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SUMMARY

The problem of the axial loading of a rigid disk-shaped anchor plate embedded in an isotropic elastic medium
of infinite extent is examined. At the boundary of the disk anchor plate the elastic medium contains a cracked
region of finite extent. The presence of the cracked region decreases the elastic stiffness of the anchor plate.
The mathematical formulation of the problem is developed, and a numerical scheme is presented which can
be used to solve the resulting coupled integral equations. The numerical technique is used to evaluate the
results, which illustrate the manner in which the elastic stiffness of the anchor plate is influenced by the extent
of cracking. Similar results are developed for the flaw shearing mode stress intensity factor at the external
boundary of the cracked region.

INTRODUCTION

The class of problems which deal with the loading of plate shaped objects embedded in elastic
media provides a useful basis for the modelling of the short-term or working load range
stiffnesses of anchor plates. A number of researchers have investigated a variety of elastostatic
problems involving anchor plates in which account is taken of complete bonding or partial
debonding at the anchor plate/elastic medium interface, flexibility of the anchor plate, transverse
isotropy of the soil medium, geometrical features of the anchor plate and the influence of the
boundaries (see e.g. References 1-10). Accounts of the elastostatic analysis of disk-shaped anchor
problems are given in References 11 and 12.

In the present paper we focus on the problem of a rigid circular anchor plate embedded in
bonded contact with an isotropic elastic soil mass of infinite extent. The elastic medium beyond
the boundary of the rigid disk anchor contains an in-plane cracked region of finite extent (Figure
1). The development of such cracks can be attributed to the use of grout materials which are
injected at high pressure, Similar cracking features can occur during the penetration of single-helix
ground anchors into stiff soil masses such as overconsolidated clays. This study is concerned
specifically with the evaluation of the elastostatic stiffness of the embedded anchor in the presence
of a cracked region emanating from the boundary of the anchor region. In this problem the inner
boundary of the cracked region terminates at the boundary of the rigid circular anchor plate. It is
well known (see e.g. References 13—15) that in such situations involving linearly elastic media, the
stress singularity at the discontinuity can exhibit oscillatory phenomena. Consequently, in
situations where the exact stress distributions at the inner boundary of the cracked region are of
interest, it is necessary to perform the analysis by appeal to a formulation based on the Hilbert
problem. On the other hand, if the primary interest is the evaluation of global results pertaining to
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Figure 1. Geometry of the disk inclusion and the extent of cracking

the stiffness of the embedded anchor, then the problem can be formulated by using an integral
transform approach (References 16 and 17). The basis for the adoption of the latter approach in
the solution of the embedded disk anchor problem can be illustrated by considering a rigid
circular punch in adhesive contact with a half-space region. If the bonded circular punch, of radius
a, is subjected to a central force P which induces a displacement A in the axial direction, the mixed
boundary conditions are

u,(r,0)=A, 0<r<a (n
u,(r,00=0, 0<r<a )
0,,(r,00=0, a<r<ow (3)
0,,(r,0)=0, a<r<ow 4)

The solution of the mixed boundary value problem, defined by equations (1)-(4), which
incorporates the oscillatory form of the stress singularity at the boundary of the rigid punch was
developed by Ufliand,'® and further expositions of the method of solution were given by
Mossakovskii'® and Gladwell.!* The result of primary interest to the present discussion concerns
the load—displacement behaviour of the rigid circular punch. Using the formulation based on the
Hilbert problem, this result can be evaluated in the exact closed form

P In(3—4v)
4GAa  1=2y

()

where G is the linear elastic shear modulus and v is Poisson’s ratio. In the Hankel integral
transform approach, the mixed boundary value problem associated with the bonded circular
punch is effectively reduced to a single Fredholm integral equation of the second kind. This
integral equation can be solved numerically to generate the load—displacement relationship for the
bonded punch. The comparison between the results obtained by the two schemes is shown in
Table I. It is evident that the two approaches yield virtually the same resuit for the axial stiffness of
the bonded punch. The maximum difference between the two sets of results does not exceed half a
per cent. Guided by this observation, we adopt a Hankel integral transform based on an integral
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Table 1. Axial stiffness P/8GAa of a rigid circular
punch bonded to an isotropic elastic half-space

