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a b s t r a c t

The paper presents a solution to the problem of an infinite beam of finite width resting on a

poroelastic subgrade. The basic concepts of the elasticity solution are reviewed and the formu-

lation is extended to consider the interaction between the infinite beam and a Biot poroelastic

halfspace. A combination of Fourier and Laplace transforms are used to solve the problem.

The influence of adhesion and drainage effects is accounted for by considering bounding tech-

niques for prescribing the boundary conditions on the interface. The results of the analytical

solution are used to validate the accuracy of a computational approach that uses a standard

multi-physics scheme.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The problem of the flexure of a Bernoulli–Euler beam resting on a deformable medium is a seminal problem that has a wide

range of applications in applied mechanics, material science and geomechanics. The deformability of the supporting medium

has been approximated by several elementary structural models involving elastic support, ranging from the model consisting of

an array of independent spring elements (or piano keys) generally attributed to Winkler (although analogous treatments of the

problem can be traced back to the works of Zimmermann, Euler, Bubnov and Hertz (see e.g. Hetényi, 1946; Selvadurai, 1979), to

the continuum model (Biot, 1937) with the structural models by Vlazov and Leontiev (1966) and Reissner (1958) occupying an

intermediate position. Biot (1937) makes the comment “A serious objection can be made to the simplifying assumption on which

this (Winkler’s) elementary theory is based, because it is obvious that the reaction does not depend on the local deflection alone.” The

references to articles covering the topic are quite extensive and no attempt will be made to provide a comprehensive review. The

reader is referred to the review articles and texts by Kany (1959), Korenev (1960), Hetényi (1966), Panc (1975), Selvadurai (1979,

2007), Gladwell (1980) and Aleynikov (2011) for advances in the topic. With the Winkler-type elastic support, the problem of

the loaded beam on a spring elastic foundation has an elementary solution and an extensive collection of results are given by

Hetényi (1946) and Selvadurai (1979). The problem can also be solved in compact form for the case of an elastic continuum

where the flexure of the beam and the behavior of the continuum correspond to either a state of plane strain or generalized plane

stress.

The problem is, however, not so straight forward when the beam has a finite width and rests on a complete elastic halfspace.

In the treatment of such a problem it is usually assumed that the cross section of the beam imposes a constant displacement
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boundary condition and the beam experiences flexure only in the longitudinal direction. This gives rise to an integral equation

that can only be solved in an approximate manner. The approximate solution to this problem was first given by Biot (1937) and

this is referred to as Biot’s problem. Subsequent studies proceeded to improve the method of solution of the governing integral

equation, including those by Rvachev (1956a, 1956b, 1958, 1959) and Lekerkerker (1960) who developed techniques for the

approximate solution of the governing integral equation. Rakov (1962) and Medovnik, Rakov, and Kh (1970) extended the method

by Rvachev (1956b, 1958) to study a three-dimensional array of beams and Protsenko and Sinekop (1973) adopted a variation of

Rvachev’s method where the displacement across the width of the beam is assumed to be constant with an unknown variation

along the longitudinal direction. The arbitrary constant in the deflected shape is evaluated by considering the equilibrium at

a cross section along the longitudinal direction. A complete three-dimensional formulation of an infinite strip resting on an

isotropic elastic halfspace is given by Protsenko and Rvachev (1976) and accounts for both the longitudinal and transverse flexure

of the beam. In such a treatment the Bernoulli–Euler beam is essentially replaced by a Germain–Poisson–Kirchhoff thin plate.

Biot’s problem also provided a procedure for relating the spring constant of the Winkler model to the elastic constants and other

flexural and geometric properties of the beam-elastic halfspace system. Of related interest are the studies related to the line-

contact problem investigated by Kalker (1972), Sivashinsky (1975), Panek and Kalker (1977) and Tuck and Mei (1983) that examine

the narrow rigid die (pizza-cutter) problem, where the contact stresses in the transverse direction approach the problem of the

two-dimensional indenter (Sadowsky, 1928) as the length of the indenter increases. Biot’s result for the spring constant is derived

by matching the maximum flexural moment between the beam with Winkler support with the analogous result for the beam on

