x ∈ E.

� î |Q(d0)| = +∞ kFeIo
c 6= 0

ö0f ê i£e
ce−Qλ(λ + ϕ)/g

��ï�eId4fv�ÙeJfji��GgzkFP.l�iGöM� ê ��� ê
��d4eJfhgzk4oC���£fjï

u − Rλv ∈ D(A)
kFeIoÔ�Ùí^ì.lÙ��i�ï{f ê kFf

c = 0
ü � î

Qλ(d0) = 0
f ê i£e

l0(u−Rλv) = c
öC� ê ��� ê kFl�ïjd �G�Ùë=i�ï

c = 0
kFeIo/ï ê d6�ÜïÜf ê kFf

u = Rλv
ü

3Ó���6�h����� ���C�h�4�j������� �R�ÙeI��i
G(d1) = +∞ ö�f ê i�k4ïjïhð.í^ì.fh��d4eIï�dFî 
Mi£í^í�kòù

ê d4l�o i£ë=i£e � ê i£e
ϕ = 0

ü éÓê ðIï��Ùf���ï�i£eId4ð�� ê fjdpï ê d6� f ê kFf
(A,D(A))

��ï�f ê i
�=i£eIi£gzkFfjd4g�dFî {S(t)}t≥0

ü 
 PIïji£ghë=i^f ê kFf
L1 = Im(λ − A)

öMPJQ 
Mi£í^í�kNùCü �R�ÙeI��i
bWúIü )=m ê k4ï�k�ð.e.� 	RðIi�ïjd4lÙð.fh��d4e

u = Rλv
ö��Íi ê k6ë=i

Rλ = (λ−A)−1 î�d4g λ > 0
kFeIo

‖λu−Au‖ = ‖v‖ ≥ λ‖Rλv‖ = λ‖u‖ î�d4g
u ∈ D(A).
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éÓê i�d4ì�i£gzkFfjd4g
λRλ

��ï k¥ì�dGïh�Ùfh�Ùë=i���d4eRfhgzk4�£fh��d4eMü �BQ f ê i �}�ÙlÙl�i ���'dGïh��oIk¥f ê i�d4gji£íNö
f ê ivd4ì�i£gzkFfjd4g

A
��ï�k �=i£eIi£gzkFfjd4g}dFî<k ì�dGïh�Ùfh�Ùë=iv��d4eJfhgzk4�£fh��d4e#ïji£í^�	�Ggjd4ð.ìMü/
�i£f A P�i

f ê i �=i£eIi£gzkFfjd4g�dFî�f ê i�ïji£í^�	�Ggjd4ð.ì {S(t)}t≥0
ü � f�gji£í�kF�ÙeIï�fjd{ì.gjd6ë=i�f ê kFf A = A

ü
� �Ùgjïhf6öC�Biv���ÙlÙl�ï ê d��ñf ê kFf

R(λ,A)v = Rλv
î�d4g

v ∈ Cc(E), v ≥ 0.

Mi£f

v ∈ Cc(E)
ö
v ≥ 0

ü � i ê k�ë=i

R(λ,A)v = lim
t→∞

t

0

e−λsS(s)v ds,

� ê i£gjivf ê iv�ÙeRfji��GgzkFl���ï�kFeNi£l�i£í�i£eRf}dFî
L1 ïhðI� ê f ê kFf

( t

0

e−λsS(s)v ds
)

(x) =

t

0

e−λsS(s)v(x) ds.


Mi£f
x ∈ E

kFeIo
t > 0

ü ��i��IeIi
s∗(x) = sup{s > 0 : π−sx ∈ E} kFeIoUeId4fji

f ê kFf
π−s∗(x)x = d0

ü0c#kFþR�Ùe��/ðIïji^dFîÓf ê i î�d4ghí�ð.l�k�î�d4g
S(t)v

kFeIopf ê i î�k4�£fvf ê kFf
G(π−sx) = G(x)− s � ê i£e π−sx ∈ E

l�i6k4o.ï�fjd

t

0

e−λsS(s)v(x) ds =

t∧s∗(x)

0

eQλ(π−sx)−Qλ(x) v(π−sx)g(π−sx)

g(x)
ds.

�BQýk{� ê kFe��=i�dFî�ë4kFgh��kFP.l�i�ï�ö.�Íi�d4P.fzkF�Ùe

∣∣∣
t

0

e−λsS(s)v(x) ds −Rλv(x)
∣∣∣ ≤ 1

g(x)
e−Qλ(x)w(t, x),

� ê i£gji

w(t, x) =





π−tx

d0

eQλ(z)v(z) dz
�Éî
t < s∗(x),

0
�Éî
t ≥ s∗(x).

� i ê k6ë=i
w(t, x) ↓ 0

k4ï
t ↑ ∞ öCf ê ðIï

lim
t→∞

∥∥∥
t

0

e−λsS(s)v ds−Rλv
∥∥∥ = 0.

�R�ÙeI��i
Cc(E)

��ï�kÜo.i£eIïzi'ïhð.PIïji£f�dFî
L1 kFeIo�P�d4f ê d4ì�i£gzkFfjd4gjï λR(λ,A)

kFeIo
λRλkFgji�ì�dGïh�Ùfh�Ùë=i���d4eRfhgzk4�£fh��d4eIï6ö
f ê i£Q/kFgji���o.i£eJfh���6kFl>ü éÓê ��ï�ï ê d��Üï�f ê kFf D(A) = D(A)kFeIo

(λ−A)u = (λ−A)u
î�d4g

u ∈ D(A)
ö.� ê ��� ê ��d4í^ì.l�i£fji�ï�f ê i�ì.gjd�dFî�ü

� Z
|ÜY�r0` ÷J] 
 PIïji£ghë=i�f ê kFfÜ�Éî
G(d0) = −∞ f ê i£e¥f ê ivo.d4í�kF�ÙeòdFî

A0
��ï

D(A0) = {u ∈ L1 : gu ∈ AC, A0u ∈ L1}.
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�0ß�� ��� � 	�â6ä�â�èWç 	�ãKä�	 �JãKâ�è��1�Gß � e¥f ê ��ï�ïji��£fh��d4eò�Íi�k4ïzïhð.í�ivf ê kFf
g > 0

kFeIo
G(d1) = +∞ ü 
Mi£f

P : L1 → L1 P�i�kòïhfjdR� ê k4ïhfh����d4ì�i£gzkFfjd4g�kFeIopl�i£f C P�i�f ê id4ì�i£gzkFfjd4g

Cu(x) = − d

dx
(g(x)u(x)) − ϕ(x)u(x) + P (ϕu)(x), x ∈ (d0, d1),

o.i��IeIi�o d4e D(A) = D(A0) ∩ L1
ϕ

���Ùf ê D(A0)
k4ï��Ùe7bWúIü¿õ=m�ü �BQ ��i��£fh��d4e øCö<�Ùf

î�d4lÙl�d6�ÜïBî�gjd4í éÓê i�d4gji£í�ïÜú^kFeIo/õ�f ê kFfÓf ê i£gjiÈ��ïÜk�ì�dGïh�Ùfh�Ùë=iGöCïhfhgjd4e��GlÙQ���d4eRfh�ÙeJðId4ðIï6ö
��d4eJfhgzk4�£fh��d4e{ïji£í^�	�Ggjd4ð.ì {P (t)}t≥0

d4e
L1 � ê dGïji$�=i£eIi£gzkFfjd4g���ï�kFe�i��Cfji£eIïh��d4e�dFîCf ê i

d4ì�i£gzkFfjd4g
(C,D(A))

ü � e f ê ��ï'ïji��£fh��d4e^�Íi �G�Ùë=i�ïjð����£��i£eJf'��d4eIoC�Ùfh��d4eIï%î�d4g {P (t)}t≥0fjd{P�i�k{ïhfjd�� ê k4ïhfh����ïzi£í^�	�Ggjd4ð.ìòkFeIoNïhfhðIoCQ��Ùfjï�k4ïhQ�í^ì.fjd4fh���vì.gjd4ì�i£ghfh��i�ï6ü
��i��IeIivf ê i�d4ì�i£gzkFfjd4g

R0
d4e D(R0) = {v ∈ L1 : R0v ∈ L1} PJQ

R0v(x) =

d1

d0

r0(x, y)v(y) dy,
� ê i£gji

r0(x, y) = 1(d0 ,x)(y)
1

g(x)
eQ(y)−Q(x).