Hilbert Hankel
v problem transform
approach approach
0 0-549 0-546
01 0-597 0-596
02 0-657 0-658
03 0-736 0-737
04 0-841 0-842
05 1-000 1-000

equation formulation of the axially loaded disk anchor problem in the presence of boundary
cracking, The mathematical analysis of the mixed boundary value problem yields a system of three
coupled integral equations. These in turn are reduced to a pair of coupled Fredholm integral
equations of the second kind. These are solved in a numerical fashion to generate the
load-displacement relationship for the disk anchor. The numerical results illustrate the manner in
which the extent of cracking influences the stiffness of the disk anchor. The numerical procedure
can also be used to evaluate the flaw shearing mode (or mode II) stress intensity factor at the outer
boundary of the cracked region. Again, the numerical results illustrate the influence of the extent of
cracking on the stress intensity factor at the crack boundary.

FUNDAMENTAL EQUATIONS

Since the anchor problem exhibits axial symmetry, it is convenient to use the method of solution
which is based on the strain potential approach taken by Love.2° It can be shown that the solution
to the displacement equations of equilibrium can be expressed in terms of a single function ®(r, z)
which satisfies the equation

VV20(r, z) =0 6)
where
2 10 o*
2 T 4 2 47
v T or? Jrr6r+622 ™

is the axisymmetric form of Laplace’s operator in cylindrical polar co-ordinates. The displacement
and stress components in the elastic medium may be evaluated in terms of the strain potential @;
we have

o*®
_ 8
2Gu, oroz ®)
iedi)}
26u, =21 —)V*0 -3 ©)

and

20
G =—a——<vV2<I)—L> (10)
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0 ( o, 100
0'99—52"<VV (I)—;‘a—r> (11)
d , 20
O'zz—gg{(z—\’)v ——W} (12)
_2 (1— )Vzd)——azq) (13)
M Y 0z*

Owing to the asymmetry of the state of deformation about the plane z =0, the disk anchor
problem can be formulated as a mixed boundary value problem associated with a half-space
region. For this purpose, and for convenience, we restrict our attention to the half-space region
defined by z > 0. The solution of equation (6) applicable to the formulation of the disk anchor
problem can be obtained by a Hankel transform development. The relevant result can be
expressed in the integral form??

(. 2) = r) ELAQ) + Bzl e™ o (¢r) dE (14)
0

where A(£) and B(&) are arbitrary functions, and J,(&r) is the zeroth-order Bessel function of the
first kind. It may be noted that the displacement and stress fields derived from equation (14) reduce
to zero as (r>+z%)? — 0.

THE DISK ANCHOR PROBLEM

We consider a disk anchor of radius a which is embedded in bonded contact with the surrounding
elastic medium. The cracked region beyond the outer boundary of the disk anchor has radius b.
The surfaces of the cracked region are traction-free. The disk anchor is subjected to a central force
P which induces a rigid-body displacement A in the z direction. Since the displacement of the disk
anchor induces an asymmetry, the mixed boundary conditions become

u(r,0)=4, 0<r<a (15
u(r,0)=0, 0<r<a (16)
u,(r,00=0, b<r<w (17)
0,,(r,0=0 a<r<oo (18)
6,,r0=0, a<r<b (19)

Using the integral form of the solution for ®(r, z) given by equation (14), the mixed boundary
conditions (15)19) can be expressed in the forms

Ho[E{A()+201-2vB(O)};r]= —2GA, 0<r<a (20)
H, [E{—¢A)+B@)})r]=0, 0<r<a 21
H,[E{- LA +BQ)}r]=0, b<r<o (22)
Ho[E{EA+(1-2vBQ)}; 1] =0, a<r<o (23)

H [E{EA(E)—2vB(&)};r]=0, a<r<b (24)
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where H,[Q(&); r] is the Hankel transform of order n defined by

H,[94e) 1] = f R GEACEE 29)
By introducing the substitutions

20 =)A= —(1-2vM(&)+ N() (26)

2(1-v)E*B(&) = M(Q)+ N(¢) 27)

we can express the integral equations (20)-(24) as follows:

