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Summary. Ordinary differential equations (ODEs) are widely used in ecology to describe the dynamical
behavior of systems of interacting populations. However, systems of ODEs rarely provide quantitative so-
lutions that are close to real field observations or experimental data because natural systems are subject to
environmental and demographic noise and ecologists are often uncertain about the correct parameterization.
In this article we introduce “parameter cascades” as an improved method to estimate ODE parameters such
that the corresponding ODE solutions fit the real data well. This method is based on the modified penalized
smoothing with the penalty defined by ODEs and a generalization of profiled estimation, which leads to
fast estimation and good precision for ODE parameters from noisy data. This method is applied to a set
of ODEs originally developed to describe an experimental predator–prey system that undergoes oscillatory
dynamics. The new parameterization considerably improves the fit of the ODE model to the experimental
data sets. At the same time, our method reveals that important structural assumptions that underlie the
original ODE model are essentially correct. The mathematical formulations of the two nonlinear interaction
terms (functional responses) that link the ODEs in the predator–prey model are validated by estimating the
functional responses nonparametrically from the real data. We suggest two major applications of “param-
eter cascades” to ecological modeling: It can be used to estimate parameters when original data are noisy,
missing, or when no reliable priori estimates are available; it can help to validate the structural soundness
of the mathematical modeling approach.

Key words: Inverse problem; Nuisance parameters; Ordinary differential equation; Penalized smoothing;
Predator–prey system; Profiling method; System identification.

1. Introduction
Ecological populations in the field and laboratory frequently
display fluctuations in population size that arise due to
predator–prey interactions among species (Kendall et al.,
1999; Turchin, 2003). Deterministic nonlinear mathematical
models, usually in the form of coupled ordinary differential
equations (ODEs), display a similar set of dynamical behav-
iors as experimental data, such as coexistence at an equi-
librium, a limit cycle, or a chaotic attractor (e.g., Becks
et al., 2005), and are widely used to understand and pre-
dict the dynamics of interacting populations. The pioneering
and the simplest possible predator–prey dynamic model is the
Lotka–Volterra model, which has been modified in many ways
since its original formulation in the 1920s (for an overview
see Murdoch, Briggs, and Nisbet, 2003). In particular,
Rosenzweig and MacArthur (1963) added increased real-
ism to the Lotka–Volterra approach by allowing for density-

dependent growth of the prey population and for nonlinear,
saturating uptake of prey by the predator. Today’s models are
largely based on the Rosenzweig–MacArthur framework but
are typically amended by emphasizing specific factors, such as
inducible defenses in the prey (Vos et al., 2004) or adaptive
foraging by the predator (Kondoh, 2003).

Although simple, ODE-based modeling approaches satis-
factorily describe the general types of dynamics in ecological
communities, but they are notoriously difficult to reconcile
with the exact quantitative changes in the size of experimen-
tal and field populations. This has been attributed to difficul-
ties in correctly parameterizing natural systems of interacting
populations and to the fact that these systems are subject to
environmental and demographic noise. An alternative expla-
nation would be that the simplifying ODE approach is con-
ceptually and structurally inadequate and, therefore, fails to
quantitatively describe community dynamics. In this article
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we introduce an improved method to estimate ODE param-
eters in an experimental predator–prey system. We find that
the new parameterization considerably improves the fit of
the ODE model to a set of the experimental data. The new
method also confirms the structural soundness of the ODE-
based modeling approach.

A host of methods have been proposed to estimate ODE
parameters from noisy data (see Himmelblau, Jones, and
Bischoff, 1967; de Boor and Swartz, 1973; Bock, 1983;
Gelman, Bois, and Jiang, 1996; Ellner et al., 1997; Wood,
2001; Ellner, Seifu, and Smith, 2002; and Ionides, Breto, and
King, 2006, etc.). Ramsay et al. (2007) developed a new
method, which has been shown to solve this problem well
by applying penalized smoothing to observations, with the
penalty terms defined by ODEs. The smoothing parameters
control the trade-off between fitting the data and fidelity to
ODEs. In their estimation process, there are three different
kinds of parameters. The coefficient vector c to the basis func-
tion combination is a nuisance parameter because it is essen-
tial in the penalized smoothing process, but is not of direct
interest. The dimension of c also changes with the number of
observations and the basis system. The ODE parameter vec-
tor θ is a structural parameter in the sense of being of primary
concern, and the dimension of θ is usually fixed and much less
than the number of nuisance parameters. The smoothing pa-
rameter vector λ is the complexity parameter that decides the
effective degrees of freedom of the model. These three kinds of
parameters are estimated by three nested optimization levels,
which are called the parameter cascades.