� e �=i£eIi£gzkFl>ö
R0

í�k�QýP�i�kFe¥ð.eJP�d4ð.eIo.i�o¥d4ì�i£gzkFfjd4g6ü � i ê k�ë=i

ϕ(x)R0v(x) =

d1

d0

ϕ(x)r0(x, y)v(y) dy

î�d4gÜi£ë=i£ghQ
v ∈ D(R0)

ü �R�ÙeI��i
Q
��ï�eId4eIo.i��£gji6k4ïh�Ùe��Iö

d1

d0

ϕ(x)r0(x, y) dx =

d1

y

ϕ(x)

g(x)
eQ(y)−Q(x) dx = 1− eQ(y)−Q(d1) ≤ 1

î�d4gBi£ë=i£ghQ
y ∈ E ü éÓê ðIïÓf ê iÈd4ì�i£gzkFfjd4g ϕR0

�6kFe�P�i}ð.e.� 	JðIi£lÙQ�i���fji£eIo.i�o0ö����Ùf ê f ê i
ïzkFí�i'î�d4ghí�ð.l�kCö�fjd�k�ì�dGïh�Ùfh�Ùë=iB��d4eJfhgzk4�£fh��d4e�d4e

L1 ü 
 PIïzi£ghë=i'f ê kFf ϕR0
��ï�ïjfjdR� ê k4ïhfh���

�Éî%kFeIoNd4e.lÙQ��Éî
Q(d1) = +∞ ü

��i��IeIivf ê i�d4ì�i£gzkFfjd4g
K

PJQ
b�õCüÙ÷�m

Ku = P (ϕR0)u
î�d4g

u ∈ L1.
�R�ÙeI��i

P
��ï�k ïhfjd�� ê k4ïhfh���Èd4ì�i£gzkFfjd4g6ö

K
��ïÓïhfjd�� ê k4ïhfh���}�Éî�kFeIoýd4e.lÙQ��Éî

Q(d1) = +∞ ü
t�XMZ � r0Z
| �I] ��¢z¢"#������W���G�

Q(d1) = +∞ �
�n���W�C�/�"!.�£���G�>�G�

K
���F¢ý�G�Ô�W���K�G�����4���v�J���I¢������

v∗ > 0
���W�	���W�C�£� {P (t)}t≥0�n¢/� ¢��>�6���C�F¢������/¢6���{� +G���-#$!�� � �4�h�j�-�F��� ö � � {P (t)}t≥0

�n¢ !C�G�������-���Û� �W���@�5+4�h�-�}�G�
�
R0v∗ ∈ L1 �W�C��� {P (t)}t≥0

��¢ò�F¢��4� !��>�G�����z�-�2�Ý�p¢£�>�10 ��� � �W�W� �W���K�4�����4���{�J���.¢��W���
u∗ = R0v∗/‖R0v∗‖

�
� �G���F����¢�� �Ý� ö � � {P (t)}t≥0

���F¢ý�G� �n���F�4�����4���v�J�£�.¢������
u∗ ∈ D(A)

�W�C�£�u�W�C�
�J���I¢������

P (ϕu∗)/‖ϕu∗‖
�n¢��W���K�G�����4�����£�4���W�.��� !.���h�G�>�4�

K
�

3Ó���6�h� � éÓê ivd4ì�i£gzkFfjd4g
R1 = R(1, A)

k4ï�o.i��IeIi�oý�ÙeqbWúIü �GmBï�kFfh��ï ��i�ï
(ϕR1)u ≤

(ϕR0)u
î�d4gBi£ë=i£ghQ�o.i£eIïh�Ùf,Q

u
öR� ê ��� ê ��ïBoCðIi}fjd�f ê i�î�k4�£fÓf ê kFf

ϕ ≥ 0
kFeIo

r1 ≤ r0
ü

�R�ÙeI��i
P
��ïvk�ì�dGïh�Ùfh�Ùë=i�d4ì�i£gzkFfjd4g6ö��Íi ê k6ë=i

P (ϕR(1, A))v∗ ≤ v∗
kFeIo {P (t)}t≥0��ïÓk�ïhfjd�� ê k4ïjfh���}ïji£í^�	�Ggjd4ð.ìMöRPJQ éÓê i�d4gji£í�ïÓø kFeIoýùCü ( d6� l�i£f

C
P�i�f ê i��=i£eIi£gzkFfjd4g



� � ��Õ4��Õ=��Ìz½��£¸,ÒÈÌz·4ÂÈ��Õ4�IÒ�Å@Ìz·KÏ��%Ì�Î�¾��Kº���Ì

dFî {P (t)}t≥0
ü � gjd4í b�øCüÙ÷�m'�Ùf'î�d4lÙl�d6�ÜïÓf ê kFf

R(1, C)u ≥ R1u
î�d4gÓi£ë=i£ghQ�o.i£eIïj�Ùf@Q

u
ü

�R�ÙeI��i�f ê i£gji���ïÈk
b(u) ∈ E ïhðI� ê f ê kFf

R1u(x) > 0
î�d4g

x ≥ b(u)
ö�f ê i�ïhfjd�� ê k4ïhfh���

d4ì�i£gzkFfjd4g
R(1, C)u

d�ë=i£ghl�kFìIïvïhð.ì.ì�d4ghfjï�ü �}i��6kFlÙl�f ê kFf
u∗

��ï�k�ïhfzkFfh��d4e�kFghQEo.i£eIïh�Ùf@Q
î�d4g'f ê i�ïzi£í^�	�Ggjd4ð.ì {P (t)}t≥0

�Éî�kFeIo�d4e.lÙQ^�Éî
u∗ ∈ D(C)

kFeIo
Cu∗ = 0

ü � i ê k6ë=i

v∗ = P (ϕR0)v∗ = ‖R0v∗‖P (ϕu∗).
� f���ï�i6k4ïh�ÙlÙQ ïji�i£e_f ê kFf

u∗ ∈ D(A)
kFeIo

Au∗ = −v∗/‖R0v∗‖
ü �}i£eI��i

Cu∗ = 0kFeIo éÓê i�d4gji£í ÷�kFì.ì.lÙ��i�ï6ü
� �Ùe�kFlÙlÙQ=ö�ïhð.ì.ì�dGïzi{f ê kFf

