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The paper presents an approach for estimating the permeability of a porous medium that is based
on the characteristics of the porous structure. The pressure drop in different fluid flow passages is
estimated and these are combined to evaluate the overall reduction. The theory employed is presented
and the level of accuracy for different cases is discussed. The successive steps in the solution algorithm
are described. The accuracy and computational efficiency of the approach are compared with results
obtained from a finite-element-based multiphysics formulation. It is shown that for a comparable
accuracy, the computational efficiency of the approach can be two orders of magnitude faster. Finally,
the model predictions are examined with conventional relationships that have been reported in the
literature and are based on permeability-porosity relationships. It is shown that estimating the perme-
ability of a porous medium using porosity can lead to an order of magnitude error and the expected
permeability range in different porosities is presented using 10 000 random structures. Published by
AIP Publishing. [http://dx.doi.org/10.1063/1.4977444]

I. INTRODUCTION

The property of permeability of a porous medium has
applications in a variety of areas in engineering and materials
science. Although it is not clear at first sight, the fundamen-
tal topic of research in the various fields is the examination of
flow and transport in porous media. Because of the complexity
of the subject, the experimental approach is the most com-
mon method used to study how the porous structure affects
the mass transport. In essence, the required parameter (e.g.,
diffusivity or permeability) is measured for different porous
media and an experimental relationship is established, repre-
senting an “effective” coefficient (e.g., effective diffusivity).1

Based on experimental studies, theoretical relations (e.g., the
Carman-Kozeny equation or the Bruggeman’s relation2) have
been developed to obtain better representations for estimating
transport parameters.

Despite the general success of experimental approaches,
the following points have been raised concerning the
applicability of these methods to generalize the results
for a quantitative estimation of permeability of porous
media:

• The complexity of the measuring procedure can influ-
ence the precision of the results to the level that the
variations of measured permeability because of the
changes in the input parameter (e.g., porosity) cannot
be easily distinguished from the uncertainties in the
measurements (e.g., Ref. 3).
• Porosity is often the only “characteristic” param-

eter that is used to describe the porous medium.
However, different porous structures with the same
porosity can exhibit wide variation in the transport
pattern4 (also see Figure 1). Although the schematics

presented in Figure 1 show extreme cases, similar
pore structure distributions have been discussed in the
past.5

• Several attempts have been made to define other char-
acteristic parameters for porous structures6,7 of which
tortuosity is the most common. However, tortuosity is
not measured directly and is considered as a correla-
tion factor or is estimated simply from the porosity
value.8

• The generalization of the measured trends is question-
able. The dominant characteristic parameter of a porous
medium that governs flow is not clear and therefore
the measured trends cannot be generalized to “simi-
lar” porous media because the similarity is imprecisely
interpreted. Specifically, permeability values are nor-
mally non-dimensionalized using the solid phase par-
ticle diameter; however, it is reasonable to expect, at
least in natural porous structures, that there will be a
range of particle sizes.

When the above challenges associated with the experi-
mental characterization of porous materials are considered,
the development of numerical models to capture the porous
structure and transport mechanisms merits attention. There
have been many numerical modeling approaches developed
to simulate transport in porous media (especially in ran-
dom structures9–12) and a comprehensive review of differ-
ent strategies is presented in Ref. 13. The review covers
continuum-scale approaches where the high computational
resources required resulted in imposing restricted or unre-
alistic assumptions. It also covers the pore-scale modeling
approaches, which are essentially more powerful for model-
ing specific physical phenomena (such as viscous fingering).
However, in spite of their strength, those models are generally
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FIG. 1. Four different pore structures
with the same porosity (60%).

restricted by limited access to computational resources (specif-
ically the Lattice-Boltzmann method).13 The most common
pore-scale approach, which needs considerably less compu-
tational time and resources, is pore-network modeling. This
method has frequently been used to study multiphase trans-
port in porous media [e.g., Refs. 14–16]; however, it too has
shortcomings13 in that the geometries employed are often far
from the physical reality of a pore structure and concepts
such as “pore” and “throat” are subjective and not always
physically meaningful (e.g., mesh-based porous media). This
issue is clearly evident in the examples (a) and (c) shown in
Figure 1.

The scope of the present research is to develop a new
modeling approach for mass transport in porous structures that
can capture the geometrical details of a porous medium. This
approach requires considerably less computational resources
than computational fluid dynamics approaches and allows
researchers to study and optimize the details of the porous
structures (specifically, during the design and optimization
phases for engineered porous materials). For this reason, the
modeling approach needs to be based on analytical estimates
that provide acceptable accuracy. Here, a new model for esti-
mating the viscous pressure drop in an arbitrary porous struc-
ture is presented as the first step towards accomplishing an
analytical-based modeling approach.

In this paper, the theoretical analysis required for the
modeling is discussed first. Next, the modeling approach
is explained and the details at each step are presented and
discussed. The model predictions are then verified against
the modeling results obtained using both the COMSOL�
Multiphysics computational fluid dynamics (CFD) pack-
age and the measured permeability values from estimates
reported in the literature. Finally, the permeability-porosity
relationship is examined and discussed as an example of the
model applications. It is shown that the permeability esti-
mates obtained using the porosity value for an unknown
structure can easily result in errors of several orders of
magnitude.