We apply this method to an aquatic laboratory commu-
nity containing two microbial species whose dynamic behavior
was studied by Fussmann et al. (2000), Shertzer et al.
(2002), and Yoshida et al. (2003). The system is a nutrient-
based predator–prey food chain, in which unicellular green
algae, Chlorella vulgaris, are eaten by planktonic rotifers, Bra-
chionus calyciflorus. The growth of Chlorella is also limited by
the supply of nitrogen. Chlorella and Brachionus are grown
together in replicated, experimental flow-through cultures,
called chemostats. Nitrogen continuously flows into the sys-
tem with the concentration N∗ at the dilution rate δ, and all
components are removed from the chemostats at the same
rate δ. According to Fussmann et al. (2000) the system can
be mathematically described by a set of nonlinear ODEs, cou-
pled by consumer-resource interactions between the plank-
tonic rotifers, green algae, and the nitrogen resource. Let N,
C, R, B be the concentrations of nitrogen, Chlorella, reproduc-
ing Brachionus, and total Brachionus, respectively, FC(N) =
bC N /(kC + N), FB(C) = bBC/(kB + C) be two func-
tional responses (with bC and bB the maximum birth rates of
Chlorella and Brachionus; kC and kB the half-saturation con-
stants of Chlorella and Brachionus), and ε, α, and m be the
assimilation efficiency, the decay of fecundity, and the mor-
tality of Brachionus, respectively. The nonlinear ODEs are

dN

dt
= δ(N ∗ −N) − FC(N)C,

dC

dt
= FC(N)C − FB(C)B/ε− δC,

dR

dt
= FB(C)R− (δ +m+ α)R,

dB

dt
= FB(C)R− (δ +m)B . (1)

The model includes the mortality and decay of fecundity
of Brachionus and, contrary to the Rosenzweig–MacArthur
approach, treats the mineral resource nitrogen as a separate
state variable. This model correctly predicts three qualitative
types of dynamic behavior of the experimental system. At low
nutrient supply, the predator and prey coexist at an equilib-
rium (small δ or small N∗). Increasing N∗ or δ switches the
system to a limit cycle. Very high nutrient supply leads to ex-
treme oscillations that cause the extinction of the predator or
both the predator and the prey. Fussmann et al. (2000) also re-
alized that their model performed rather poorly at predicting
quantitative aspects of the experimental predator–prey dy-
namics. In a series of follow-up studies they found that multi-
ple clones of Chlorella coexisted in their experiments, leading
to predator-driven cyclical selection among them (Shertzer
et al. 2002; Yoshida et al., 2003; Fussmann, Ellner, et al.,
2005), which, in turn, provided a biological explanation for
the lack of fit between predicted and observed dynamics.

Here we test our method on an experimental data set gen-
erated under the same experimental conditions as described
in Fussmann et al. (2000), however, with single clone popula-
tions of Chlorella (see the second figure [a–d] in Yoshida et al.
[2003]), which are not subject to the evolutionary dynam-
ics described above. The fact that the concentrations of two
state variables (nitrogen and reproducing Brachionus) were
not measured by Fussmann et al. (2000) poses a challenge.
This missing variable problem can also be solved with the pa-
rameter cascades method, as discussed in Section 2.1. Figure 1
shows an experimental predator–prey time series at an in-
flowing nitrogen concentration N ∗ = 80µmol/L and a dilution

Figure 1. Example of experimental predator–prey dynam-
ics. The two graphs on the left show the experimental ob-
servations for Chlorella (algal prey) and Brachionus (rotifer
predator) at nitrogen concentration (inflow) N∗ = 80 µmol/L
and dilution rate δ = 0.68/day (from Yoshida et al. [2003]).
The two graphs on the right show the ODE solutions of sys-
tem (1) with Fussmann et al.’s (2000) parameter values, using
the first observations as the initial values. Note the quantita-
tive differences between observed and predicted time series
and the necessity to estimate a scaling factor between ob-
served concentrations (in numbers of organisms) and model
predictions (all state variables in units of nitrogen).



Predator–Prey Dynamical Model 961

rate δ = 0.68/day, for which both Chlorella and Brachionus
show oscillatory dynamics. Mathematical simulations of the
predator–prey dynamics, using the ODE system and param-
eterization by Fussmann et al. (2000), result in an unsatisfac-
tory match with the observed population dynamics. We will
apply the parameter cascades method to estimate the param-
eters θ = (α, ε, m, kB , kC , bB , bC) in (1) from the observed
data. We exemplify the approach using the data set at δ =
0.68/day and then extend it to three other data sets generated
at different dilution rates. The method is further employed to
determine the goodness of fit of the ODE model by estimat-
ing the functional responses, which are the coupling functions
among state variables.