P (t)u∗ = u∗
î�d4g�kFlÙl

t ≥ 0
���Ùf ê

u∗ ∈ D(A)
ü �R�ÙeI��i

D(A) ⊂ L1
ϕ

kFeIo
Cu∗ = Au∗ + P (ϕu∗)

ö��Íi�d4P.fzkF�Ùe −Au∗ = P (ϕu∗)
ü éÓê ðIï

v := P (ϕu∗) ∈ L1 kFeIo
Kv = P (ϕR0v) = −P (ϕR0Au∗)

ü � f���ï{i6k4ïh�ÙlÙQ_ïji�i£e
f ê kFf

R0Au∗ = −u∗
kFeIoý�Íivgji���d�ë=i£g�f ê i��£l�kF�ÙíNü

� Z
|ÜY�r0` ùI] 
 PIïji£ghë=iýf ê kFf^� ê i£e
ϕ(x) ≥ b > 0

î�d4g�kFlÙl
x
ö�f ê i£e f ê i/d4ìCó

i£gzkFfjd4g
R0

��ïvP�d4ð.eIo.i�o0ö0f ê ðIï
R0 = R(0, A) = −A−1 kFeIo

R0v∗
��ïv�ÙeJfji��GgzkFP.l�iGü

cEd4gji�d6ë=i£g6öC�Éî
ϕ
��ï�k���d4eIïhfzkFeJfÓî�ð.eI�£fh��d4eMö

ϕ ≡ b öJf ê i£e (C,D(A))
��ïBf ê i��=i£eIi£gzkFfjd4g

dFî {P (t)}t≥0
ö.PJQ/f ê i�ÿ ê �ÙlÙlÙ�ÙìIï}ì�i£ghfhð.ghP�kFfh��d4eEf ê i�d4gji£íNö
kFeIo

K = P (bR(b, A0))
ü

� e_f ê kFf��6k4ïjiGö�f ê i�gji£l�kFfh��d4e P�i£f@�Íi�i£e f ê i��ÙeRë4kFgh��kFeRf�o.i£eIïh�Ùfh��i�ï î�d4g f ê iýd4ì�i£gzkFfjd4g
K

kFeIoNf ê i�ïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
kFgji�k^��d4eIïzi
	JðIi£eI��i�dFî%f ê i�i
	Jð�kFfh��d4e Cu∗ = 0� ê ��� ê ��ï�eId6�

A0u∗ − bu∗ + bPu∗ = 0
b�ïzi�i�kFl�ïjdNôÙ÷£ú4ûWm�ü

� i£eIi£gzkFl�ïhð����£��i£eJfÍ��d4eIoC�Ùfh��d4eIï<î�d4g%i�����ïhfji£eI��i�dFî��ÙeJëGkFgh��kFeJfÍo.i£eIïh�Ùfh��i�ï<î�d4g<ïhfjdR� ê ó
k4ïhfh���^d4ì�i£gzkFfjd4gjï ê k�ë=i{P�i�i£epïhð.í^í�kFgh�6&6i�o PRQ_ôÙ÷6ù.ö ��i��£fh��d4e_õKûÍkFeIo ô¿ù��Kû@ü � i{eId��
oC��ïj�£ðIïjï�� ê i£eÔk¥ïhfjdR� ê k4ïhfh����ïzi£í^�	�Ggjd4ð.ì {P (t)}t≥0

��ï�ì�kFghfh��kFlÙlÙQ �ÙeJfji��GgzkFl>ü�
Mi£f
PP�iÜf ê i}fhgzkFeIïh�Ùfh��d4e�d4ì�i£gzkFfjd4gÓ��d4ghgji�ïhì�d4eIoC�Ùe�� fjd{k�ïhfjd�� ê k4ïhfh���}þ=i£gheIi£l J ü � î0f ê i£gji}��ïk �Ód4gji£lMí�i6k4ïhð.gzkFP.l�i�îWð.eI�£fh��d4e

p : E ×E → [0,∞)
ïjðI� ê f ê kFf



E



E

p(x, y)ϕ(y) dy dx > 0
kFeIo J (x,B) ≥



B

p(y, x) dy, B ∈ B(E),

f ê i£e {P (t)}t≥0
��ï�ì�kFghfh��kFlÙlÙQu�ÙeJfji��GgzkFl^ôÙ÷ ��öÈ÷>�Kû@ü ( d6��öÍ�Éî P ��ï�f ê i � gjd4P�i£e.�ÙðIï �

ÿ�i£ghgjd4e_d4ì�i£gzkFfjd4g���d4ghgji�ïhì�d4eIoC�Ùe��¥fjd¥k�eId4eIïh�Ùe��Gð.l�kFg�fhgzkFeIï�î�d4ghí�kFfh��d4e
σ : E → Ef ê i£e J (x,B) = 1B(σ(x))

ö
x ∈ E

ö
B ∈ B(E)

ö%kFeIoU�Bi ê k�ë=iýf ê i�î�d4lÙl�d6���Ùe��
gji�ïhð.lÙf6ü

� r ����� ��Tns�T � wñ÷¥b�ôÙ÷ ��ö�÷>�KûWm�] ¡��£�
σ : E → E

0z�^�j�4�����W��#.�-#R¢"�Ý�ý�4� �}���j���������10 ���
� ���W� σ′(x) 6= 0

���4���-�Ý�^�4¢��Í� �4�����
x ∈ E �4�
�

P
0j���W�C� . �h�10j�����2#R¢�ª43������h�4�p�"!.�£� �

�G�>�4�/�j�4���j��¢ !C�G�
�4�W�,+q�>�
σ
�B�È¢�¢"#����ý�W���G�v�W�C��¢����{�6+4����#�! {P (t)}t≥0

��¢�¢��>�6�£���F¢ �
�����
� �n�Ô�W�C���j�Ô��¢

x̄ ∈ E
¢ #C�£�7�W���G�

ϕ
��¢Ô�z�4�����W��#C��#J¢ �G�

x̄
ö
ϕ(x̄) > 0

ö �4�
�
g(σ(x̄)) 6= σ′(x̄)g(x̄)

�W�C��� {P (t)}t≥0
�n¢�!C�4�£�������2�Ý���W���@�5+4�h�-� �

�Mß�� 	 �RçJè���ç �	������	 ���1�Gß �Èï<í�i£eJfh��d4eIi�o��Ùe�f ê i��ÙeJfhgjd�oCðI�£fh��d4eMöJ�BiÜ�Íi£gji}d4gh�	�4ó
�Ùe�kFlÙlÙQ�í�d4fh�ÙëGkFfji�o^PRQ�f ê iB�Íd4ghþ{dFî2
�k4ïzd4fzk�i£f<kFl>üCôÙ÷6øFû.� ê d.ö4�Ùe{fhð.gheMö4�Íi£gjiÓfhghQ��Ùe���fjd
ð.eIo.i£gjïhfzkFeIo¥f ê i�i��Cì�i£gh�Ùí�i£eRfzkFlÙlÙQ¥d4PIïji£ghë=i�oòk4ïjQRí^ì.fjd4fh����ì.gjd4ì�i£ghfh��i�ï}dFî<��i£lÙl�ì.gjd4ìCó
i£ghf@Q/o.i£eIïh�Ùfh��i�ï��Ùe¥��i£lÙlÙð.l�kFg�ì�d4ì.ð.l�kFfh��d4eIïÜ�ÙeEk �Ggjd6��f ê ì ê k4ïjiGü éÓê ��ïÜl�i�o0öIe�kFfhð.gzkFlÙlÙQ=ö
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fjd�k���d4eIïh��o.i£gzkFfh��d4eýdFî�oCQRe�kFí^����ïBïhðI� ê f ê kFf
g > 0