II. THEORY

In this section we discuss the slow viscous flow model
in 2D and show that the pressure drop across any flow pas-
sage can be estimated to within an accuracy of 10% by esti-
mating the average length of the streamline based on the
length of the surrounding boundaries. This estimate is used in
Sec. III to determine the pressure drop across any arbitrary
porous structure. In this section, the analytical approach and
the accuracy for different classical examples are presented. In
particular, the pressure losses in parallel channels, stagnation-

point flow, arbitrary joints, and step flow are estimated. In all
cases, the flow regime at the entrance and the exit is assumed
to be fully developed (purely axial with variations only in the
lateral coordinates).

A. Parallel channel

Fluid flow in a parallel channel has been solved analyti-
cally and this is known as the parallel plate assumption.17 In
this type of flow, the pressure gradient dp/dx can be easily
determined from the flow rate per unit thickness normal to the
flow plane (Q) using the following equation:17

Q =
h3

12µ

(
−

dp
dx

)
, (1)

where h and µ are the width of the channel and the dynamic
viscosity of the fluid, respectively. Equation (1) shows that for
a constant flow rate, the pressure drop is a linear function of the
channel length (dp/dx is constant), clarifying that this method
(estimating the pressure drop from the length of the surround-
ing boundaries) gives an accurate analytical prediction in the
parallel channel case.

B. Stagnation-point flow

In order to discuss the analytical estimates employed in
Sec. III, we consider the pressure drop on a streamline in a
creeping flow. Employing the Stokes equation17 in stream-
line coordinates for the steady flow (see Appendix A), the
pressure drop rate along the streamline can be calculated if
the Laplacian of the velocity can be obtained (Eq. (A4)). The
stagnation-point flow is discussed here in order to explain the
details of the process. To our knowledge, there is no analytical
solution for the viscous flow problem at a corner region. In our
approach, the problem is modified to that shown in Figure 2.

FIG. 2. The schematic of the stagnation-point flow.
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The flow is bounded by two parallel boundaries at the outflow,
while the inflow region is defined by a surrounding boundary
and the plane of symmetry ( y = 0).

The flow is considered fully developed at the inflow and
the outflow; as a result, the flow rates and the Laplacian
of the velocity vector (V) can be determined. Considering
the inflow width (2a), it can be shown that at the inflow
region,

Q =
a3

3µ

(
−

dp
dx

)
, (2)

���∇
2V��� =

∂2u

∂x2
+
∂2u

∂y2
= −

3Q

a3
. (3)

Here, u and v are the velocity components in the x and y
directions, respectively. We note that the flow rate (Q) in
Equation (2) is half of the total inflow flow rate and is in fact
the flow rate entering the geometry shown in Figure 2.

Similarly, it can be shown that at the outflow region,

Q =
a3

12µ

(
−

dp
dy

)
, (4)

���∇
2V��� =

∂2v

∂x2
+
∂2v

∂y2
= −

12Q

a3
. (5)

As can be seen in Figure 2, the streamline coordinates s and
n in the downstream region are parallel to the y and x axes,
respectively. Equations (3) and (5) show that the Laplacian of
the velocity vector is equal to − 3Q

a3 upstream and − 12Q
a3 down-

stream. To estimate the pressure drop along the streamline, the
following assumptions are employed:

1. The flow remains fully developed for all the regions out-
side the shaded area in Figure 2. In other words, the
velocity distributions follow the fully developed assump-
tion for x < �a and also y < �a. This assumption is
revisited in the next paragraphs.

2. The average of the Laplacian changes linearly from the
upstream value (− 3Q

a3 ) to the downstream value (− 12Q
a3 ) in

the shaded area.

Using these assumptions, the pressure gradient in the
shaded area can be estimated as

∂p
∂s
= µ

(
−

3Q

a3
−

9Q

a3

s
St

)
, (6)

where s is the streamline coordinate in the shaded area and St

is the total average length of the streamlines in the shaded area
(referring to Figure 2, (s) = 0 at the beginning of the shaded
area and s = St at the end of shaded area). As a result, the
overall pressure drop in the shaded area can be determined by
integrating the above equation as

∆p = −
3µQ

a3
St −

9µQ

a3

St

2
. (7)

The streamline length, however, can vary from asymptotically
zero close to the rotation corner (�a, �a) to ∼2a for the longest
streamline, which enters the shaded area close to the symmetry
line and exits the shaded area close to the boundary x = 0. As a
result, the average length of the streamlines in the shaded area
can be estimated to be close to a. Using this assumption, the

pressure drop of the flow in the shaded area in Figure 2 can be
estimated as

∆pavg, Hatched Area = −
15µQ

2a2
. (8)

A comparison of the pressure loss predictions from the
above approximation procedure and the modeling of this
stagnation point flow in COMSOL� Multiphysics software
using Stokes flow assumption shows that the overall error of
this approximation procedure is less than 1.5%. This shows
that estimating the pressure drop using the average length
of the surrounding boundaries gives a result of reasonable
accuracy.

