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Results

Dynamic Model

All robot manipulators are flexible to some degree due to gear box
deflection, or gear deflection, for example.
Space manipulators, such as the Canadarm, are particularly flexible.
The objective of this project is to make the payload velocity of a
flexible-link manipulator track a sinusoidal signal with zero
steady-state tracking error.
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SPR System: The linear time-invariant system
ẋ = Ax + Bu, y = Cx, is strictly positive real (SPR) if there exists a
P = PT > 0 and Q = QT > 0 such that [1]
PA + ATP = −Q,

i=1

If µ = 0, the µ-tip rate represents the tip rate assuming a rigid beam,
whereas as µ approaches 1, ρ̇µ approaches the true tip rate ρ̇.
Internal Model Principle: Consider a negative feedback
interconnection involving two systems, g1(s) and g2(s). If g1(s) or g2(s)
(the plant or the controller) contains a model of the reference signal
r2(s), the output y1(s) tracks r1(s) with zero steady-state error. [2]
Passivity Theorem: Consider a negative feedback interconnection
involving two systems, G 1 and G 2. If G 1 is passive and G 2 is very
strictly passive, the closed-loop system is L2 stable, that is, r1, r2 ∈ L2,
then y1, y2 ∈ L2. [1]
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Figure: Negative feedback interconnection.
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The system was simulated to track a
sinusoidal reference signal, with µ = 0.5.

Conclusion and Future Work
I

Step 5: Create a new controller output
matrix Cc2 such that Cc2 = BTc P.
Step 6: This controller, with state-space
realization (Ac, Bc, Cc2 , Dc) now contains
the internal model and is Strictly Positive
Real.
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Figure: µ-tip rate error vs. time.

Controller Synthesis Method

PAc + ATc P < 0.
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n = 3.

The elastic deformation of the flexible appendage is approximated using the Raleigh-Ritz method.
Using Lagrange’s equation, the dynamics of the system are described by

Step 1: Add internal model to the passive
plant.
Step 2: Design linear quadratic Gaussian
(LQG) controller for augmented plant.
Step 3: Remove internal model from plant,
augment LQG controller with internal
model. This creates the controller hc(s)
with state-space realization (Ac, Bc, Cc, Dc).
Step 4: Find a solution P = PT > 0 to the
Lyapunov equation
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Mq̈ + Kq = b̂τ

ρ̇µ = Jθ θ̇ + µJeq̇e.

y2

ue(x, t) = ∑ Ψi(x)qei (t).

Ψi(x) = xi+1,
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PB = CT.

µ-Tip Rate: An approximation of the tip rate of a flexible appendage.
A factor 0 ≤ µ < 1 is used to scale the elastic coordinates on the tip
rate. The µ-tip rate is defined as

r1

Rayleigh-Ritz Method: The elastic deformation of a structure can be approximated as a linear
combination of a set of basis functions

Equations of Motion: In order to satisfy all geometric boundary conditions, the chosen basis
functions are of the form

T ∈ R+.
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Figure: Desired and actual µ-tip rate vs. time.

Error in ρ̇µ

Passivity: The mapping u 7→ y associated withe the operator
G : L2e → L2e, where y = Gu, is passive if there exists a constant β such
that [1]
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Figure: Diagram of flexible-link manipulator with tip mass.
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The µ-tip velocity successfully
tracks the reference signal with
zero steady-state error.
Use gain-scheduled controllers to track
more complex signals.
Test controller experimentally.

Figure: Controller Synthesis Method, Steps 1-3
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