î�d4g
x ∈ (d0, d1)

k4ïÍ��d4eIïj��o.i£gji�o
�Ùe���i��£fh��d4eIï�úEkFeIoÔõCö�kFeIoqf ê i£gji�kFgji�k/eJð.í�P�i£g{dFîÜ��d4eI�£gji£fji�ïj�Ùfhð�kFfh��d4eIï��Ùe_f ê ��ï
�6kFfji��=d4ghQ/fjd^� ê ��� ê �Íi��6kFeòkFì.ì.lÙQ/d4ð.g�gji�ïhð.lÙfjï6ü éÓê ��ï}ïji��£fh��d4e¥�ÙlÙlÙðIïjfhgzkFfji�ï�ïjd4í�i�dFî
f ê i�ïjiGü ��i£ë=i£gzkFl0dFîMf ê iÈi��IkFí^ì.l�i�ï�kFgji}oCgzk6��e�îWgjd4í f ê i ��i£l�oýdFî���i£lÙl��£Q��£l�i}þ��ÙeIi£fh����ï6ö
� ê �Ùl�i�d4f ê i£gjï��ÙlÙlÙðIïhfhgzkFfjivf ê iveIi���i�ïjïj�Ùf@QýdFî���i£ghfzkF�Ùe#k4ïjïhð.í^ì.fh��d4eIï6ü

�Rð.ì.ì�dGïji��Igjïjf'f ê kFf%f ê i�gji�ïji£f<î�ð.eI�£fh��d4e���ï �G�Ùë=i£e�PJQ
σ(x) = x−%(x)

öG� ê i£gji
%��ï�k^��d4eRfh�ÙeJðId4ðIïhlÙQNoC���0i£gji£eJfh��kFP.l�i�î�ð.eI�£fh��d4eN���Ùf ê

%′(x) < 1
ü éÓê i£eNf ê ivfhgzkFeIïh�Ùfh��d4e

d4ì�i£gzkFfjd4g
P

��ï�dFî�f ê i/î�d4ghí
Pu(x) = λ′(x)u(λ(x))1E(λ(x))

öB� ê i£gji
λ(x) =

σ−1(x)
��ï�f ê iv�ÙeRë=i£gjïji�dFî

σ
ö�kFeIo/�Bi ê k�ë=ivf ê i�i£ë=d4lÙð.fh��d4e¥i
	Jð�kFfh��d4e

∂u(t, x)

∂t
= −∂(g(x)u(t, x))

∂x
− ϕ(x)u(t, x) + u(t, λ(x))ϕ(λ(x))λ′(x)1E(λ(x)).

� î
Q(d1) = ∞ f ê i£e_f ê i�ïhfjdR� ê k4ïhfh����d4ì�i£gzkFfjd4g

K
k4ï�o.i��IeIi�oq�Ùe*b�õCüÙ÷�m���ï�dFîÓf ê i

î�d4ghí

b �CüÙ÷�m
Ku(x) = λ′(x)

ϕ(λ(x))

g(λ(x))
1(d0 ,d1)(λ(x))

λ(x)

d0

eQ(y)−Q(λ(x))u(y) dy,

� ê ��� ê ��ï�f ê iòfhgzkFeIïh�Ùfh��d4eñd4ì�i£gzkFfjd4gý��d4ghgji�ïjì�d4eIoC�Ùe��Ufjd b�÷Gü úRm£öÍ� ê i£gji
T (a, τ) =

σ(Q−1(Q(a) + τ))
ü

��� Y�| � [RZE÷J] 
�k4ïzd4fzkvkFeIo^cEk4�zþ=i£QýôÙ÷G÷�û���d4eIïj��o.i£gji�o�kÈë=i£ghQ��=i£eIi£gzkFlI��i£lÙlI�£QC�£l�i
í�d�o.i£lCî�d4g<f ê iÜi£ë=d4lÙð.fh��d4e�dFî�f ê i�oC��ïhfhgh�ÙP.ð.fh��d4e�dFî @í^�Ùfjd��=i£e ��kFf%��i£lÙlIP.�Ùghf ê �Ùe^� ê ��� ê
g
�Ók4ï}k

C1 îWð.eI�£fh��d4e¥d4e [0, 2l)
ïhðI� ê f ê kFf

g(x) > 0
î�d4g

x > 0
kFeIo

G(2l) =∞ ö
� ê i£gji

l
��ï��Ie.�Ùfji�d4g�eId4f6ü � ð.ghf ê i£g6ö

ϕ
�Bk4ï�k���d4eJfh�ÙeJðId4ðIï�î�ð.eI�£fh��d4e¥d4e

[0, 2l)
ïjðI� ê

f ê kFf
ϕ(0) = 0

ö

lim inf
x→2l

ϕ(x) > 0
� ê i£e

l <∞ kFeIo
lim inf
x→∞

q(x) > 0,

� ê i£gji
q(x) = ϕ(x)/g(x)

ü � e*f ê i£�ÙgNí�d�o.i£l
λ(x) = 2x

ü éÓê i£Q �Íi£gjipkFP.l�i#fjd
ï ê d��7f ê kFfÈïhðI����i�ïjïh�Ùë=i �=i£eIi£gzkFfh��d4eIï ê k4oòo.i£eIïh�Ùfh��i�ï�i£ë=d4lÙëR�Ùe���ð.eIo.i£g}f ê i k4�£fh��d4eEdFî
k{ïhfjd�� ê k4ïhfh����d4ì�i£gzkFfjd4g

Ku(x) = 2q(2x)

2x

0

exp
[
−

2x

y

q(z) dz
]
u(y) dy

î�d4g
0 < x < l

kFeIo/f ê kFf
K

��ï�k4ïhQ�í^ì.fjd4fh���6kFlÙlÙQNïhfzkFP.l�iGü

��� Y�| � [RZ7ùI] �Bð.�Ùl�oC�Ùe�� d4e*f ê ��ïýí�dRo.i£lvc#k4�jþ=i£Q i£f/kFl>ü�ôÙ÷�Fû�fjdRd4þ
g(x) =

x(2− x)/b
kFeIo

ϕ(x) = S(x− 1)1(1,2)(x)
���Ùf ê

b, S > 0
kFeIo

x ∈ (0, 2)
fjd �If�k

eJð.í�P�i£gvdFî �W� �6������� ��i£lÙl<�£QC�£l�i�oIkFfzk�ïji£fjï6ü � �Ùf ê f ê i�ïji � ê d4����i�ïÈî�d4g
g
kFeIo

ϕ
�ÙfÈ��ï

ïhfhgzkF�	� ê f�î�d4gh�ÓkFgjo¥fjd^ï ê d��ñf ê kFfÜf ê ivð.e.� 	RðIi�ïhfzkFfh��d4e�kFghQ/o.i£eIïh�Ùf,Q�dFî�í^�Ùfjd��=i£e¥��ï

v∗(x) = Sb · 2Sb(x− 1/2)[x(1 − x)]Sb/2−1 î�d4g
x ∈ (1/2, 1).