It should be mentioned that the assumption of a fully
developed velocity distribution outside the shaded area is not
expected to introduce significant error. While the velocity dis-
tribution can be distorted before and after the shaded area
by the stagnation point effects, these distortions nullify their
impacts on the estimations presented above. In other words,
while the Laplacian term can be smaller than �3Q/a3 before
the shaded area, the assumption of a fully developed veloc-
ity distribution upstream of the shaded area overestimates
the pressure drop before the shaded area (by assuming that
the Laplacian term remains at �3Q/a3) and simultaneously
under-estimates the pressure drop inside the shaded area (by
assuming that the Laplacian term changes from the − 3Q

a3 value
to the final value) and finally, the impact of these over- and
under-estimations will be nullified.

C. Flow of an arbitrary joint

The pressure drop and the flow rate ratio in an arbitrary
joint can also be estimated using the same approach. The
schematic of an arbitrary joint is shown in Figure 3. The flow
enters a channel of width a from the left with a flow rate of Qa

and exits from two channels of widths b and c with flow rates
of Qb and Qc, respectively. This flow rate partitioning has to
be estimated.

Similar to the stagnation-point flow, the velocity distribu-
tions outside the shaded area are assumed to be fully developed.
As a result, the Laplacian of the velocity vector in the different
channels can be estimated as

���∇
2V���

���a =
−12Qa

a3
, ���∇

2V���
���b =
−12Qb

b3
, ���∇

2V���
���c =
−12Qc

c3
.

(9)

Using similar assumptions (e.g., the Laplacian changes lin-
early inside the shaded area), the pressure drop inside the
shaded area from channel a to channels b and c can be
estimated as before as

∆pac = −6µSac

(
Qa

a3
+

Qc

c3

)
, (10)

FIG. 3. The schematic of an arbitrary joint.
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∆pab = −6µSab

(
Qa

a3
+

Qb

b3

)
, (11)

where Sac and Sab are the average lengths of the streamlines
from channel a to channels c and b, respectively, which can be
estimated by assuming that the average length of the stream-
lines in the shaded area in Figure 3 is an average of the length
of the surrounding boundaries for each section of the flow as
follows:

Sab ≈
1
2

(
b

tan α
+ Smax

)
, (12)

Sac ≈
1
2

(
b

sin α
+ Smax

)
. (13)

Here, Smax is the length of the streamline that separates the
flow rates. In other words, the streamlines above this specific
streamline move to channel c, while the streamlines below
move to channel b. The other terms in Equations (12) and
(13) estimate the length of other surrounding boundaries for
each flow (i.e., length of the upper side of the shaded area in
Figure 3 for Sac and length of the bottom left side of the shaded
area for Sab). Smax can be estimated as

Smax ≈

√
t2 +

(
b

sin α

)2

. (14)

The parameter t in the above relationship refers to the dis-
tance from the lower boundary in channel a through which the
flow rate of Qb occurs. As an example, if Qb becomes 0.5Qa,
then t would be equal to 0.5a. Considering the fully developed
velocity profile assumption in channel a, this parameter can
be determined from the following equation:

2
( t

a

)3
− 3

( t
a

)2
+

Qb

Qa
= 0. (15)

To solve the above equation, the flow rate in channel b has to
be determined. As the flow is assumed to be fully developed
outside the shaded area, the pressure drop in channels b and c
can be estimated using Equation (1) as a linear function of the
flow rates,

∆pb = ϕbQb, ∆pc = ϕcQc, (16)

where ϕb and ϕc are constants. Using the equal-exit-pressure
assumption, the pressure drop from both paths b and c has to
be equal,

∆pab + ∆pb = ∆pac + ∆pc. (17)

Using Eqs. (10), (11), and (16), and the principle of conserva-
tion of mass (Qc = Qa −Qb), the flow rate in section b can be
calculated as

[
Sab

b3
+

Sac

c3
+
ϕb + ϕc

−6µ

]
Qb

=

[
Sac

a3
+ Sab

(
1

c3
−

1

a3

)
+

ϕc

−6µ

]
Qa. (18)

The pressure drops in the shaded area can then be determined
from Eqs. (10) and (11). It is necessary to mention that because
of the assumptions employed during the calculation of the

lengths of the streamlines, the pressure drops will not nec-
essarily satisfy Eq. (17) and as a result, the Sac parameter has
to be corrected as follows:

Sac = Sab

Qa

a3 +
Qb

b3

Qa

a3 +
Qc

c3

+
1

6µ
ϕcQc − ϕbQb

Qa

a3 +
Qc

c3

. (19)

Finally, the solution algorithm can be summarized as fol-
lows:

1. As a first estimate, t is assumed to be equal to a/2.
2. Smax is then determined from Equation (14).
3. Sab and Sac are estimated using Equations (12) and (13),

respectively.
4. Qb is obtained from Equation (18). Qc is determined from

the result Qc = Qa − Qb.
5. Equation (15) is used to update t.
6. The algorithm is repeated from step 2 until convergence

is achieved. The only correction is that Sac has to be
determined from Equation (19) instead of Equation (13).