H, [é“‘ {N(£)+g:jg M(i)}; r] = —4L3A~(14—:L), 0<r<a (28)

H [E7'M(&);r]=0, 0<r<a 29)

H [E"'M(E);r]=0, b<r<o (30)

Hy [N r]1=0, a<r<ow (31)

H [{Q-29N@&)—-M(E}r]=0, a<r<b (32)

From equation (28) we note that

4GA1—v) (1-2v)
T34y 3—4y
With reference to equation (31), we assume that N(£) admits a representation of the form
¢(a)sin(&a) 1 (*
G j

where the prime denotes the derivative with respect to t. By substituting equation (34) into
equation (33) we obtain

Togdr  4G(1—v) (1-2v)
o PP=)2 T T34y 3—4y

Ho[E7INEQ) 1=

Ho[¢7'M(©&)r), 0<r<a (33)

NG = Ja ¢d(t)cos (Et)dt = ¢'(¢) sin &t dt (34)
0

0

H [ 'M()r], 0<r<a (35)

which is an integral equation of the Abel type; its solution may be written as

8GA(L—v)  2(1-2v) Jw

0= —"3"4) xB-a)

M@ cos(ér)dé, 0<t<a (36)
0

Equations (29), (30) and (32) may be written in the following forms:

HJET'M@E;r]=0, 0<r<a b<r<ow (37
H [M(&)r]=(1-2vH,[NE;r]=G(), a<r<b (38)
Substituting for N (&) defined by equation (34), equation (38) may be expressed in the form

e P(r)yde

=y a<r<b (39)

G,(rn=r(1 ——2v)J

0

To obtain the solution of the system of triple integral equations defined by equations (37) and (38),
we assume that

H [M@);r]=fi(), a<r<b (40)
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H [M(@);r]=f3(r), b<r<oo (41)

Making use of the Hankel inversion theorem, we obtain from equations (38), (40) and (41)

M= f ufi ) J, () du + j

uG (u)J (Cu)du + f uf3(u)J, (Cu)du (42)
0 a b
By substituting equation (42) into equation (37) and making use of the techniques outlined by
Cooke,'® we obtain the following set of integral equations:
b (2 —q?)1/2 J'oo (t2—a?)'?
b

;nr—l(az_rz)uzjrl(r):—J pey—; G,(t)dt— —ﬁjfm)dt, O<r<a @43)

a
b tZ(bZ _ t2)1/2

fl(t)dt'—j 3

2
a re—t

. ) 1l a t2(b2_t2)1/2
Srrr* =)V f(r) = — G,(t)dt, b<r< o (44)

With the aid of the result (42), we obtain
J‘” M(&) cos(¢t)dé = Jafl(u)du—tjt Sfi(w) du
0 0

o (tz _u2)1/2

+J"J Gl(u)du+J‘wf3(u)du, O<t<a (45)

a,

By using equations (36) and (45), the result (39) may be expressed as

2 (1—2v)%a e b ®
Gy(r) = RO [J fl(u)du+f Gl(u)du+J f3(u)du:‘

0 a b

o ) e W
Introducing the substitutions

n(az—rz?l/zﬁ (") _ 8GA(7II - iv‘)lil)—ﬁa Fy(r) @)

nr(r? — b;)” falr) _ 8613(;(—3 2_”1(‘}1) LY (48)

L. = I E TP ®

) = 8GA(1 -2v)(1 —v)a &) (50)

(3 —4v)
Using the above, the integral equations (43), (44) and (46) can be expressed as

Fi(r)= _f” G¥*(ndt 2 f‘” <t2——a2>1/2 Fy(t)dt O<r<a 51)
b

U= ), \P—b2) dE—r)

2 (e b2_t2 l/2t3F (t)dt b bz—tz I/ZtG*(t)dt
Fs(r)z—gjo <a2—t2> rzl_tz “|\PZe rzl—tz , b<r<ow (52)
Gy = 120U (2 [ uFsdu [ Gi(u)du
e n 3—4v |n)o@—u)? [, uw®—a?)'?