� 7 ��Õ4��Õ=��Ìz½��£¸,ÒÈÌz·4ÂÈ��Õ4�IÒ�Å@Ìz·KÏ��%Ì�Î�¾��Kº���Ì

�Èïjïhð.í�i�f ê kFf
E = (d0,∞)

kFeIo
Q(∞) =∞ ü � i��6kFeNgji£��gh�Ùfji�f ê i�d4ì�i£gzkFfjd4g

K
�G�Ùë=i£eNPJQqb �CüÙ÷�mB�Ùe/f ê ivî�d4ghí

b �Cü¿ù=m
Ku(x) =

λ(x)

d0

− ∂

∂x
(eQ(y)−Q(λ(x)))u(y) dy.

�ÈïhQRí^ì.fjd4fh����ì.gjd4ì�i£ghfh��i�ï�dFî�f ê ��ïÜd4ì�i£gzkFfjd4g ê k�ë=ivP�i�i£e/�Íi£lÙlMïjfhðIoC��i�opô )Cö0÷6øCöIøCö0÷�)Fû@ü
� r ����� ��Tns�T � w ù#b�ô )KûWm�] �È¢z¢ #R�����W���G�

ϕ(x) > 0
���4�

x > d0
�4���

Q(d0) = 0
�

�n�
b �Cü¿ø=m

lim inf
x→∞

(Q(λ(x)) −Q(x)) > 1

�W�C���
K

�F¢/�R���%���h�q�W� b �Cü¿ù=m ���F¢N�#¢£��������� �Ý� !C�F¢��������F�/�W���K�G�����4�����R���.¢������p�4�
�p� �
Q(λ(x))−Q(x) ≤ 1

���4���-���
x > d0

�W�%���F¢��
���n�
�K�4�����4�
�'�J���.¢��W�����
� Z
|ÜY�r0`ñøI] éÓê i�k4ïjïhð.í^ì.fh��d4e

Q(d0) = 0
�6kFe.eId4f�P�i d4í^�Ùfhfji�op�Ùe#ÿ%gjd4ì�dGïh�Éó

fh��d4eòùCöIk4ï�f ê ivî�d4lÙl�d����Ùe���i��IkFí^ì.l�i�ï ê d6�Üï�ü

�i£f

E = (0,∞)
ö
λ(x) = 2x

ö�kFeIo
Q(x) = b log x

ü éÓê i�d4ì�i£gzkFfjd4g
K

��ï�eId��

Ku(x) =
b

2bxb+1

2x

0

ybu(y) dy.

� îÜ�Íi�fzkFþ=i
u(x) = 1/x

f ê i£e
Ku(x) = u(x)

î�d4g{kFlÙl
b > 0

ü éÓê ��ï�ï ê d��Üï�f ê kFf
K

ê k4ï�k�ïhð.P.�ÙeRë4kFgh��kFeRf}î�ð.eI�£fh��d4eE� ê ��� ê ��ï}ïjfhgh���£fhlÙQ/ì�dGïh�Ùfh�Ùë=i kFeIo¥eId4f}�ÙeJfji��GgzkFP.l�iGü
�R�ÙeI��i

K
d6ë=i£ghl�kFìIïBïhð.ì.ì�d4ghfjï�ö4�Ùf ê k4ï<eId��ÙeJëGkFgh��kFeJfBo.i£eIïh�Ùf@Q/ôÙ÷�)Cö ��i£í�kFghþ �Kû.î�d4g'kFeJQ

b > 0
ö.P.ð.f���d4eIoC�Ùfh��d4e_b �Cü¿ø=m ê d4l�o.ï�� ê i£eIi£ë=i£g

b log 2 > 1
ü

��� Y�| � [RZ#øI] �Bd4eIïj��o.i£gÜf ê i�î�d4lÙl�d6���Ùe��^î�ð.eI�£fh��d4eIï	�

g(x) = k, k > 0, ϕ(x) = pxα, p > 0, α > −1, λ(x) = 2x, x > 0.
� i ê k�ë=i

G(x) = kx
kFeIo

Q(x) = bxα+1/(α + 1)
ö�� ê i£gji

b = p/k
ü éÓê i�d4ìCó

i£gzkFfjd4g
K

ê k4ï�k#ïhfhgh���£fhlÙQqì�dGïh�Ùfh�Ùë=iý�ÙeRë4kFgh��kFeRf�o.i£eIïh�Ùf,Q=ö<PJQUÿ<gjd4ì�dGïh�Ùfh��d4e ùCü éÓê ðIï
f ê i�ïzi£í^�	�Ggjd4ð.ì {P (t)}t≥0

��ï}ïhfjd�� ê k4ïhfh���Gö�PJQ éÓê i�d4gji£í �Cö�kFeIoN�ÙfÜ��ï�ì�kFghfh��kFlÙlÙQ/�ÙeCó
fji��GgzkFl>ö.PRQ�ÿ<gjd4ì�dGïh�Ùfh��d4eq÷Gö.ïh�ÙeI��i

g(x/2) 6= g(x)/2
î�d4gÜkFlÙl

x
ü éÓê ivo.d4í�kF�Ùe¥dFî�f ê i

d4ì�i£gzkFfjd4g
A
��ï

D(A) =
{
u ∈ L1[0,∞) : u(0) = 0, u ∈ AC, u′ ∈ L1,

∞

0

xα|u(x)| dx <∞
}
.

éÓê ivïhfzkFfh��d4e�kFghQýo.i£eIïh�Ùf@Q
u∗ ∈ D(A)

î�d4g�f ê ivïji£í^�	�Ggjd4ð.ì {P (t)}t≥0
��ïÜk{ïjd4lÙð.fh��d4e

dFî�f ê i�i
	Jð�kFfh��d4e

u′(x) = −bxαu(x) + 2b(2x)αu(2x), x > 0,
kFeIo/��ï �G�Ùë=i£e¥PJQ

u∗(x) =

∞∑

n=0

cne
−Q(2nx),

� ê i£gji
cn =

2α+1

1− 2n(α+1)
cn−1, n ≥ 1,



� B 4 ��� � �"!���4�G G9��4&!0���	B ��� 3�. % �	�	3�4 ��4���FH3�C/��� I�FH3*����!+!"��! � @

kFeIo
c0
��ï�k�eId4ghí�kFlÙ�6&��Ùe�����d4eIïhfzkFeRf6ü éÓê ivïhfzkFfh��d4e�kFghQ�o.i£eIïj�Ùf@Q

v∗
î�d4gBf ê i�d4ì�i£gzkFfjd4g

K
��ï �G�Ùë=i£eNPJQ

v∗(x) = cxαu∗(2x)
ö.� ê i£gji

c
��ï}k eId4ghí�kFlÙ�6&��Ùe�����d4eIïhfzkFeRf6ü

� i}��d4eJfh�ÙeRðIi}���Ùf ê f ê i}kFP�d6ë=i}i��.kFí^ì.l�iGöRP.ð.f'eId��u�Íi}fzkFþ=i
α = −1

kFeIo�ï ê d6�
f ê kFf�î�d4g���i£ghfzkF�ÙeÔëGkFlÙðIi�ï�dFî�f ê i�ì�kFgzkFí�i£fji£g

b
f ê i�ïji£í^�	�Ggjd4ð.ìq��ï ïhfjd�� ê k4ïhfh����kFeIo

î�d4g}d4f ê i£gjï}�Ùf���ï}eId4f6ü 
 PIïji£ghë=i�f ê kFf��Bi ê k6ë=i
Q(x) = b log x

öIf ê ðIïÈf ê i�d4ì�i£gzkFfjd4g
K

��ï�f ê ivd4ì�i£gzkFfjd4g�îWgjd4í �}i£í�kFghþýø�kFeIoý�ÙfÜ��ï�eId4f�k4ïhQ�í^ì.fjd4fh���6kFlÙlÙQNïhfzkFP.l�iGü
��� Y�| � [RZNú
] 
Mi£f�f ê i}î�ð.eI�£fh��d4eIï

g
kFeIo

λ
P�ivk4ïÓ�Ùe ���IkFí^ì.l�i�øCü 
Mi£f

Q(x) =
b log x

öC� ê i£gji
b = p/k

ü � i ê k�ë=i

P (ϕR1)u(x) =
be−2kx

2bxb+1

2x

0

ekyybu(y) dy.