7. The pressure drops in the shaded area are calculated using
Equations (10) and (11).

The pressure drops and the flow rates predicted by this
estimation procedure are compared with the modeling results
obtained from the Stokes flow for identical geometries using
COMSOL� Multiphysics. The results are shown in Table I;
the errors for both pressure drop and flow rates are less than
5% in the cases studied, while the flow rate estimation is
considerably more accurate.

D. Step flow

A similar approach is employed in this section to
estimate the pressure drop for a step flow region. The
pressure drop is calculated using the average length of

TABLE I. The errors observed from the theory for different cases.

Arbitrary joint

Case Flow rate Pressure drop
number b/a c/a α error (%) error (%)

1 0.5 1 45◦ 0.7 1.3
2 0.5 1 30◦ 1.1 4.3
3 1 1 90◦ 0.85 4

Step

Case number b/a Error (%)

1 1.5 0.9
2 2 3.5
3 3 8.8

Geometries shown in Figure 5

k/A Elapsed time (s)

Error
Case Model COMSOL (%) Model COMSOL Ratio

a 2.06 × 10�3 2.29 × 10�3 10 0.042 5 119
b 2.75 × 10�3 2.86 × 10�3 3.8 0.043 6 139
c 1.61 × 10�3 1.51 × 10�3 6.6 0.055 6 109
d 1.75 × 10�4 1.77 × 10�4 1.1 0.033 6 181
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FIG. 4. The schematic of the geometry for a step flow.

the streamlines and linear-change-of-the-Laplacian-of-the-
velocity-vector assumption. A schematic of a step flow is
shown in Figure 4.

Here again, the flow is assumed to be fully developed
outside the shaded area. The shaded area is considered to be
the length over which the flow is adjusted to the new width.
The length of this area is regarded as equal to the required
width increment. The pressure drop in this area is estimated
by assuming that the average length of the streamlines is equal
to the average of the length of the boundaries surrounding the
flow, i.e.,

Savg =
(b − a) + 2(b − a)

2
=

3(b − a)
2

. (20)

The pressure drop outside the shaded area is calculated using
Equation (1). Inside the shaded area, however, the pressure
drop is estimated by assuming that the Laplacian term changes
linearly from its value in channel a (− 12Q

a3 ) to its value in chan-

nel b (− 12Q
b3 ). The overall pressure drop is then calculated and

compared with the Stokes flow modeling for the same geome-
try, using the COMSOL�Multiphysics software. The results
are shown in Table I. As can be seen in the table, the errors are
within an acceptable range. The largest error (8.8%) occurs
when the flow passes through a step that is magnified three
times (b = 3a). Even in this case, if the symmetry condition is
enforced on the geometry and the input is moved to the center,
the error drastically reduces to 0.15%.

Using the analysis and the procedure presented here indi-
cates that the pressure drop of the Stokes flow in a passage can
be evaluated by measuring the average length of the stream-
lines, which can be estimated from the average length of the
surrounding boundaries of the passage. This observation is
employed in Sec. III to estimate the pressure drop in any
arbitrary two-dimensional porous structure. The flow rate dis-
tribution in different passages has to be determined such that
the pressure drop of the parallel passages becomes equal. This
process is discussed and explained in Sec. III.

III. SOLUTION ALGORITHM

The purpose of this section is to present the solution
algorithm for estimating the pressure drop for any 2D porous
structure. The solution procedure is explained in the subsec-
tions of Appendix B through an example. The pressure drop
estimation is based on the analytical approximation presented
previously; while this approximation is not as accurate as clas-
sical CFD methods (e.g., finite volume or finite difference),
a calculation of the governing equations in each cell is not
required, which decreases the computational demands drasti-
cally. In other words, the accuracy level is independent of the

mesh structure and size and is directly related to the accuracy
of the analytical estimation employed in the process. Specif-
ically, if a more accurate analytical approximation than the
analysis presented in Sec. II is used, this algorithm can eas-
ily be adjusted and the accuracy improved without loss of
generality.

In this method, the mesh is only required to capture the
geometry of the porous structure. As a result, the mesh can be
as coarse as the feature size of the structure. Here, a hexagonal
mesh is used instead of the customarily employed rectangu-
lar mesh. The hexagonal mesh is preferred since the coverage
of the neighborhood of a cell by adjacent cells is consider-
ably higher than the coverage obtained using a rectangular
mesh. In essence, in the rectangular mesh structure, the mass
transport is normally considered from the east (E), west (W),
north (N), and south (S) neighbor cells directly to the cell in
each calculation step. As a result, there is no direct path for
transport from the north-east (N-E), north-west (N-W), south-
east (S-E), and south-west (S-W) cells to the cell. However,
in the hexagonal mesh structure, each cell is surrounded by
six adjacent cells, which are all directly accessible. Hence, the
ratio of disconnected area around a cell (i.e., the ratio of the
area of a circular space around a cell that belongs to those
cells that are not directly connected to the cell) decreases from
30.9% in a 2D rectangular mesh to 14.7% in a 2D hexagonal
mesh.