EMBEDDED ANCHOR PLATE 165

ZJ‘” F4(u) du :|+4(1—2v)2r2 J“uFl(u)du

z , b 53
7 ), u(u®—bH)? (3 —4v)r? r2—u? a<r=< (53)
Also, note that ¢*(f) may be expressed in terms of F, F and G¥ in the form

1 212 |:2 j“ uF,(w)du 2t j’ uF (u)du

¢*(0)= -

(1—=2va n3—4v|n ), @—ud)'? 7 ), (@ =) (2 —u?)'?

b G¥Huwydu 2 [® Fi(uwdu
+J J ol

. u(uz—az)l/z ; . uz_b2)1/2

:|, O<r<oo (54)

This completes the formal reduction of the mixed boundary value problem defined by equations
(15)-(19) effectively to the solution of the coupled integral equations (51)53). The numerical
solution of these equations is discussed below.

LOAD-DISPLACEMENT RELATIONSHIP FOR THE ANCHOR

The axial stress distribution at the disk anchor/elasti¢ medium interface can be used to evaluate
the load—-displacement relationship for the rigid disk anchor.
From equation (31) we note that

o..(r, 0) = —f EN(Q)Jo(Erds, O<r<a (55)
o]
Substituting the value of N(&) defined by equation (34) into equation (55), we have
0r,0)= - ?9 +f UL (56)

(a2_r2)1/2 , (tz_rz)uz’

where the prime denotes the derivative with respect to the argument. The load—displacement
relationship for the rigid disk anchor may be evaluated by considering the equilibrium equation
for inclusion. Taking account of tractions which act on both faces of the disk anchor, we obtain the
total force P on the inclusion as

P=4n f ro,,(r, 0) dr (57)

By substituting (56) into (57) we obtain

P=—4n J o(t) dt (58)
4]
and with (50) substituted in (58),
P 21 —v)(1-2v) J"‘

16GAa 3—4y

o*(t) dt (59)

0

The expression for the load-displacement relationship may be evaluated by making use of the
numerical solutions developed for F,, F; and G¥}.

THE STRESS INTENSITY FACTOR AT THE BOUNDARY OF THE CRACK

The flaw shearing mode (or mode II) stress intensity factor at the boundary of the crack may be
evaluated by considering the stress distribution o,, in the region r (b, o). The integral expression
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for the shear stresses in the elastic medium is

fa(r) L2 J ¢(t) d
(2 -

O-r,z(r’ 0) = 2(1 2(1 — v) 3/2 (60)

By making use of (48) and (50), the result (60) may be expressed in the form

0,.(r,0)= _nfr%Ajgv)—(rZV)ng()rm r;(ll _2;))) f @ (t)f;i/z, b<r<oo (61)

The flaw shearing mode stress intensify factor Ky, is defined by
Ky= 111:1+ {2(r—b)}*a,,(r, 0) (62)

Using (61) in (62) and taking the appropriate limits, we obtain
Ky 8a(l —2v)F,4(b) 63)

GA~  mB—abn

Again, the stress intensity factor may be evaluated upon numerical solution of the coupled system
of integral equations (51)}53).

NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS

The system of triple integral equations (51)+(53) may be reduced to a system of coupled integral
equations by substituting the result for F5(r) given by (52) into (51) and (53). Performing this
operation, and introducing the substitutions

t r

A S

¢= =5 JW=BF0,  g)=Gt0) (64

we obtain the following system of coupled integral equations;

4 ¢ /11— 2 \1/2
=3[ (325) enenroux

. f 1 E(g‘_icy )
+a'1—21j?ﬂg(é)d€, 0<n<e (65)
gm = —1 —_‘15(%%)2
X{”(n ”—zé% ( éz)]gf@dé

g2 2
f (612 62)1/ g(;)dé} C<11<1 (66)

and

NIH
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where the function (¢, #) is defined as

(1= c28H\12 $® ds
X(Ca ’7) - JO < 1 _Sz ) (1 -—11252)(1 __éZSZ) (67)

The expression for the axial stiffness of the anchor corresponding to equation (59) may now be
written as

P 21-v)
16GA~ 3 -4y

4 (=22 [° 1 —E2\12
ot [ ) oo
n [P 1=\ g(0)
e 6h) Pl *

Similarly, the flaw shearing mode stress intensity factor at the boundary of the cracked region,
equation (63), may be written as