� î��Íi�fzkFþ=i
u(x) = xβ−1e−kx

f ê i£e
u ∈ L1 î�d4g β > 0

kFeIo

P (ϕR1)u(x) =
b2β

b+ β
u(x)e−kx.

�Èïjïhð.í�i�f ê kFf
b log 2 < 1

ü �R�ÙeI��iv�Bi��6kFe �IeIo
β > 0

ïhðI� ê f ê kFf
b2β ≤ b+ β

ö
f ê i'd4ì�i£gzkFfjd4g

P (ϕR1)
ê k4ï�k�ïhð.P.�ÙeRë4kFgh��kFeRf<ïhfhgh���£fhlÙQ�ì�dGïh�Ùfh�Ùë=iÍo.i£eIïh�Ùf@Q=öK� ê ��� ê ï ê d6�Üï

f ê kFfÜf ê i�ïzi£í^�	�Ggjd4ð.ì {P (t)}t≥0
��ïÜïhfjd�� ê k4ïhfh���GöIPJQ éÓê i�d4gji£í øCü

�Èïjïhð.í�i�eId��ñf ê kFf
b log 2 > 1

kFeIoýfzkFþ=i
k = 1

ü � î��Íi �=d^P�k4�zþ�fjdNb�÷Gü úRmÓf ê i£e

an =
1

2
an−1e

τn/b
kFeIo

E(aγn) =
E(aγ0)

2nγ

(
b

b− γ

)n
.

� i^�6kFe �IeIo
γ < 1

ïjðI� ê f ê kFf
b2−γ < b − γ ü �R�ÙeI��i tn = an − a0 +

∑n
i=1 ai

ö
f ê ��ï�ï ê d6�ÜïÜf ê kFf

supn E(tγn) <∞ öIïzd^f ê kFf�f ê ivì.gjd���i�ïjï���ï}o.i��IeIi�o¥d4e.lÙQýð.ìNfjd�k
�Ie.�ÙfjivgzkFeIo.d4í fh�Ùí�i�kFeIo {P (t)}t≥0

�6kFe.eId4fÜP�ivïhfjd�� ê k4ïhfh���Gü
��� Y�| � [RZNõI] é QCïjd4e�kFeIo �ÈkFe.eIï*�=i£eEô¿ùFúGû
�Ùe�f ê i£�ÙgÍ��i£lÙl��£Q��£l�i�í�dRo.i£l���d4eIïh��o.i£g

kÈïhì�i��£��kFlI�6k4ïjiÓdFî
f ê iBí�dRo.i£lIdFî�ôÙ÷G÷£û.�Ùe{� ê ��� ê f ê i£Q�l�i£f
E = (σ,∞)

öG� ê i£gji
σ < 1

ö
kFeIoN��d4eIïh��o.i£g�f ê i�î�d4lÙl�d����Ùe��^î�ð.eI�£fh��d4eIï	�

g(x) = kx, ϕ(x) =

{
0, x < 1

ö

p, x ≥ 1
ö σ(x) = σx.

éÓê i£Q/ï ê d6� f ê kFf�f ê ivð.e.� 	JðIi�ïhfji6k4oCQ�ïjfzkFfji
v∗

��ï �G�Ùë=i£eNPJQ

v∗(x) =
r − 1

σ

(
x

σ

)−r
,

� ê i£gjivf ê i�i��Cì�d4eIi£eJf
r > 1

í�ðIïhf}ïzkFfh��ï�î�Q

b− (r − 1) = bσr−1 kFeIo
b ln

1

σ
> 1,

� ê i£gji
b =

p

k
.

� e�f ê ��ï�i��.kFí^ì.l�iB�Íi ê k�ë=i
g(σx) = σg(x)

î�d4g�kFlÙl
x
kFeIo�f ê iBïji£í^�	�Ggjd4ð.ì {P (t)}t≥0��ï<eId4fÍì�kFghfh��kFlÙlÙQ �ÙeRfji��GgzkFl>ü,�}lÙf ê d4ð�� ê �Ùf ê k4ïÍk�ð.e.� 	RðIiÜïhfhgh���£fhlÙQ{ì�dGïh�Ùfh�Ùë=iÜïhfzkFfh��d4e�kFghQ

o.i£eIïh�Ùf,Q=öR�ÙfÓ��ïBeId4fÜk4ïhQ�í^ì.fjd4fh���6kFlÙlÙQ�ïhfzkFP.l�iÈoCðIiÈfjd{k�ì�dGïjïh�ÙP.l�iÈïhQReI� ê gjd4e.�6&�kFfh��d4epô¿õFû@ü



� < ��Õ4��Õ=��Ìz½��£¸,ÒÈÌz·4ÂÈ��Õ4�IÒ�Å@Ìz·KÏ��%Ì�Î�¾��Kº���Ì

� iE��d4eI�£lÙðIo.i#f ê ��ïýïji��£fh��d4e ���Ùf ê kFe*i��IkFí^ì.l�iò� ê i£e f ê iEgji�ïji£f�îWð.eI�£fh��d4e
σo.i£ì�i£eIo.ï}k4o.oC�Ùfh��d4e�kFlÙlÙQ¥d4eòkFeòi���fji£ghe�kFl�ë4kFgh��kFP.l�iGüE
Mi£f

E = (0,∞)
ö
Θ = (0, 1)

ö
νP�i}k�í�i6k4ïhð.gji}d4e

Θ
���Ùf ê k�o.i£eIïh�Ùf@Q

h
öCkFeIo�f ê i}gji�ïji£fÍîWð.eI�£fh��d4e

σ
P�i�dFî�f ê i�î�d4ghí

σ(x, θ) = x− θx ü éÓê i£eNf ê ivfhgzkFeIïh�Ùfh��d4eòd4ì�i£gzkFfjd4g P ê k4ï�f ê i�þ=i£gheIi£l

p(x, y) = ψ

(
x

y

)
1

y
, y > x,

� ê i£gji
ψ(θ) = h(1− θ),

kFeIo/f ê ivi£ë=d4lÙð.fh��d4eEi
	Jð�kFfh��d4eN��ï

∂u(t, x)

∂t
= −∂g(x)u(t, x)

∂x
− ϕ(x)u(t, x) +

∞

x

ψ

(
x

y

)
ϕ(y)

y
u(t, y)dy.