First, the passages for the fluid flow inside the porous
structure are defined and the network of the structure is deter-
mined. When the passages are determined, the pressure drop
in each passage can be estimated as a function of the flow rate
using the analysis presented in Section II. Clearly, as the flow
rates of the passages have not been estimated, the pressure drop
value still needs to be determined. To find the flow rate distri-
bution in the structure, a modified version of the Hardy Cross
method is used, which is explained in Appendix B. To use this
iterative method, it is necessary to have an initial estimate for
the flow rate distribution which satisfies the continuity. For this
reason, dead-end passages have to be excluded from the flow
network of the structure.

As mentioned in Sec. II, the pressure drop in the connec-
tion region (shaded area in Figure 3) also needs to be estimated.
For this calculation the flow rate has to be determined. How-
ever, a calculation of the flow rate distribution requires that
the pressure drops have to be estimated first. While this issue
can be solved using an iterative method, an initial estimate
for the flow rates is made and the connection losses are deter-
mined accordingly. As the connection losses are expected to
be considerably smaller than the pressure reduction within the
passages, this assumption is not expected to affect the final
results significantly.

IV. RESULTS AND DISCUSSIONS

In this section, the model predictions are compared
with the modeling results for the same geometries obtained
using the COMSOL� Multiphysics CFD package and the
measured permeability values reported in the literature.18–33

Initially, the pressure drop is calculated and then the per-
meability values are determined. The permeability is then
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FIG. 5. Structure samples used for com-
parison in Table I with the porosities of
(a) 90%, (b) 92%, (c) 85%, and (d) 68%.

non-dimensionalized using the total area of the region.
In each case, it is assumed that the flow enters from the
bottom and exits from top. The geometries and the particle
arrangements of the samples are shown in Figure 5, while
the results are shown in Table I. Table I also shows the
ratio of the elapsed times for both methods on an i7-4510U
laptop. The model predictions were obtained from an in-
house coding of the algorithm using MATLAB�. Table I
shows that while the error of the algorithm is less than 10%
in all the cases studied, the elapsed computational time is
two orders of magnitude faster. Figure 5(d) requires spe-
cial attention as the overall flow direction in this sample is
in the x direction. As can be seen in the table, the estima-
tion error is in the same range for all the samples as the
width estimation algorithm is not limited to the flow in the
y direction.

Figure 6 compares the model predictions for squared
arrays of solid cylinders in a transverse flow against the

FIG. 6. The correlations and the measured values reported in the litera-
ture19–27 for the permeability of squared arrays of solid cylinders in transverse
flow are compared against the model predictions.

measured non-dimensional permeability (k/d2, where d is
the diameter of the solid units) and the reported correla-
tions available in the literature.25–27 As shown in Figure 6,
the permeability values predicted by the model are in agree-
ment with the measured values. As the solid cylinders are
arranged on a squared array in this figure, the deviation
between the reported measured values is considerably lim-
ited compared to random structures such as those shown in
Figure 7.

Figure 7 shows the measured permeability values and the
predictions of permeability-porosity correlations reported in
the literature for random 3D structures. As it can be seen in
Figure 7, the reported measured permeability values for equal
porosity values have up to one order of magnitude deviation
in some cases. It should be noted that the measured values
that are too far from the expected ranges are not normally
reported [e.g., Ref. 18]. The figure also shows the predictions

FIG. 7. The correlations and the measured values reported in the litera-
ture2,18,28–32 for the permeability values of different 3D structures are com-
pared against the model predictions. The medians of the modeling results are
shown in black solid circles, while each single modeling result is shown by a
black dot.
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of the model with different porosities. For each porosity value,
1000 completely random porous structures were developed
and the permeability values for each structure were determined
and recorded. The figure shows that the non-dimensional per-
meability can vary by two orders of magnitude for constant
porosity values, which shows the unreliability of permeability-
porosity correlations. Table II shows the mean, median and
the 95%-confidence-interval range (in the logarithmic scale)
of the permeability values for different porosities. It can be
seen that the medians are consistently smaller than the mean
values, showing that there are outliers with higher permeabil-
ity values. Both Figure 7 and Table II show that the deviation
is considerably higher for lower porosity values and decreases
as the porosity increases. The results indicate that porosity is
not a reliable measure of a random structure and any perme-
ability correlation for an unknown structure based on porosity
can easily result in an order of magnitude error. Neverthe-
less, the porosity values reported in Table II can be used for an
unknown porous structure while the reported ranges have to be
considered.