Our article is organized as follows. The method for esti-
mating ODEs from noisy data is introduced in Section 2, Sec-
tion 3 discusses the effect of the smoothing parameter on the
ODE parameter estimates, and parameter estimates from sim-
ulated data are conducted in Section 4. Sections 5–7 apply the
method to the ecological data set. In Section 5 we estimate
the scaling factors between state variables, in Section 6 the
functional responses in nonparametric forms, and in Section 7
we derive parameter estimates from the observed data.

2. The Parameter Cascades Method
In this section we briefly introduce the parameter cascades
method to estimate ODE parameters from the noisy data.
These parameter estimates, along with estimated initial val-
ues of ODE components, will allow us to solve the ODEs. For
simplicity of notation, we first assume that the dynamic sys-
tem is composed of one single component, and it is straight-
forward to extend to multiple components. Let X(t) be a
process defined via one ODE dX /dt = f(X |θ), where f is
known. The parameter vector θ is unknown and to be esti-
mated with the parameter cascades method from n observa-
tions y(tj ) ∼ N(X(tj ), σ2). Two nested levels of optimization
are implemented. In the first level, we approximate X(t) with
a smooth curve x(t) by penalized smoothing with the ODE-
defined penalty, conditional on the ODE parameter vector θ.
In this way, the fitted curve x(t) is a function of θ. In the
second level, the ODE parameter vector is estimated by min-
imizing the weighted sum of squared errors (WSSE; WSSE
is a function of the fitted curve, and thus is also a function
of θ).

2.1 Penalized Smoothing with the ODE-Defined Penalty
Let y = (y(t1), . . . , y(tn)) be a vector of n observations, and
the fitted curve x(t) be a linear expansion of K basis functions
φk(t), k = 1, . . . ,K, as follows:

x(t) =

K∑
k

ckφk(t) = c′φ(t) .

The basis system must have the capacity to approximate
ODE solutions, as well as derivatives involved in ODEs. Most
ODE solutions have sharp features, such as peaks, valleys,
high-frequency oscillations, and discontinuities in derivatives,
so we choose the B-spline basis system that can accommo-
date the discontinuities by assigning multiple knots to the
critical locations (Ramsay and Silverman, 2005). In prac-
tice, we can explore the ODE solutions under initial esti-

mates of parameters, and decide where we need to put many
knots. Or we can begin with a very large number of equally
spaced knots, and reduce knot density where appropriate. For
instance, the cubic B-spline basis system with 400 equally
spaced knots is found appropriate to approximate each com-
ponent in the predator–prey ODEs, because of the sharp
change of the Chlorella concentration around the 12th day
(Figure 1).

The fitted curve can be obtained by minimizing the sum
of squared errors (SSE). To avoid over-fitting, nonparamet-
ric smoothing often requires a penalty term to penalize the
roughness of the fitted curve. For instance, in order to ob-
tain a smooth fitted curve, the penalty term can be defined
in terms of the second derivative, that is,

PEN(x) =

∫ [
d 2x(t)

dt

]2

dt .

When we require the fitted curve to satisfy an ODE, dx(t)/
dt = f(x |θ), it is natural to define the penalty term with the
differential operator Lx (t) = dx(t)/dt − f(x |θ):

PEN(x |θ) =

∫
[Lx(t)]2dt , (2)

and the fitting criterion to estimate the smooth curve is given
by

J(c |θ, λ,y) =

n∑
i=1

[y(ti) − x(ti)]
2 + λ

∫
[Lx(t)]2dt . (3)

Suppose there are S ODEs and T components, with only
M ≤ T of these components observed. Then the fitting crite-
rion can be generalized to be