éÓê i�d4ì�i£gzkFfjd4g
K

ê k4ï�f ê ivþ=i£gheIi£l

b �Cü úRm
k(x, y) =

∞

max{x,y}
ψ

(
x

z

)
ϕ(z)

zg(z)
eQ(y)−Q(z)dz, x, y ∈ (0,∞).

��� Y�| � [RZ �I]��Rð.ì.ì�dGïji�f ê kFf
ϕ(x)/g(x) = bxα

î�d4g�kFlÙl
x > 0

ö
� ê i£gji
b > 0kFeIo

α > −1
ü � i ê k6ë=i

Q(x) = bxα+1/(α + 1)
ü � i^ì.gjd6ë���o.i^f ê i î�d4ghí dFîÍf ê i

�ÙeJëGkFgh��kFeJf{o.i£eIïh�Ùf,Qòî�d4g
K

� ê i£e
ψ(z) = βzβ−1 î�d4g

z ∈ [0, 1]
kFeIo

β > 0
ü � fv��ï

i6k4ïh�ÙlÙQýïji�i£eNf ê kFf�f ê iv�ÙeRë4kFgh��kFeRf}o.i£eIïh�Ùf,Qý��ïÜdFî�f ê ivî�d4ghí

v∗(x) =
bγ

(α+ 1)1+γΓ (γ)
xβ−1e−Q(x), γ =

β

α+ 1
.

� i ê k6ë=i

R0v∗(x) =
xv∗(x)

βg(x)
.

� î
R0v∗ ∈ L1 f ê i£e {P (t)} ��ï�kFeqk4ïhQ�í^ì.fjd4fh���6kFlÙlÙQ#ïjfzkFP.l�i^ïhfjdR� ê k4ïhfh���^ïji£í^�	�Ggjd4ð.ì

PJQ éÓê i�d4gji£í �Cü � d4gÜi��.kFí^ì.l�i�� ê i£e
α = 0

f ê i£e
v∗

��ï�f ê i �JkFí^í�k^oC��ïjfhgh�ÙP.ð.fh��d4eMö
� ê �Ùl�iv�Éî

α = β = 1
f ê i£e

v∗(x) =

√
b

2
√

2π
e−bx

2/2.

� ß�� �Rç%� �2è�á ��â��,�.å ä�� �
ãKä��^â$�'ß � iýk4ïjïhð.í�i�o_�Ùe���i��£fh��d4eIï ú kFeIoÔõNf ê kFf
g(x) > 0

î�d4g
x ∈ (d0, d1)

öMkFeIo#�ÙlÙlÙðIïhfhgzkFfji�o#f ê i�kFì.ì.lÙ���6kFP.�ÙlÙ�Ùf@Q dFîÓd4ð.gÈgji�ïjð.lÙfjï�fjd
��d4eI�£gji£fji�ïj�Ùfhð�kFfh��d4eIï��Ùe ��i��£fh��d4e �Cü � eNf ê ��ïÜïji��£fh��d4eò�Íi�oC��ïz�£ðIïjï�k^ïh�Ùfhð�kFfh��d4eò� ê i£e
�ÙeIïhfji6k4oUdFî��Ggjd���f ê f ê i£gjiý��ï o.i��Ggzk4oIkFfh��d4eMö<ïzd¥eId�� �Íiýïhð.ì.ì�dGïji�f ê kFf

g(x) < 0î�d4g
x ∈ (d0, d1)

ü �}i�ïhð.lÙfjï�kFe�kFl�d��=d4ðIï}fjd^f ê dGïji�dFî ��i��£fh��d4eIï�ú�kFeIo¥õ{���Ùf ê ïj�Ùí^�Ùl�kFg
ì.gjd�dFî�ï�kFgji�ë4kFlÙ��o#�Ùepf ê ��ï��6k4ïjiGö�kFeIo �Bi^�ÙlÙlÙðIïhfhgzkFfji^f ê i�kFì.ì.lÙ���6kFP.�ÙlÙ�Ùf,QqdFîÓf ê i�ïji{fjd
í�d�o.i£l�ïÓî�d4g�f ê i�ïhfjdR� ê k4ïhfh���vgji��Gð.l�kFfh��d4eEdFî-�=i£eIi�i��Cì.gji�ïjïh��d4eMü


�i£f^f ê i�îWð.eI�£fh��d4eIï
G
ö
Q
P�iýo.i��IeIi�ouk4ï{�ÙeñbWúIüÙ÷�m£ü 
 PIïji£ghë=iýf ê kFf^eId6�

G
��ï

o.i��£gji6k4ïh�Ùe��¥kFeIo
Q
��ï�eId4e.�ÙeI�£gji6k4ïh�Ùe��Iü � î

G(d0) = +∞ f ê i£e
πt(E) ⊆ E

î�d4g�kFlÙl
t ≥ 0

kFeIo
t 7→ πtx

��ïÓo.i��£gji6k4ïh�Ùe��Iü 
Mi£f {P0(t)}t≥0
kFeIo {S(t)}t≥0

P�iÈk4ïB�ÙepbWúIü¿ù=m
kFeIo bWúIü¿ø=m�ü éÓê ðIï6ö��Éî

g < 0
kFeIo

G(d0) = +∞ f ê i���d4eI�£lÙðIïh��d4eIï dFî éÓê i�d4gji£í ú
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gji£í�kF�ÙeUë4kFlÙ��o0ü éÓê i/kFe�kFl�d��GðIiýdFî éÓê i�d4gji£í õN���Ùf ê f ê iýïzkFí�i�í�i£f ê d�oÔdFî�ì.gjdRdFî
gji6k4o.ï}k4ï�î�d4lÙl�d��Üï6ü

t�XMZ � r0Z
| �.] �n�
g < 0

�4���
G(d0) = +∞ �W�C���ò�W�C�v�"!.�£���G�>�G�

A0
�J� �%���h���4�

�W�C� �=�4���4�W�
b ��üÙ÷�m D(A0) = {u ∈ L1 : gu ∈ AC, A0u ∈ L1, lim

x↑d1

g(x)u(x) = 0}
�n¢��W�C� +J�£�����h�G�>�4����� �W�C��¢��£� �6+4�h�-#$! {P0(t)}t≥0

�G�
�ý�W�C�^�"!I�����=�>�4�
A
�J���'���h�¥�G�

D(A) = D(A0) ∩ L1
ϕ

��¢��W�C�+J�£�����h�G�>�4� �h� {S(t)}t≥0
�

� �4�h�j�-�F��� ö �W�C���h��¢��-� �F�����������W�C� �"!I�����=�>�4�
A
�n¢v�h���W�C�'�£�4���

R(λ,A)v(x) =

d1

x

1

|g(x)| e
Qλ(y)−Qλ(x)v(y) dy, v ∈ L1.