Finally, it is necessary to re-emphasize that the presented
modeling approach is based on a 2D Stokes flow assump-
tion. While the real 3D pore structures are normally far more
complicated than the 2D approximations, the existing corre-
lations for permeability estimation even for 2D pore struc-
tures or transverse flows in general cases are still not reliable,
which highlights the need for new 2D approaches. Moreover,
Figure 7 shows that the 2D model predictions are normally
in the same range as 3D measurements, which shows that the
2D general studies can lead to a better understanding of the
3D fluid transport process. Also, the errors that occur using
the Stokes flow approximation need to be considered for high
flow rates and at high Reynolds numbers. Nevertheless, results
such as those presented in Table II are still meaningful as
they do not have 3D non-creeping flow counterparts. In brief,
although this modeling approach is less accurate than other
pore-scale modeling approaches (smoothed particle hydro-
dynamics, level-set, percolation, and Lattice-Boltzmann), the
computational resources required are drastically less.13 In
addition, whilst the mentioned methods can easily be applied
to 3D problems, this model is specifically developed for 2D

TABLE II. The statistical parameters of the modeling results for k/d2 in dif-
ferent porosities. The range column shows the 95% confidence interval of the
values in the logarithmic scale.

Permeability (k/d2)

Porosity Mean Median Range

0.5 0.005 44 0.003 9 0.000 777-0.0187
0.55 0.010 4 0.007 93 0.001 68-0.0383
0.6 0.021 6 0.017 4 0.003 97-0.0721
0.65 0.040 2 0.035 6 0.011 2-0.113
0.7 0.082 7 0.076 0.024 9-0.239
0.75 0.154 0.148 0.060 0-0.368
0.8 0.289 0.277 0.137-0.560
0.85 0.531 0.509 0.280-0.928
0.9 1.02 0.991 0.587-1.66
0.95 2.25 2.18 1.36-3.49

cases and it needs significant modification for application to 3D
problems.

V. CONCLUSION

A new approach for estimating the permeability of a pla-
nar porous structure is presented. The approach estimates the
pressure drop in various passages of the structure and then
calculates the overall pressure drop based on the flow rate
distribution. The predictions obtained using this approach are
compared with the measured permeability values reported in
the literature and the results obtained from other computa-
tional approaches. It is shown that the approach can predict
the permeability values two orders of magnitude faster than
CFD approaches with comparable accuracy. The approach is
then used to study the permeability-porosity relationship and
its accuracy level at different porosities using 10 000 ran-
dom structures and the expected permeability range for each
porosity is presented.
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APPENDIX A: THE STOKES FLOW EQUATION
IN THE STREAMLINE COORDINATE SYSTEM

To convert the Stokes flow equation (∇p = µ∇2V) into
the streamline coordinate system (s,n) (with the unit vec-
tors of (is,in)), the derivatives of the unit vectors have to be
considered

∂is
∂s
= −

in
<

,
∂is
∂n
= 0,

∂in
∂s
=

is
<

,
∂in
∂n
= 0, (A1)

where < is the streamline’s local radius of curvature. The
Laplacian operator can then be determined in this coordinate
system as

∇2 = ∇ · ∇ =
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Considering V = υsis, the Laplacian of the velocity vector can
then be obtained as

∇2V =
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in. (A3)

Finally, the Stokes flow can be written in the streamline
coordinate system as
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APPENDIX B: THE DETAILS OF THE SOLUTION
ALGORITHM

The porous structure used to explain the various steps used
in the solution process is the structure shown in Figure 8 and
discussed as a typical example. This domain is composed of
a 15 × 17 mesh structure and it is assumed that the structure
is bounded at the left and right by two outer solid boundaries.
In other words, it is assumed that the (0,n) and (16,n) cells
are the outer surrounding solid boundaries (1 ≤ n ≤ 17). The
flow enters from the base and exits at the top. The black cells
represent the impervious solid phase. The expected directions
of the flow are also indicated by arrows.

1. Passage specification

Figure 8 shows that the flow divides into separate branches
and each branch passes through a specific passage of the struc-
ture. As an example, the incoming flow first passes through a
wide passage and experiences a pressure drop; the flow then
divides into three different passages to the left, center, and
right (with different pressure drops). The flow in these pas-
sages then divides into more branches and some of the new
branches subsequently combine. Clearly, as the flow rates in
these passages are not determined, the pressure drops cannot
be calculated. However, using the discussions presented in the
theoretical developments, the pressure drop in each passage
can be estimated as a function of the flow rate of that specific
passage. To achieve this, these passages have to be specified
first.

In Figure 8 different passages are defined for this exam-
ple; the cells in each passage are specified by identical colors,
with a number attached to it. To define the passages, each cell
is investigated separately: The first row is inspected and all
the adjacent cells that are not separated by a solid cell (bound-
ary cell) are categorized in the same passage. If two groups of
cells are separated by solid cells, those are categorized as sep-
arate passages. A similar process is used for the third row. The
first three adjacent cells are colored khaki and categorized as

FIG. 8. The porous structure used as the example to explain the algorithm. The
arrows demonstrate the expected directions of the flow. The defined passages
(2-12) are also shown in different colours.

passage 3. After two solid cells, six adjacent cells are colored
yellow green and designated as passage 4. Finally, the last two
adjacent cells after two solid cells are categorized as another
passage (passage 5). In the first row of Figure 8, however, as
there is no solid (black) cell, all the cells are categorized in
one passage (passage 2).

