
Macroeconomic Theory
May 2015 Comprehensive Exam

1 Short Questions

Choose 6 out of the 7 questions.
For 1. and 2. consider the planner�s problem in the Neoclassical Growth Model:

max
fct;kt+1g1t=0

1X
t=0

�tu(ct) s.t ct + kt+1 � f(kt); kt+1 � 0; given k0

1. State the planner�s Lagrangian. Obtain the Euler equation which characterizes the optimal
sequence of capital. Interpret the Euler equation.

2. State the planner�s Bellman equation. Obtain the Euler equation (without invoking the
Envelope Theorem) which characterizes the optimal investment policy.

3. Explain why in a deterministic, incomplete-markets setting with a borrowing constraint
the endogenous state space for assets is compact (i.e. there is an endogenous upper bound
on asset holdings) only if �(1 + r) � 1.

4. In the �xed-price IS-LM model, if the demand for money does not depend on income,
then a $100 billion increase in both government spending and taxes increases equilibrium
income by exactly $100 billion. (True/False and why)

5. Increasing the growth rate of the money supply will increase the central bank�s real earnings
from seigniorage. Comment.

6. An important feature of the recent �nancial crisis is that risk premia on new issues of
sovereign debt have been increasing with the amount of private domestic debt held by
foreigners. Why would investors take into account private foreign debt when evaluating
sovereign debt?

7. Suppose the central bank judges its current policy to be consistent with keeping in�ation
within the target range. An unanticipated depreciation of the domestic currency should
then lead to a tightening in monetary policy because the depreciation will lead to an
increase in aggregate demand, and thus output. Comment.

2 Long Questions

Choose one question between 2.1 and 2.2. Do question 2.3.
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2.1 Overlapping-Generations Economy

Consider an overlapping-generations economy populated by households of ages i = 1 to a max-
imum age of i = I. The survival probability from age i to age i+ 1 is given by si. Households
per-period utility is given by u(ci; 1�hi), where ci is consumption and hi is labor hours working.
E¢ ciency units of labor are given by

�it = exp(yit); where yit = yi + zit and zit = �zi�1;t�1 + vit:

This says that labor productivity of an agent with age i at time t has a deterministic component
yi, that only depends on age i, and an idiosyncratic component zit. Denote by IR the retirement
age (the last year of working). For i > IR, assume that yit = 0. Households save through a
risk-free asset and can borrow up to a limit of b. Firms produce output using a standard CRS
Cobb-Douglas production function. The competitive wage rate per e¢ ciency unit is w. The
government operates a pay-as-you-go social security system. It levies a proportional tax rate �
on current working households�labor income and pays to each retiree an annual bene�t d. For
convenience, ignore accidental bequests throughout.

1. List the state and control variables. Which state variables are endogenous and which are
exogenous?

2. Formulate the Bellman equation for a young working individual, that is, when the agent
is of age i < IR.

3. Formulate the Bellman equation for an old retired individual, that is, when the agent is
of age i > IR.

4. Formulate the Bellman equation for an agent that will retire next period, i.e., an agent of
age i = IR.

5. De�ne a stationary recursive equilibrium. Assume that for each i there is a measure �i of
agents, that is, �i is the mass (fraction) of agents of age i. Describe the transition function
that induces the law of motion of the density of households over the state space just in
words (of course, you can also write down the math if you like).

2.2 Consumption, Savings and Wealth

Consider a consumer�s consumption-savings problem. The consumer values consumption at

time t according to the CEIS utility function u(ct) =
c1��t �1
1�� ; � > 0. Lifetime utility is U =P1

t=0 �
tu(ct); � 2 (0; 1). The consumer starts the �rst period with zero assets. He/she can only

invest in a bond that pays a net interest rate of rt. Denote assets invested by at+1.

1. Consider �rst a two-period problem. The consumer receives income y1 in period 1. At the
end of the period, he/she retires and uses savings to �nance second-period consumption.

(a) State the consumer�s problem. Derive the Euler equation.
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(b) Show how the consumer�s savings rate st = at+1=yt varies with the interest rate.
Show how the direction of this e¤ect depends on �. Explain which two countervailing
e¤ects of an increase in rt are at work here. Use the Euler equation to illustrate how
they a¤ect the consumption-savings decision.

(c) Analyze whether this changes when in the second period, the consumer has income
y2.