H(c |θ, λ,y) =

M∑
j=1

SSEj +

S∑
d=1

λdPENd

=

M∑
j=1

ωj

nj∑
i=1

[yj(tij) − xj(tij)]
2

+

S∑
�=1

λ� ω�

∫
[L�x(t)]2dt , (4)

where yj (tij ) is the observation for jth component at tij , and
x(t) = (x1(t), . . . , xT (t)) is a vector of fitted curves for the
total T components. T is often larger than M, which means
there are some unobservable components. For instance, in our
predator–prey ODEs (1), only the concentrations of Chlorella
(C) and total Brachionus (B) are observed, and we have S =
T = 4 and M = 2. When some components are not observed,
the corresponding smooth curves for these missing compo-
nents are estimated by forcing them to minimize the ODE-
defined penalty term because these missing components are
involved in the ODEs. The differential operator L�x(t) =
dx�(t)/dt− f�(x |θ) is defined by the "th ODE: dx�(t)/dt =
f�(x |θ). Parameter ωj is the normalizing weight, which is
required in order to keep different components having com-
parable scales for SSEj and PENj . Ramsay et al. (2007) gave
several strategies for the choice of ωj . The smoothing pa-
rameter λ� controls the trade-off between fitting to data and
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fidelity to ODEs. When L is a nonlinear differential operator,
the penalty term PENd can be approximated by the numerical
quadrature (Ramsay et al., 2007).

2.2 Statistical Inference for the ODE Parameter Vector θ

Conditional on θ, the coefficient vector c can be estimated by
minimizing the criterion J(c |θ, λ,y) in (4). In other words,
the estimate ĉ can be treated as a function of the ODE pa-
rameter vector θ. This function ĉ(θ) is explicit if the ODEs
are linear. When the ODEs are nonlinear, the function ĉ(θ) is
implicit and its derivatives can be estimated using the implicit
function theorem.

The parameter vector θ can be estimated by optimizing the
criterion H(θ |λ,y) defined by

H(θ |λ,y) =

M∑
j=1

ωj

n∑
i=1

[yj(ti) − x̂j(ti |θ)]2 . (5)

Note that x̂j(t |θ) = ĉj(θ)′φj(t) is a function of θ by consid-
ering the functional relationship between ĉ and θ. The two
nested optimization levels can be implemented quickly via
Newton–Raphson-type method by working out the gradients
and Hessian matrices analytically, as shown by Ramsay et al.
(2007).

Let Σ be the variance–covariance matrix for the data y;
Ramsay et al. (2007) show that the variance for the estimate
θ̂ can be estimated with a modified δ-method:

var(θ̂) =

[
dθ̂

dy

]
Σ

[
dθ̂

dy

]′

,

where dθ̂/dy can be derived with the implicit function theo-
rem

dθ̂

dy
= −

[
d2H

dθ2

∣∣∣∣
θ̂

]−1[
d2H

dθdy

∣∣∣∣
θ̂

]
,

where

d2H

dθ2 =
∂2H

∂θ2 + 2
∂2H

∂ĉ∂θ
∂ĉ
∂θ

+

(
∂ĉ
∂θ

)′
∂2H

∂ĉ2
∂ĉ
∂θ

+
∂H

∂ĉ
∂2ĉ
∂θ2 , (6)

and

d2H

dθdy
=

∂2H

∂θ∂y
+

[
∂ĉ
∂θ

]′
∂2H

∂ĉ∂y
+

∂2H

∂θ∂ĉ
∂ĉ
∂y

+

[
∂ĉ
∂θ

]′
∂2H

∂ĉ2
∂ĉ
∂y

+
∂H

∂ĉ
∂2ĉ
∂θ∂y

. (7)

More details for formulas (6) and (7) can be found in Ramsay
et al. (2007).

2.3 Estimating Initial Values of Components in ODEs
Numerically solving ODEs requires initial values, which are
the values of ODE components at the first time point. A small
change in initial values may result in a large difference in the
numerical ODE solutions. However, observations in real life,
including the observed initial values, usually have some mea-
surement errors, and it is dangerous to use the first observa-
tions as the initial values directly. Moreover, some components
in ODEs are not observable, in which case there is no way to
observe the initial values for these components.

The byproduct of the parameter cascades method is that
the fitted curves for all components can be obtained after
we derive the ODE parameter estimate β̂. We can then es-
timate initial values by evaluating the fitted curves for all
components at the first time point. These ODE parameter es-
timates and initial value estimates can then be used to solve
the ODEs.

3. Effect of the Smoothing Parameter λ

The smoothing parameter λ controls the trade-off between
fitting to data and fidelity to ODEs in the inner criterion
(4), which implicitly controls the functional relationship be-
tween the coefficient vector estimate ĉ and the ODE param-
eter vector θ. So the smoothing parameter has a large effect
on the ODE parameter estimates. In the following, we explore
the smoothing parameter effect on ODE parameter estimates
with simulation.