When the cells of the first row are categorized, the cells of
the subsequent rows are classified in a similar manner. First,
the groups of cells in the new row, that are not separated by a
black cell, are determined. These cells are identified as being
in the same passage as the cells in the row immediately below
them, if no other groups are connected to this group in the
new row, and the cells in the previous row are not connected
to another group of cells in the new row. As an example, the
cells of the second row in Figure 8 belong to the same passage
as the cells of the first row (passage 2), because there are no
other passages in the first row which connect to these cells, and
the cells in the first row are not connected to another group of
cells in the second row. However, the cells in the third row are
categorized into three different passages (3, 4, and 5). While
each of them (e.g., passage 3) is only connected to passage 2 in
the previous row (second row), the passage 2 itself is connected
to the other groups of cells in the third row (i.e., passages 4 and
5). In other words, the flow from passage 2 divides into three
parts and therefore just one part of the flow enters passage 3.
As a result, passages 2 and 3 have to be separated. It should be
noted that the goal of defining the passages is to calculate the
pressure drop in each passage as a function of the flow rate in
the passage. On the other hand, the first seven cells in the sixth
row are defined as a new passage (passage 6); the cells are
connected to cells from two different passages in the previous
row (i.e., passages 3 and 4). Clearly, all the cells in the left top
corner of Figure 8 are categorized in just one passage (passage
11) as the flow is not divided in this region.

When the cells are categorized and the passages are deter-
mined, the connections between these passages can be speci-
fied. Figure 9 shows the connection tree of the passages defined
previously in Figure 8. In this figure, nodes 1 and 13 show the
input and output, respectively.

2. Pressure drop estimation

To obtain the pressure drop, the lengths of the surround-
ing boundaries need to be calculated in each passage. Here,
the length of the “left” and “right” boundaries is first obtained.
In the calculation process, the “left” boundary is considered
to start from the left hand side of the first cell in the first
row of the passage. As an example, the left boundary for
passage 4 in Figure 8 starts at the cell coordinate of (5,3).
Similarly, the left boundary of the passage 8 starts from the
cell (0,9). The left boundary follows the passage and rotates
clockwise around the passage to reach the next passage (or
output). As an example, the left boundary for the passages
3 and 12 contain the cells [(0,3), (0,4), (0,5), (0,6)] and
[(9,12), (10,13), (9,14), (10,15), (11,15), (11,16), (11,17)],
respectively.

A similar algorithm is used to determine the “right”
boundary. The right boundary begins at the right hand side
of the last cell in the first row of the passage. As an example,
for passage 4 the right boundary starts from the cell (12,3)
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FIG. 9. The connection tree between the passages.

and at (4,9) for passage 8. Here, the right boundary rotates
counter-clockwise around the passage to reach the next pas-
sage (or output). As a result, the right boundary for passages
8 and 10 contains the cells [(4,9), (3,10), (4,11)] and [(16,9),
(16,10), (16,11)], respectively.

When the cells of the left and right boundaries are deter-
mined, the width of the passage for each cell on the boundary
can be calculated. For each cell on the left and right bound-
aries, the width is defined as the distance between that cell
and the closest cell on the opposite boundary. As an exam-
ple, for cell (11,16) on the left boundary of the passage 12,
the neighbour cells inside the passage (e.g., [(12,15), (12,16),
(12,17)]) are obtained. Then, the next layer of the cells beside
this layer and inside the passage is found (i.e., [(12,14), (13,15),
(13,16), (13,17)]). As these cells do not belong to the oppo-
site boundary (right boundary), the next layer is investigated
(i.e., [(13,13), (13,14), (14,15), (14,16), (14,17)]). The pro-
cess continues to the next layer, and finally the cell (16,16) is
found and the passage width for the cell (i.e., cell (11,16)) is
determined.

Two points should be emphasized: First, as the algorithm
continues to find a boundary cell on the “opposite bound-
ary,” local cavities will not lead to computational errors. As
an example, when the algorithm is calculating the width for
the cell (10,13) on the left boundary of passage 12, it does
not consider the cell (11,15) as the boundary, as it is not
on the “opposite” (here, right) boundary. Clearly, if the cell
(11,15) is considered as the boundary, then the calculated
width would be incorrect. Second, as the algorithm looks

for the opposite boundary radially, it also works when the
flow direction is not vertical. In other words, if the “left” and
“right” boundaries sit above and below a passage, as the algo-
rithm finds the closest cell on the opposite boundary using a
radial investigation, it can estimate the pressure drop with the
same accuracy. This point is also examined and discussed in
Figure 5(d).

When the width estimation for the cells on both
boundaries is completed, the pressure drop is calculated
for each boundary separately using the length of the
boundary and the width of the passage at each point. These
two pressure drops are then averaged and the pressure drop
for the passage is determined as a function of the flow rate.