an elastic halfspace. This gives

ks ≈ 1.23 μ

(1 − ν)Cb

(
2μb4

C(1 − ν)EI

)0.11

where μ and ν are the shear modulus and Poisson’s ratio of the elastic halfspace, EI is the flexural rigidity of the beam, b is the half

width of the beam and the constant C ∈ (1, 1.13). Expressions similar to the above were also developed by Vesić (1961a, 1961b)

and Barden (1963) by comparing both numerical and experimental results and these are summarized by Selvadurai (1979). An

alternative perspective of the interpretation of the Winkler constant was provided by Gibson (1967) who examined the axial

surface deformations of an incompressible nonhomogeneous elastic halfspace, where the linear elastic shear modulus varies

linearly with depth (i.e. G(z) = G0 + mz). In the particular instance when the shear modulus at the surface becomes zero, the

axial surface displacement is discontinuous and the Winkler constant k = 2m. Further accounts of developments in this area are

given by Selvadurai (1996a, 2007) and Selvadurai and Katebi (2013, 2015). It should be noted that in developments related to the

problem of a flexible beam and an elastic halfspace, the contact is assumed to be smooth and bilateral. This places a restriction

on the applicability of the developments to situations where localized loading of a flexible beam results in separation and the

extent of the zone of separation itself can be an unknown in the problem.

In this paper we first present a brief summary of Biot’s problem for an elastic halfspace and indicate a simple procedure that

can bound the result for the elasticity problem to take into consideration the influence of adhesive contact between the elastic

halfspace and the beam. The work is then extended to consider an infinite beam of finite width resting on a poroelastic halfspace.

In the case of the poroelasticity problem, in addition to the question of either smooth or adhesive contact at the beam-elastic

medium interface, pore pressure boundary conditions also need to be prescribed. These can range from a completely perme-

able to a completely impermeable beam-poroelastic medium interface. The paper presents mathematical approaches that yield

bounds for the flexural behavior of the infinite beam problem. These bounds are used to assess the accuracy of a computational

approach that can be used to examine the interaction of an infinite beam and a poroelastic halfspace.

2. Biot’s problem for an elastic halfspace

Prior to considering the problem of an infinite beam on a poroelastic halfspace, it is instructive to outline the basic formulation

of the associated elasticity problem. We consider the problem of an infinite beam of finite width resting in smooth contact with

the surface of an isotropic elastic halfspace (Fig. 1). The beam experiences flexure only in the longitudinal direction and the

flexural response of the beam is described by the Bernoulli–Euler classical beam theory. This is not a restriction on the method of

analysis and, with suitable modifications the analysis can be extended to thick beam theories that incorporate shear deformation

effects.

The flexural behavior of the beam is described by the differential equation

EI
d4wb

dx4
+

∫ b

−b

q(x, y) dy =
∫ b

−b

pe(x, y) dy (1)

The boundary conditions applicable to the problem depend on the contact conditions at the beam-elastic halfspace interface.

For convenience of presentation, the region of the surface of the halfspace in contact with the beam is denoted by �c (i.e. x ∈
(−∞,∞); y ∈ (−b, b); z = 0) and the combined region of the halfspace exterior to �c is denoted by �e (i.e. �e = �e1 ∪ �e2 and in

�e1, x ∈ (−∞, ∞); y ∈ (b, ∞); z = 0 and in �e2, x ∈ (−∞, ∞); y ∈ (−b, −∞); z = 0). Also we denote �c ∪ �e = � and �c ∩ �e = 0.

(i) For frictionless contact between the beam and the elastic halfspace, the following boundary conditions are applicable:

uz(x, y, 0) = w (x, y); (x, y) ∈ �c (2)
b
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Fig. 1. Geometry of the beam on an elastic halfspace.
σxz(x, y, 0) = σyz(x, y, 0) = 0; (x, y) ∈ � (3)

σzz(x, y, 0) = 0; (x, y) ∈ �e (4)

and we consider the displacement vector u(x) and the Cauchy stress tensor σ(x) referred to the rectangular coordinate system

with a position vector x.