Each simulated data set is generated by adding Gaussian
noise to the predator–prey ODE solutions at the equal-spaced
time points in [0, 30] with the step 0.1. The predator–prey
ODEs are solved based on parameter values provided in Fuss-
mann et al. (2000). Here we explore the smoothing parameter
effect based on dense simulated data in order to exclude the
sparseness effect of simulated data. We fix parameters kC , kB ,
bC , and bB , and estimate the other parameters ε, α, and m
from 100 such simulated data sets when the smoothing pa-
rameter λ ranges from 10 to 106. Each component is approxi-
mated by a cubic B-spline basis system generated by putting
one knot on each time point with observations. The boxplot
for estimates of α is shown in Figure 2. The estimates for α are
almost unbiased, independent of the values of the smoothing
parameter λ. On the other hand, a small smoothing parameter

Figure 2. Boxplots of multiple estimates of the parameter α
in the predator–prey ODEs for different values of the smooth-
ing parameter λ. Plots are based on 100 simulated data sets,
which are generated by adding Gaussian noise with STDC =
3, STDB = 0.3 to predator–prey ODE solutions for Chlorella
and Brachionus at the equally spaced time points in [0, 30]
with the step 0.1. Each variable is approximated by cubic
B-splines generated with one knot on each observation. The
dashed line in the boxplot is the true value of the parameter.
Parameter units are omitted.
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value, such as 10, leads to a large variance of estimated α’s.
Estimates of ε and m display the same properties as estimates
of α. In the rest of this article, the value of the smoothing pa-
rameter is chosen as 104, which results in the smallest bias
and variance of parameter estimates.

4. Parameter Estimates from Simulated Data
We perform simulations to explore the statistical identifiabil-
ity of the ODE parameters and to verify the ODE parameter
estimates with the parameter cascades method. We estimate
the parameter vector θ = (ε, α, m, bC , bB , kC , kB) in (1)
on 100 simulated data sets. The simulated data are gener-
ated by adding Gaussian noise with STDC = 3, STDB = 0.3
to the predator–prey ODE solutions for Chlorella and Bra-
chionus, respectively, with two observations per day in [0, 16].
The predator–prey ODEs are solved based on parameter val-
ues provided in Fussmann et al. (2000). Here we simulate data
sets that have the similar sparseness as the real data sets in or-
der to test whether our method can work in these sparse data
sets. The scale of noise is selected such that coefficients of vari-
ance of simulated data for Chlorella and Brachionus are about
the same. Each variable is approximated by the cubic B-spline
with 200 equal-spaced knots in [0, 16]. The weights ωj , j = 1,
2, 3, 4 in (4) are chosen as the reciprocals of variances of the
predator–prey ODE solutions, which are 0.0013, 0.0015, 0.18,
0.099, respectively. The smoothing parameter λ� = 104, " =
1, 2, 3, 4. A summary for parameter estimates is given in
Table 1, where the true parameter values fall into the 95%
experimental confidence intervals. The small values of stan-
dard deviations for the ODE parameter estimates confirm the
statistical identifiability of the ODE parameters.

5. Rescaling the Observed Data
Inspection of the y-axes in Figure 1 reveals large differences in
scale between observed data and ODE solutions based on pa-
rameter values in Fussmann et al. (2000), because the units
of data collected from the experimental system differ from
those used in the ODE model. Algae take up nitrogen from
the medium and rotifers take up algae, so both algae and
rotifers contain nitrogen. The ODE model uses molar concen-
trations of nitrogen in the base medium for all state variables.
That is, the ODE solutions for algae and rotifers reflect the
molar concentrations of nitrogen contained in their respective
populations per unit of liquid medium. Experimental data

Table 1
Parameter estimates on 100 simulated data sets. The simulated data are

generated by adding Gaussian noise with STDC = 3, STDB = 0.3 to the ODE
solutions for Chlorella and Brachionus, respectively, with two observations per

day in [0, 16]. Each variable is approximated by cubic B-spline with 200
equal-spaced knots in [0, 16]. The smoothing parameter λ = 104. Parameter units

are omitted.

Parameters ε α m bC bB kC kB

True 0.25 0.4 0.055 3.3 2.25 4.3 15
Lower 95% bound 0.24 0.37 0.013 3.13 2.19 3.84 14.6
Upper 95% bound 0.27 0.45 0.101 3.5 2.33 5.15 15.4
BIAS(∗10−2) 0.29 0.84 0.18 0.023 1.07 19.7 0.92
STD (∗10−2) 0.74 2.1 2.2 8.7 3.6 33 21

of population size, however, reflect counts of individuals per
unit of liquid medium. Thus, for this particular data set we
rescale the observed data before fitting ODEs. The two rescal-
ing factors are the average molar concentrations of nitrogen
per individual of Chlorella or Brachionus. However, for other
cases where we can obtain these rescaling parameters theoreti-
cally based on the biological knowledge, we do not recommend
to estimate them statistically. Let yj = (yj(t1), . . . , yj(tnj