éÓê i�d4ì�i£gzkFfjd4g
R0

��ïÓeId��7o.i��IeIi�o/���Ùf ê f ê i ê i£lÙì¥dFî�f ê iÈî�ð.eI�£fh��d4e

r0(x, y) = 1(x,d1)(y)
1

|g(x)| e
Q(y)−Q(x)

kFeIoUf ê iNk4ïjïji£ghfh��d4eIï�dFî éÓê i�d4gji£í �Egji£í�kF�Ùeuë4kFlÙ��oUð.eIo.i£g^f ê iNk4ïjïjð.í^ì.fh��d4e f ê kFf
g < 0

kFeIo
G(d0) = Q(d0) = +∞ ü

� e�ì�kFghfh���£ð.l�kFg6ö��ÉîMf ê iÈd4ì�i£gzkFfjd4g
P
ê k4ïBþ=i£gheIi£l

p
f ê i£e�f ê iÈd4ì�i£gzkFfjd4g

K
ê k4ï'f ê i

þ=i£gheIi£l

k(x, y) =

y

d0

p(x, z)
ϕ(z)

|g(z)| e
Q(y)−Q(z) dz

kFeIo/��ïÜïjfjdR� ê k4ïhfh���v�Éî�kFeIo¥d4e.lÙQ��Éî
Q(d0) =∞ ü


�i£f
E = Θ = (0,∞)

kFeIo
σ(x, θ) = x + θ

ü éÓê i£e_f ê i�d4ì�i£gzkFfjd4g
P
��ï�f ê i

��d4eJë=d4lÙð.fh��d4eñd4ì�i£gzkFfjd4gý���Ùf ê f ê i¥í�i6k4ïhð.gji
ν
öÍ�>üÃiGü'�Éî

ζ1
ê k4ïýo.i£eIïh�Ùf,Q

u
kFeIo

θ1ê k4ï�oC��ïjfhgh�ÙP.ð.fh��d4e
ν
f ê i£e

Pu
��ï�f ê i�o.i£eIïh�Ùf,Q dFî

ζ1 + η1
ü��Èïjïhð.í�i{f ê kFf

ν
ê k4ï k

o.i£eIïh�Ùf,Q
h
ü éÓê i£e

p(x, y) = 1(0,x)(y)h(x − y),
ïjd{f ê kFf�d4ð.g}i£ë=d4lÙð.fh��d4e¥i
	Jð�kFfh��d4e¥��ï

∂u(t, x)

∂t
= −∂g(x)u(t, x)

∂x
− ϕ(x)u(t, x) +

x

0

h(x− y)φ(y)u(t, y) dy.

��� Y�| � [RZ �.] � gh��i�oCí�kFe i£f�kFl>üÓô��Fû ê k�ë=i/��d4eIïh��o.i£gji�o ïjfjdR� ê k4ïhfh���Nk4ïhì�i��£fjï dFî
�=i£eIi�i��Cì.gji�ïjïh��d4e#î�d4lÙl�d6���Ùe��/î�gjd4í P.ð.gjïhfjï�dFîÓì.gjd4fji£�Ùepì.gjd�oCðI�£fh��d4eMö�kFeIo#f ê i£�Ùgvî�d4g�ó
í�ð.l�kFfh��d4eIï/kFgjiNïjì�i��£��kFl��6k4ïzi�ï�dFî�d4ð.g�gji�ïhð.lÙfjï�ü � o.i£eRfh�ÉîWQ��Ùe��qf ê i£�Ùg

w
kFeIo

c
���Ùf ê

w(x−y)dy = h(x−y)dy−δx(dy)
kFeIo

ϕ(x) = k1c(x)
kFeIo{fzkFþ��Ùe��

g(x) = −γx öd4ð.g�i
	Rð�kFfh��d4e P�i���d4í�i�ï^��o.i£eRfh���6kFl>ö%�ÙeukEïhfji6k4oCQUïhfzkFfji/ïh�Ùfhð�kFfh��d4e fjd#f ê i£�Ùg�i
	Rð�kKó
fh��d4e_b �=m�ö

−∂γxu∗(x)

∂x
=

x

0

ϕ(y)u∗(y)w(x− y) dy.
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éÓê i£eMöKî�d4lÙl�d����Ùe��^ô��Kû@ö�l�i£f
h(y) = (1/b)e−y/b

P�iÍf ê iÍi��Cì�d4eIi£eJfh��kFl.oC��ïhfhgh�ÙP.ð.fh��d4e�kFeIo
l�i£f6ö.�ÙeNf ê i£�Ùg �IgjïhfÜí�d�o.i£l>ö

ϕ(x) = k1
ü éÓê i£e¥f ê i�i
	Jð�kFfh��d4eMö�k4ïÜf ê i£Q ê k6ë=i�ï ê d���eMö

ê k4ï�k4ïÈk�ïjd4lÙð.fh��d4eòf ê i o.i£eIïh�Ùf,Q¥dFî%f ê i �JkFí^í�k�oC��ïhfhgh�ÙP.ð.fh��d4eMü � eò��d4eIïh��o.i£gh�Ùe���f ê i
ïji���d4eIo_í�dRo.i£lÓdFî�ô��KûÍf ê kFf fhgji6kFfji�oÔfhgzkFeIïj�£gh�Ùì.fh��d4eÔî�k4�£fjd4g�gji��Gð.l�kFfh��d4e dFîÜ�Ùfjï d���e
fhgzkFeIïj�£gh�Ùì.fh��d4eMö��Íi�kFgjivl�i�oýfjd���d4eIïh��o.i£gÜf ê i�î�ð.eI�£fh��d4e

ϕ(x) = k1
1

1 + xα
+ k1ε.

�Èï�f ê i£Q ê k6ë=i�ï ê d���eMöIf ê iv��d4ghgji�ïhì�d4eIoC�Ùe���o.i£eIïh�Ùf,Qý��ï �G�Ùë=i£eNPJQ

u∗(x) = cxa(1+ε)−1e−x/b
[

1

1 + xα

]a/α
,

� ê i£gji
c
��ï�k eId4ghí�kFlÙ�6&��Ùe���î�k4�£fjd4g6ü

�{ç��Má�ä � ���Rå�� ���Rá�â��=ß{éÓê ��ïÜ�Íd4ghþ��Bk4ïÜïhð.ì.ì�d4ghfji�oýPJQ�f ê i ( kFfhð.gzkFl ���£��i£eI��i�ïkFeIo �<e��G�ÙeIi�i£gh�Ùe�� ��i�ïji6kFgj� ê �Bd4ð.eI�£�ÙlÜb ( ��� � �Èö �ÓkFe�k4oIk=m�ö
PJQNf ê i c#kFf ê i£í�kFfh����ïdFî � eCî�d4ghí�kFfh��d4e é i�� ê eId4l�d��GQpkFeIo �Bd4í^ì.l�i����RQ�ïjfji£í�ï{b�c � é � � ��ö �ÓkFe�k4oIk=m�ö0kFeIo
PJQ{f ê i �RfzkFfji �Bd4í^í^�Ùfhfji�iÜî�d4g ���£��i£eJfh����� �}i�ïji6kFgj� ê b�ÿ�d4l�kFeIo�m � gzkFeJf ( ( ù��C÷ �GùC÷G÷øGø�b�c é ó@��m�ü éÓê ��ïBgji�ïji6kFgj� ê �Ók4ïÓì�kFghfh��kFlÙlÙQ��6kFghgh��i�oýd4ð.fB� ê �Ùl�iÈc �Bc �Bk4ïÓë���ïh�Ùfh�Ùe��
f ê i � eIïhfh�Ùfhð.f�î��.gvf ê i�d4gji£fh��ïj� ê i�ÿ ê QCïh�Ùþ�ö���e.�Ùë=i£gjïj�Ùf��Ff �Bgji£í�i£eMö�kFeIo#� ê �Ùl�i�c é ó@�
�Bk4ï�ëR��ïj�Ùfh�Ùe���cò� � �ÙlÙl���e.�Ùë=i£gjïh�Ùf,Q=ü
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