(ii) For bonded contact between the beam and the elastic halfspace, the following boundary conditions apply:

uz(x, y, 0) = wb(x, y); (x, y) ∈ �c (5)

ux(x, y, 0) = uy(x, y, 0) = 0; (x, y) ∈ �c (6)

σxz(x, y, 0) = σyz(x, y, 0) = σzz(x, y, 0) = 0; (x, y) ∈ �e (7)

In addition, since the three-dimensional problem is formulated in relation to a halfspace region, the displacement fields

should satisfy the regularity condition

u(x) → 0 as x → ∞ (8)

The mixed boundary value problem governing the frictionless contact problem is complemented by a relationship between

the contact normal stress q(x, y) acting at the beam-elastic halfspace interface that corresponds to the normal contact stress

σzz(x, y, 0); the resulting displacement field w(x, y) that corresponds to the axial surface displacement uz(x, y, 0) can be obtained

from the integration of Boussinesq’s fundamental solution for the action of a concentrated normal force on the surface of a

halfspace (Barber, 2010; Boussinesq, 1885; Davis & Selvadurai, 1996; Podio-Guidugli & Favata, 2014; Selvadurai, 2000a, 2001a;

Timoshenko & Goodier, 1970); i.e.

w(x, y) = (1 − ν)

2πμ

∫ ∞

−∞

∫ b

−b

q(ξ , η) dξdη

[(x − ξ)
2 + (x − η)

2
]

1/2
(9)

where μ and ν are, respectively, the linear elastic shear modulus and Poisson’s ratio of the elastic material. To the authors’

knowledge, the integro-differential equation system defined by Eqs. (1)–(9), and subject to the boundary conditions Eqs. (2)–(4)

has no solution in any compact form and recourse must be made the development of approximate solutions for the problem.

Biot (1937) developed an approximate solution to the problem where the contact stresses are assumed to be composed of a

combination of uniform strip loads that vary harmonically along the x-direction and the distribution of these loadings are chosen

to approximately satisfy the constant displacement of the beam at any cross section x = const. The details of the solution by Biot

(1937) and the alternate solutions presented by Rvachev (1956b) and Lekkerkerker (1960) are summarized by Selvadurai (1979)

and it is sufficient to record the result for the deflection of the infinite beam that is subjected to a concentrated load F0: i.e.

wb(x) = F0a3

πEI

∫ ∞

0

cos (ξx/a)dξ

[ξ 4 + �]
(10)

where a is a length parameter associated with the problem and

� = μa4

(1 − ν)EI

(
2β 
(β)

C

)
; β = bξ

a
(11)
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with 
(β) being numerically determined for β > 0.10 and approximated by the function


(β) ≈
(

2

πβ

)(
loge

(
1

β

)
+ 0.923

)−1

(12)

for β < 0.10. Expressions for the flexural moment in the beam can be determined using the result Eq. (10): i.e.

Mb(x) = F0a

π

∫ ∞

0

ξ 2 cos (ξx/a)dξ

[ξ 4 + �]
(13)

In the procedures developed by Rvachev (1956b) and Lekkerkerker (1960), the analysis reduces to the development of alter-

native expressions for the function �.

Let us now focus on the problem where the beam is bonded to the surface of the elastic halfspace. The displacement boundary

conditions Eq. (6) ensure that there is adhesion, which leads to a set of mixed boundary conditions at the interface. Furthermore,

the edges of the beam correspond to a line contact where the boundary conditions on �c are of the displacement type and the

boundary conditions on �e are of the traction type. It is well known that the state of stress at the boundary line are singular

in σxz, σyz and σzz and furthermore the singularity will be of the oscillatory-type associated with the Wiener-Hopf /Hilbert

problem. This aspect is well documented in the studies by Muskhelishvili (1953), Mossakovskii (1954) and Ufliand (1956) and

further discussed by Gladwell (1980). Problems of this type can be solved by disregarding the oscillatory form of the stress

singularity at the boundary and replacing it by a regular singularity and Selvadurai (1993, 2000b, 2001b) has shown that the

approximation only has a marginal influence in the estimation of the load-displacement relationship in indentation problems.