))
be the functional data for the variable yj (t), and xj (t) be the
corresponding ODE solution obtained from some numerical
methods, then we can rescale data yj with a constant coeffi-
cient sj by minimizing

H(sj |yj) =

nj∑
i=1

(sjyj(ti) − xj(ti))
2 . (8)

It is easy to derive that

sj =

nj∑
i=1

[xj(ti)yj(ti)]

nj∑
i=1

[yj(ti)]
2

. (9)

The estimated scale parameters are 28 and 0.57 for
Chlorella and Brachionus, respectively, when we rescale ob-
servations to the ODE solutions with the parameter values
obtained from Fussmann et al. (2000), using the first obser-
vations as initial values. Allowing for the differences in vol-
ume in the composed units (per L vs. per mL), these two
scale parameters can be interpreted as follows: the amount of
nitrogen contained in 106 Chlorella cells is 28 nmol and one in-
dividual of Brachionus contains 0.57 nmol. The rescaled data
are shown in Figure 3. Although observed and predicted data
are now at comparable scale, the rescaled Chlorella data are
still far from the ODE solutions for Chlorella, especially at
the boundaries of the observation period. The ODE solutions
for Brachionus clearly fail to match the period length of the
oscillatory dynamics.

6. Estimating Functional Responses in ODEs
from Observed Data

Parameter value optimization can improve the match between
simulated and observed data in systems described by ODEs
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Figure 3. Solutions of the predator-prey ODEs (1) with parameter and initial values optimized by the parameter cascades
method (solid lines). Observed experimental data are from Yoshida et al. (2003; Figure 2 a–d), with dilution rates δ =
0.68/day (the top left two graphs), δ = 0.67/day (the top right two graphs), δ = 0.65/day (the bottom left two graphs), and
δ = 0.57/day (the bottom right two graphs). Each component is approximated by order 4 B-splines with 400 equal-spaced
knots. The smoothing parameter is λ = 104. The dashed lines are the ODE solutions with the parameter values obtained from
Fussmann et al. (2000), using the first observations as initial values. The circles are the rescaled observations, with the scale
parameters estimated by rescaling the original data to fit the dashed lines. The unit of Chlorella and Brachionus is µmol/L,
and the unit of time is day.

but this method is applied within the limits of the struc-
tural soundness of the mathematical model. By structural
soundness we mean the fact that the mathematical model ad-
equately reflects the mechanisms that influence the dynamics
of the real (in our case, biological) system. Of particular im-
portance are functions that link several state variables by de-
scribing the general type of interaction that exists between
them. For example, in the predator–prey ODEs (1), the so-
called functional responses FC(N) = bC N /(kC + N) and
FB(C) = bBC/(kB + C) describe the effect of nitrogen con-
centration on the rate of change of the Chlorella concentra-
tion, and the effect of the Chlorella concentration on the rate
of change of the Brachionus concentration, respectively. The
preceding mathematical formulation of the predator–prey in-
teraction as a nonlinear, saturating uptake function is stan-
dard in ecological modeling, but different uptake dynamics
are frequently observed in natural systems (e.g., sigmoid func-
tions), and have been shown to greatly affect the dynamics of
ecological multispecies models (Williams and Martinez, 2004;
Fussmann and Blasius, 2005). In the following, we estimate
the functional responses nonparametrically from the rescaled
observed data. The two functional responses are expressed as
linear combinations of B-spline basis functions, which can be
written as

FC(N) =
∑(

c1
iψ

1
i (N)

)
, (10)

FB(C) =
∑(

c2
iψ

2
i (C)

)
, (11)

where ψ1
i (N) and ψ2

i (C) are basis functions, and c1
i and c2

i are
the corresponding coefficients, respectively. The functional re-
sponse FC (N) is expanded by the cubic B-spline basis with
interior knots 10 and 40, and the functional response FB (C)
is expanded by the cubic B-spline basis with interior knots
20 and 60. The smoothing parameter λ = 104. We approxi-
mate variables in the predator–prey ODEs (1) by the cubic
B-spline basis with 400 equally spaced knots. We choose the
above basis functions for the two functional responses and
variables because they lead to good estimates on the simulated
data.