3. Structure correction

In this step, the dead-end passages are removed from the
network. A dead-end passage is defined as a passage or a set of
passages that have just one connection to the network. These
passages are assumed to have a negligible effect on the overall
pressure drop of the structure and are therefore not considered
in the calculation process. It is important to locate and remove
these dead-end passages since they could introduce errors in
the initial estimate for the flow rates, which cannot be corrected
in subsequent steps. In the example discussed here (Figure 8),
no such corrections are required and as a result, the network
shown in Figure 9 is considered to be the final network and is
used in Appendixes B 4–B 6.

4. Connection loss estimation

As mentioned, the connection loss is approximated using
the initial estimate for the flow rate distribution, which is
determined as follows: for each passage, the input flow rates
are determined and summed and this flow rate is distributed
between the output passages based on the ratio of their pressure
drops. Using this method, the mass conservation is satisfied
for the initial flow rate assumption (which is crucial for the
Hardy Cross method). Moreover, this estimation results in an
accurate flow rate distribution, if the output passages are con-
nected together in the next level. Clearly, this initial estimate is
not always correct and should be modified by considering the
overall structure. This problem is solved in Appendixes B 5
and B 6.

5. Finding the loops

In order to employ the Hardy Cross method to calculate
the flow rate distribution in the structure (i.e., the connec-
tion tree shown in Figure 9), it is necessary to detect all
the loops in the structure. The goal of the loop detection
process is to correct the flow rates on the loops such that
the pressure drop in parallel passages becomes equal. There-
fore, as an example, passages 2-3-6-4-2 and 2-3-6-9-7-4-2 in
Figure 9 make two separate loops, which cannot be consid-
ered as “independent” loops for passage 2 since passage 5
is not considered in this process. Hence, the loop detection
process for a passage (e.g., passage 2 in Figure 9) can be ter-
minated if all the output passages (here, passages 3, 4, and 5)
appear in the resultant loops. Considering this point, the loops
are detected as follows: For each passage that has more than
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one output (passages 2, 4, 6, 7, and 9 in Figure 9), the output
passages are recorded. A loop is considered “detected” if it
contains at least one new output passage of the first level. As
a result, the loops discussed above (e.g., 2-3-6-4-2 and 2-3-6-
9-7-4-2) are identical (because they both pass from the same
first level outputs 3 and 4) and therefore, just one of them is
recorded.

This process can be explained by the following example.
To find the loops starting from passage 2, the output passages
(i.e., passages 3, 4, and 5) are recorded. In the next level,
passage 6 is recorded as the output of passage 3. When the
outputs of passage 4 are investigated, it is found that pas-
sage 6 was recorded before, and, as a result, a loop 2-3-6-4-2
is detected. Similarly, the loop 2-4-7-5-2 is detected. As the
detected loops include all the outputs of the passage 2 (i.e., pas-
sages 3, 4, and 5), the loop detection process for passage 2 is
terminated and the algorithm continues to investigate the next
passages.

6. Modification of the Hardy Cross method

The Hardy Cross method is a self-correcting iterative
method to determine the flow rate distribution in a pipe net-
work.34 In this method, the flow rate in each loop is corrected
such that the pressure drop in parallel pipes in the loop becomes
equal. This method is used here to solve the network in the
porous structure (e.g., network shown in Figure 9 for the exam-
ple discussed here). However, the Hardy Cross method cannot
be used directly for this problem and needs to be modified.
In a pipe network, the pressure drop occurs in the connecting
pipes while here the pressure drop occurs in the nodes (pas-
sages) themselves (the connection losses are also added to the
passages).

This can be explained thorough the following exam-
ple. The loop 2-3-6-4-2 in Figure 9 is considered. The flow
enters this loop from passage 2 and exits through passage 6.
As a result, the equal-pressure-drop-in-parallel-passage con-
dition is achieved if the flow rate is distributed such that
the pressure drop in passages 3 and 4 is equal. In other
words, the pressure drops of passages 2 and 6 are not con-
sidered in the calculation process. As a result, the Hardy Cross
method needs to be modified for this specific application as
follows:

1. For each loop, the input and output passages are identi-
fied. The input passage is the passage that does not have
any input from the passages within the loop. Similarly,
the output passage in the loop is the passage that has no
output to other passages in the loop.

2. The passages between the input and output passages in
different paths are specified.

3. Similar to the Hardy Cross method, the pressure drops
are algebraically summed considering the flow direction.

4. The flow rate in the loop is corrected.
5. If the flow rate in a passage is evaluated as negative, the

network is corrected and the input and output passages
are re-determined; the process is then repeated from the
first step.

6. The process continues for all the loops until the flow rates
in all the loops are converged.

When the flow rate distribution is determined, the over-
all pressure drop of the structure can be calculated using
any passage that connects the input (node 1) to the out-
put (here, node 13). Clearly, the calculated pressure drop
would be independent of the passage. Since the flow pres-
sure drop in all the paths connecting the input to the output
is equal, it can be stated that the flow rate distribution is cal-
culated such that the fluid energy dissipation in the structure
is independent of the fluid path and as a result, the flow is
stabilized.
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