In the case of bonded contact between the flexible beam and the elastic halfspace, even the formulation with the reduced form

of the singularity gives rise to a system of coupled Fredholm-type integral equations that need to be solved using numerical

techniques. An alternative to such an approach was proposed by Selvadurai (1984a, 2000c, 2003a, 2003b) and Selvadurai and Au

(1986), where a kinematic constraint is applied to the surface of the entire halfspace by assuming that the boundary conditions

Eqs. (6–7) are replaced by the conditions

ux(x, y, 0) = uy(x, y, 0) = 0; (x, y) ∈ � (14)

σzz(x, y, 0) = 0; (x, y) ∈ �e (15)

The kinematic constraint Eq. (14) renders the analysis of the problem tractable and the problem of a beam on a halfspace

has similarities to the problem of a beam of infinite length that is embedded in an elastic medium of infinite extent, which was

examined by Selvadurai (1984b). Omitting details, it can be shown that the deflection of a beam of infinite length bonded to the

surface of a halfspace with the inextensible constraint imposed by Eq. (14) and the traction boundary condition Eq. (15) has a

form that is identical to Eq. (10) except that the parameter � is now given by

�∗ = 4μa4(1 − ν)

(3 − 4ν)EI

(
2β 
(β)

C

)
(16)

In the limiting case of ν = 0, �∗/� = 4/3 and in the case of an incompressible elastic halfspace ν = 1/2 and �∗/� = 1.

Therefore for an incompressible elastic material, following the similarity between Boussinesq’s concentrated force problem for

an elastic halfspace region and Kelvin’s concentrated force problem for an elastic infinite space, the kinematic constraint is

rigorously applicable and in this case the oscillatory form of the stress singularity also vanishes.

The discussion of the elasticity problem is instructive for the formulation of the problem of an infinite beam of finite width

that is in contact with a poroelastic halfspace.

3. Biot’s problem for a poroelastic halfspace

We now consider the problem of an infinite beam of finite width that is in contact with a halfspace with properties defined

by the classical theory of poroelasticity (Biot, 1941). While traction type initial boundary value problems in poroelasticity have

received a great deal of attention (see e.g. the reviews in Selvadurai, 1979, 1996b, 2007) contact problems in Biot poromechanics

have received limited attention. Biot and Clingan (1942) examined the plane strain problem of the interaction between a plate

and a poroelastic halfspace. Heinrich and Desoyer (1961) examined the problem of the indentation of a poroelastic halfspace but

the analysis was restricted to the case where the contact stresses beneath the rigid indenter were replaced by a time invariant

Boussinesq stress state. Marvin (1972) examined the axisymmetric interaction between a viscoelastic plate and a poroelastic

halfspace. Agbezuge and Deresiewicz (1974, 1975) examined mixed boundary value problems related to the indentation of a

halfspace by both flat disc and spherical indenters, while Chiarella and Booker (1975) examined the axisymmetric problem

of the interaction between a poroelastic halfspace and a fully pervious rigid indenter. The application of Laplace and Hankel

transforms reduces the problem to the solution of a Fredholm integral equation of the second-kind. The solution of the integral

equation and the inversion of the integral transforms are carried out numerically. Szefer and Gaszynski (1975) and Gaszynski

(1976) have also developed numerical results for the poroelastic indentation problem. Among others, Selvadurai and Yue (1994),

Yue and Selvadurai (1995), Lan and Selvadurai (1996) and Chen and Abousleiman (2010) have applied similar procedures for

the solution of a large class of axisymmetric and asymmetric indentation and inclusion problems where both impermeable

and pervious boundary conditions are prescribed on the indenting regions. Although the mathematical formulation and formal
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analysis of the poroelastic contact problem are straightforward, the development of numerical results of value for engineering

applications can only be obtained through numerical procedures for the solution of coupled integral equations, and for the

numerical inversion of integral transforms. Of related interest are mathematical techniques that have been developed for the

analysis of crack problems arising in poroelastic media with special reference to mechanics of hydraulic fracturing and fracture

extension. Important developments in this area are given by Atkinson and Craster (1991), Selvadurai and Mahyari (1998). Other

computational treatments of contact problems in poroelasticity use both finite element and boundary element techniques and

references to these can be found in the review articles cited previously.