We estimate the two functional responses from the rescaled
observed data. The coefficients c1

i and c2
i , along with ε, m, and

α, are treated as the ODE parameters, which are estimated
in the second level of the parameter cascade method. Figure 4
displays the estimated functional responses for FC (N) and
FB (C), which have the same general shape as the functional
responses in (1) but show some differences in steepness and
saturation level of the response. These differences are due to
different parameter values in the functional response but the
forms of functional responses proposed by Fussmann et al.
(2000) are verified to be appropriate. In the next section we
will estimate all parameters in (1) from the rescaled observed
data.
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Figure 4. The estimated nonparametric functional re-
sponses for FC (N) (top) and FB (C) (bottom) have the same
patterns as the functional responses proposed by Fussmann
et al. (2000). The solid lines are the estimated nonparamet-
ric functional responses. The dashed lines are the Fussmann’s
functional responses FC(N) = bC N /(kC + N), and FB(C) =
bBC/(kB + C). The functional response FC (N) is expanded
by the cubic B-spline basis with interior knots 10 and 40 and
the functional response FB (C) is expanded by the cubic B-
spline basis with interior knots 20 and 60. We approximate
variables in the predator–prey ODEs (1) by the cubic B-spline
basis with 400 equally spaced knots. The smoothing parame-
ter λ = 104. The unit of nitrogen and Chlorella is µmol/L.

7 Parameter Estimation from Observed Data
We estimate the ODE parameter vector θ = (α, ε, m, kB , kC ,
bB , bC) from the rescaled observed data set with the dilution
rate δ = 0.68/day. Each component is expanded by the cubic
B-spline with 400 equally spaced knots. The weights ωj , j =
1, 2, 3, 4 in (4) are chosen as the reciprocals of variances of the
predator–prey ODE solutions, which are 0.0011, 0.0011, 0.16,

Table 2
Parameter estimates and the standard errors (SEs) for the predator–prey ODEs (1) from the rescaled observed data sets, which
are collected by changing the dilution rate δ. Each component is approximated by order 4 B-splines with 400 equal-spaced knots.

The smoothing parameter λ = 104. MSE is the mean squared errors of the observations to the ODE solutions with our
parameters and initial values estimates. As a comparison, we also give the parameter estimates given in Fussmann et al. (2000).

Parameter units are omitted.

Data sets Estimates ε α m bC bB kC kB MSE

δ = 0.68 Fussmann 0.25 0.40 0.055 3.3 2.25 4.3 15.0 1.96
Profiling 0.11 0.01 0.152 3.9 1.97 4.3 15.7 0.34
SEs 0.020 0.14 0.073 0.47 0.26 1.95 2.01

δ = 0.67 Fussmann 0.25 0.40 0.055 3.3 2.25 4.3 15.0 2.56
Profiling 0.15 0.50 1e-5 3.0 2.09 4.5 15.3 0.88
SEs 0.013 0.11 0.014 0.12 0.11 1.5 1.4

δ = 0.65 Fussmann 0.25 0.40 0.055 3.3 2.25 4.3 15.0 5.50
Profiling 0.20 0.80 0.52 5.6 3.75 4.8 12.3 0.53
SEs 0.011 0.057 0.041 0.11 0.13 0.18 0.70

δ = 0.57 Fussmann 0.25 0.40 0.055 3.3 2.25 4.3 15.0 6.64
Profiling 0.16 0.80 0.095 3.3 2.81 3.8 14.0 0.67
SEs 0.027 0.30 0.079 0.15 0.37 1.43 0.77

0.094, respectively, such that the normalized sums of squared
errors are of roughly comparable sizes. The smoothing pa-
rameter λ� = 104, " = 1, 2, 3, 4. The parameter estimates
from the rescaled observed data are shown in Table 2, and
the mean squared errors (MSEs) between data and ODE so-
lutions with our parameter estimates have a fivefold decrease.
The standard errors (SEs) for ODE parameter estimates are
calculated with the modified δ-method (Section 2.2). Figure 3
(upper left) displays the solutions of the predator–prey ODEs
(1) with our parameter estimates, using the estimated initial
values. The ODE solution for Chlorella fits the data very well
over the whole observation period. The same is true for the
rescaled Brachionus data, except for day 8, which we suspect
to be an outlier.

We also performed the same analysis on the other three
data sets (experiments conducted at different dilution rates),
and the results are shown in Table 2 and Figure 3. The pa-
rameter estimates from these data sets are different, but the
MSEs between data and ODE solutions with the parameter
estimates are all greatly decreased. We also notice that some
parameter values are well defined by the data, as indicated
by their small SEs, and others are poorly identified, such as
parameters α, m, kC , and kB . This suggests we might sim-
plify the model by fixing poorly defined parameter values at
reasonable values.