2. Now consider an in�nite-horizon economy consisting of two such consumers A and B, who
have di¤erent elasticities of intertemporal substitution �i, i = A;B. They have the same
endowment stream fytg1t=0. They again trade a risk-free bond each period and begin with
zero asset holdings.

(a) Carefully de�ne a sequential competitive equilibrium for this economy.

(b) Suppose that the endowment stream is constant: yt = y for all t. Show that, in this
case, the economy has a steady state. Express the steady-state interest rate in terms
of primitives.

(c) Now suppose that the endowment grows over time: yt+1 = (1 + g)yt; g > 0; for all t.
In this case, is there a steady state, that is, an equilibrium in which the consumption
of both consumers grows at the same rate? Explain why or why not.

(d) Explain in words what an equilibrium could look like.

3. Now suppose that A and B have equal elasticity of intertemporal substitution, but di¤erent
discount factors �i 2 (0; 1); �1 > �2; i = A;B.

(a) What do the two agents�consumption pro�les look like? Compare them.

(b) What can you say about the market-clearing interest rate? Argue. Draw an illustra-
tive graph.

(c) What can you say about the pattern of asset ownership?

(d) Now suppose that there is a continuum of agents. Each agent has a discount factor
�1 or �2, and faces a constant probability � that this discount rate changes. Explain
intuitively: What is the distribution of discount rates in the population? What does
this imply for the distribution of assets? What is the di¤erence between this case and
the case with constant discount rates? How does � a¤ect the asset distribution?

2.3 A version of the Ramsey model with relative consumption

Consider an economy populated by a continuum of identical households of mass 1. Households
are indexed by i and population is constant. Time is continuous and households discount future
utility �ows at a rate �. Each household seeks to maximize the present value of lifetime utility.
The instantaneous utility function is given by,

U (ci; li; c) =
1

1� "

�
CiC

�l�i

�1�"
0 <  < 1; " > 1; � > 0 (1)
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where Ci and li denote individual consumption and leisure respectively and C =
R 1
0 Cidi

is the average consumption level. Since agents are atomistic they ignore the e¤ects of their
decisions on the evolution of average consumption that from the perspective of any individual
household is given. This is an externality.

The individual time endowment is normalized to 1 and agent i0s budget constraint is given
by

_Ki = rKi + w (1� li)� Ci � �Ki (2)

where Ki; r; w; � are the individual capital stock, the interest rate, the wage rate and the
rate of depreciation.

a) Interpret the three preference parameters and discuss their sign restrictions.
b) Does this economy allow for a representative agent representation? Why? Intuitively

(or formally) what are the conditions required for representing individual choices in terms of a
representative agent?

c) Assume � = 0 (please, maintain this assumption until I tell you otherwise). Set up the
Hamiltonian for this problem. Derive and interpret the optimality conditions for the competitive
solution.

In this economy there is a representative (competitive) �rm that produces output, Y , com-
bining capital, K, and labor, 1� l, according to

Y = (1� l)�K1�� (3)

d) What is �? If you were to calibrate this production parameter which type of data and
assumptions do you need to pin down its value?

e) Derive and interpret the optimality conditions for the �rm.
f) Aggregate the decisions of the households and combine them with those of the repre-

sentative �rm to derive a pair of di¤erential equations that characterize the behavior of this
economy.

g) Draw the phase diagram and characterize graphically the dynamic behavior of this econ-
omy.

h) Characterize the steady state. Does the consumption externality have any e¤ect on the
steady state con�guration of this economy? Provide some intuition for this result.

i) Solve the Planner�s problem. Notice that a central planner takes into account the e¤ects of
individual consumption on average consumption, i.e. the planner perceives the following utility
function, U (c; l) = 1

1�"
�
C1�l�

�1�"
:

j) Compare the steady state of the planner solution with that of the competitive solution.
Do they coincide? Relate to your discussion in i)

k) In the remaining of this question assume � > 0. Derive the optimality conditions for the
competitive solution and for the planner. Does the distortion associated with the consumption
externality have any e¤ects in this case? Provide some intuition for this result.

l) Imagine the government in this economy had access to a consumption tax, � c. Can the
government induce the �rst-best allocation by means of this tax? (Assume the government
balances its instantaneous budget by means of a non-distortionary lump-sum tax).
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