Ki_ 8(1-2v) ¢ [2 J ERode [ G9de )
GA™ m(B—a) /bl 7 Jo (=17 |, (E=H (1=

A quadrature scheme of order N is used to solve the coupled system (65}(66). The scheme is
applied to the intervals {0, ¢] and [¢, 1] separately. Therefore a matrix equation of order 2N is

obtained, in the form
2L
= 70)
|:A21 Ay, g L-1 (

where the coefficient submatrices are obtained from equations (65) and (66). Upon solution, the
results for the axial stiffness of the anchor and the stress intensity factor at the crack tip can be
obtained via equations (68) and (69), respectively. The order of the quadrature scheme can be
varied to ensure convergence of the results to limiting values. In the numerical treatments
presented here, we employ N =16 and ve(0, 0-5). The techniques adopted for the numerical
solution of the coupled integral equations are sufficiently accurate for the purposes of evaluation
of the load—displacement relationship and the stress intensity factor defined by equations (68) and
(69). Other numerical procedures that can be adopted for the solution of integral equations are
documented by Baker.??

NUMERICAL RESULTS AND CONCLUSIONS

Before examining the results derived from the numerical analysis of the coupled integral equations
governing the disk anchor problem, it is instructive to establish certain limiting cases associated
with the extent of boundary cracking. In the limiting case when b — g, the cracking is absent and
the problem reduces to that of the axial loading of a disk anchor which is embedded in bonded
contact with an elastic medium of infinite extent. The exact closed-form results for the axial
stiffness of the embedded rigid disk anchor were derived by Collins,?* Selvadurai,? and Kanwal
and Sharma?* by using, respectively, integral equation techniques, spheroidal harmonic function
techniques and singularity methods. As a/b — 1,

P 2(1-v)
16GAa~ 3—4v

(71)
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As the cracking extends to infinity, the problem reduces to the case where the disk anchor is
embedded in bonded contact with two identical half-space regions. The exact analytical solution
for the axial stiffness of the disk anchor may then be obtained by simply considering the result,
given in the introduction, for the axial stiffness of a rigid punch bonded to an isotropic elastic half-
space. Consequently, as a/b — 0,

P In(3—4v)
16GAa ~ 2(1—2v)
The results for the axial stiffness of the disk anchor derived by using the numerical analysis scheme

are shown in Figure 2. The exact closed-form results obtained from equations (71) and (72) are also
shown for comparison. It is evident that the numerical procedures yield results which compare

(72)
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b

Figure 2. Variation of the axial stiffness of the disk anchor with the extent of cracking
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Figure 3. Variation of the flaw shearing mode stress intensity factor at the boundary of the cracked region

very accurately with the exact closed-form solutions cited in equations (71) and (72). As is evident,
in the limit of material incompressibility the extent of cracking has no influence on the axial
stiffness of the disk anchor. The maximum influence of the cracking on the axial stiffness of the
anchor occurs when v =0. In this case the elastostatic stiffness can be reduced by as much as
approximately 25 per cent of the stiffness for the uncracked case. However, for most naturally
occurring soils and rocks ve(0-2, 0-5). In this case the reduction in stiffness due to the boundary
cracking is much smaller and may be considered to be of little or no practical significance. Figure 3
illustrates the manner in which the flaw shearing mode stress intensity factor at the boundary of
the crack is influenced by the extent of cracking. Again, in the limit of material incompressibility,
the flaw shearing mode stress intensity factor at the boundary of the crack reduces to zero for all
choices of a/be(0, 1).

ACKNOWLEDGEMENTS

The author gratefully acknowledges the valuable comments of the referees. Thanks are also due to
M. C. Au for assistance with the numerical computations. The work described in the paper was
supported by research grant A3806 awarded by the Natural Sciences and Engineering Research
Council of Canada.