8. Conclusion and Discussion
ODEs have been widely utilized in engineering, biology,
medicine, economics, and a host of other areas. We apply the
parameter cascades method to estimate parameters in a set
of predator–prey ODEs from experimental data. The initial
values for ODE variables can be estimated directly by evalu-
ating the fitted curves at the first time point. We have shown
that the ODE solutions with our estimated parameter values
and initial values can fit four different experimental data sets
well, although we miss observations for two out of four vari-
ables in the ODEs. We also estimate nonparametrically two
functional responses in the predator–prey ODEs, and validate
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the originally proposed nonlinear forms for the two functional
responses. The smoothing parameter controls the trade-off be-
tween fitting to the data and fidelity to ODEs. We have shown
with simulation that small values of the smoothing parameter
result in large variances of parameter estimates.

Many methods for estimating ODEs have to solve ODEs
numerically when searching for optimized ODE parameter
values, which is computationally expensive and requires know-
ing the initial values of ODE variables. On the other hand,
the parameter cascades method approximates ODE solutions
nonparametrically, which reduces computation load dramati-
cally. The gradients and Hessian matrices are also worked out
analytically, so the optimization process is fast and stable. A
modified Delta method is developed to estimate the standard
errors of the ODE parameter estimates, and these variances
take the uncertainty coming from the estimates for the spline
coefficients and the smoothing parameters into account (Cao
and Ramsay, 2007). The variance estimates for ODE param-
eters can further indicate the identifiability for ODE parame-
ters. Nevertheless, it is always a good idea to implement sim-
ulation to verify the identifiability for ODE parameters. We
also suggest to vary the initial values when searching for op-
timal ODE parameter values to make sure that they converge
to the global optimum. A user-friendly program has been de-
veloped to implement this method and is available from the
website http://www.functionaldata.org.

Our analysis of the experimental data with the parame-
ter cascades method has several implications for the biologi-
cal interpretation of these data. The method reveals that the
original parameter values provided by Fussmann et al. (2000)
are a suboptimal set of estimates. This is not a very surpris-
ing finding, given the large number of parameters involved in
this predator–prey system and the difficulty of measuring all
of them reliably in a live system. It seems almost unavoid-
able that an empirical parameterization can be improved by
a statistical method that seeks to optimize parameter values
on the basis of time-series data. This is not to say that the
improved parameterization we found is “right” in an abso-
lute sense and should take precedent over the empirical one.
This can be immediately understood when looking at the es-
timates we obtain for each of the parameters from four differ-
ent experimental trials (Table 2). Some parameter estimates
are quite different among the four trials although they all
describe the same predator–prey system (the only difference
is the dilution rate at which the experiments are run). Ob-
viously, there is no universally “best” parameterization for
the predator–prey system. However, the parameter cascades
method helps us to identify empirical parameter values that
are consistently “off” (e.g., the parameter ε, for which a lower
parameter value than the empirical 0.25 resulted in a better fit
in all four trials) and to distinguish them from parameters for
which empirical and profiling estimate are in good agreement
(e.g., the half-saturation constants kC and kB of the functional
responses). Consequently, we have higher confidence in those
estimates for which empirical and statistical estimates agree.
In practice, it might also be advisable to weight or constrain
parameter estimates before subjecting them to the cascades
method. For instance, the birth rate estimate of 5.6/day for
Chlorella (Table 2; δ = 0.65) is physiologically impossible.
Although constraining this parameter (and others for which

natural limits exist) would result in a reduced goodness of fit,
the realism of the model would increase.

Although the parameter cascades method reveals deficien-
cies in the parameterization of the predator–prey model, it
corroborates its general structural correctness with regard
to the linking functions between the state variables (the
“functional responses”). This is encouraging because ecolog-
ical modeling necessarily relies on simplifying assumptions
about the mechanism that are at work in natural commu-
nities. There is a longstanding debate in ecology about the
correct form of the functional response in dynamical systems
(e.g., Hassell, Lawton, and Beddington, 1977; Jost and Ellner,
2000; Fussmann Weithoff, and Yoshida, 2005; Jensen, Jeschke,
and Ginzburg, 2007). Our results gave us no reason to reject
the most widely used model in predator–prey dynamics: a
monotonously increasing but saturating function of prey con-
centration (Holling, 1959; Ivlev, 1961).

In conclusion, the parameter cascades method is proved
to be a useful mathematical method for analyzing dynamic
ODE models in ecology and other fields. It can be used to
estimate parameters when original data are noisy, missing, or
when no reliable a priori estimates are available, and it can
help to validate the structural soundness of the mathematical
modeling approach.
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