170 A. P.S. SELVADURAI

REFERENCES

1. S. C. Hunter and D. Gamblen, “The theory of a rigid circular disc ground anchor buried in an elastic soil either with
adhesion or without adhesion’, J. Mech. Phys. Solids, 22, 371-399 (1974).
2. A P.S. Selvadurai, “The load—deflection characteristics of a deep rigid anchor in an elastic medium’, Geotechnique, 26,
603-612 (1976).
3. A. P.S. Selvadurai, ‘An energy estimate of the flexural behaviour of a circular foundation embedded in an isotropic
elastic medium’, Int. j. numer. anal. methods geomech. 3, 285-292 (1979).
4. A.P.S.Selvadurai, ‘The eccentric loading of a rigid circular foundation embedded in an isotropic elastic medium’, Int.
J. numer. anal. methods geomech. 4, 121-129 (1980).
5. L. M. Keer, ‘Mixed boundary value problems for a penny-shaped cut’, J. Elasticity, 5, 89-98 (1975).
6. A. P. S. Selvadurai and T. J. Nicholas, ‘A theoretical assessment of the screw plate test’, in Proc. 3rd Int. Conf. on
Numerical Methods in Geomechanics, Vol. 3, Aachen, 1979, pp. 1245-1252.
7. .R. K. Rowe and J. R. Booker, ‘A method of analysis of horizontally embedded anchors in an elastic soil’, Int. j. numer.
anal. methods geomech. 3, 187-203 (1979).
8. R. K. Rowe and E. H. Davis, “The behaviour of anchor plates in clay’, Geotechnique, 32, 9-23 (1982).
9. A. P. S. Selvadurai, ‘Elastostatic bounds for the stiffness of an elliptical disc inclusion embedded at a transversely
isotropic bi-material interface’, J. Appl. Math. Phys. (ZAMP), 35, 13-23 (1984).
10. A. P.S. Selvadurai and B. M. Singh, ‘The axial displacement of a disc inclusion embedded in a penny shaped crack’, J.
Appl. Math. Phys. (ZAMP), 37, 64-77 (1986).
11. A. P. S. Selvadurai and B. M. Singh, ‘Axisymmetric problems for an externally cracked elastic solid II. Effect of a
penny-shaped inclusion’, International Journal of Engineering Science, 25, pp. 1477-1490 (1987).
12, A. P. S. Selvadurai, ‘Disc inclusion problems in classical elasticity theory’, in preparation (1989).
13. 1. N. Sneddon and M. Lowengrub, Crack Problems in the Classical Theory of Elasticity, Wiley, New York, 1969.
14. G. M. L. Gladwell, Contact Problems in the Classical Theory of Elasticity, Sijthoff and Noordhoff, Alphen aan den Rijn,
The Netherlands, 1980.
15. G. C. Sih and E. P. Chen, Mechanics of Fracture, Vol. 6; Cracks in Composite Materials, Martinus Nijhoff, The Hague,
1981.
16. 1. C. Cooke, ‘Triple integral equations’, Q. J. Mech. Appl. Math. 16, 193-203 (1963).
17. I. N. Sneddon, Mixed Boundary Value Problems in Potential Theory, North-Holland, Amsterdam, 1966.
18. Ia.S. Ufliand, “The contact problem of the theory of elasticity for a die, circular in its plane, in the presence of adhesion’,
Prikl. Mat. Mekh. 20, 578-587 (1956) (in Russian).
19. V. 1. Mossakovskii, “The fundamental mixed boundary problem of the theory of elasticity for a half-space with a
.circular line separating the boundary conditions’, Prikl. Mat. Mekh. 18, 187-196 (1954). (in Russian).
20. A. E. H. Love, 4 Treatise on the Mathematical Theory of Elasticity, Cambridge University Press, London, 1927.
21. L N. Sneddon, The Use of Integral Transforms, McGraw-Hill, New York, 1972.
22. C. T. H. Baker, The Numerical Treatment of Integral Equations, Clarendon Press, Oxford, 1977.
23. W. D. Collins, ‘Some axially symmetric stress distributions in elastic solids containing penny-shaped cracks. I: Cracks
in an infinite solid and a thick plate’, Proc. R. Soc. A, 203, 359-386 (1962).
24. R. P. Kanwal and D. L. Sharma, ‘Singularity methods for elastostatics’, J. Elasticity, 6, 405418 (1976).