The basic equations governing poroelasticity are given by Biot (1941). The constitutive equations governing the quasi-static

response of a poroelastic halfspace, which consists of an isotropic poroelastic soil skeleton saturated with a compressible pore

fluid, are expressed as

σi j = 2νμ

1−2ν
εkkδi j + 2μεi j − 3(νu − ν)

B(1 − 2ν)(1 + νu)
pδi j (17a)

p = 2μB2(1 − 2ν)(1 + νu)
2

9(νu − ν)(1 − 2νu)
ζv − 2μB(1 + νu)

3(1 − 2νu)
εkk (17b)

where p is the pore fluid pressure; ζv is the volumetric strain in the pore fluid; σi j is the total stress tensor. Also, εi j represents

the soil skeleton strain defined by

εi j = ui, j + uj,i

2
(18)

where ui (i = x, y, z) corresponds to displacement components and the comma denotes a partial derivative with respect to a

spatial variable. In the absence of body forces, the quasi-static equations of equilibrium take the forms

σi j, j = 0 (19)

The equations governing the quasi-static fluid flow are defined by Darcy’s law, which takes the form

vi = − k

γw
p,i (20)

where vi denotes the specific discharge vector in the pore fluid; k is the hydraulic conductivity and γw is the unit weight of the

pore fluid. The continuity equation associated with the quasi-static fluid flow is

∂ζv

∂t
+ vi,i = 0 (21)

The basic Eqs. (17)–(20) are characterized by five independent material parameters which are the drained Poisson’s ratio ν ,

the undrained Poisson’s ratio νu, the shear modulus μ, Skempton’s pore pressure coefficient B (Skempton, 1954) and k/γw.

We consider an infinite beam with finite width (2b) resting on the surface of a saturated poroelastic halfspace. The beam

section is assumed to be infinitely rigid in the transverse direction (i.e. no flexure in the y − z plane) and the model is considered

to be representative for any location along the longitudinal direction (x-axis). A Heaviside-type concentrated force F0 is applied

to the center-line of the beam and acts vertically to the halfspace surface. The flexural behavior of the beam is described by the

differential equation

EI
∂4wb(x, t)

∂x4
+ qc(x, t) = F0δ(x)H(t) (22)

where wb is the beam deflection; EI is the bending rigidity of the beam section; qc is the unknown contact force at the beam-soil

interface, which acts along the center line of the beam; H denotes the Heaviside step function and δ(x) is the Dirac delta function.

The bending moment Mb of the beam is determined by Mb = −EI(∂2wb/∂x2).

Here again, the boundary conditions applicable to the problem depend on the contact conditions at the beam-poroelastic

halfspace interface. We retain the descriptions of �c, �e (and � = �c ∪ �e) given previously. For bonded contact between an

impermeable elastic beam and a poroelastic halfspace where the exterior region is allowed to drain freely, the following boundary

conditions are applicable:

uz(x, y, 0, t) = wb(x, t); (x, y) ∈ �c; ∀t ≥ 0 (23a)

ux(x, y, 0, t) = uy(x, y, 0, t) = 0; (x, y) ∈ �c; ∀t ≥ 0 (23b)

σzx(x, y, 0, t) = σzy(x, y, 0, t) = σzz(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (23c)

vz(x, y, 0, t) = 0; (x, y) ∈ �c; ∀t ≥ 0 (23d)

p(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (23e)
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The initial condition applicable to the poroelastic halfspace is

ζv(x, 0) = 0; for ∀x ∈ V (24)

where V corresponds to the poroelastic halfspace region. The regularity conditions applicable to the poroelasticity problem are

u(x, t) → 0 and p(x, t) → 0 for ∀x ∈ V and ∀t ≥ 0 (25)

As is evident, the poroelastic adhesive contact problem for the infinite beam on a poroelastic halfspace defined by Eqs. (23)–

(25) has to consider not only the mixed boundary conditions applicable to u(x, t) and σ(x, t) but also a set of mixed bound-

ary conditions applicable to the pore fluid pressure p(x, t). The mathematical treatment of the resulting initial boundary value

problems must take into consideration the oscillatory stress singularities in the stress fields, which are absent when t ≡ 0 but

materialize for ∀t > 0, and the singularities in the pore fluid pressure at the boundary between the regions where Neumann and

Dirichlet boundary conditions are prescribed; this makes the analysis extremely complex both in terms of the numerical solution

of the resulting integral equations and the inversion of the integral transforms. Here we adopt an alternative strategy similar to

that presented in connection with the solution of the flexure of the infinite beam on an elastic halfspace. We develop bounds to

the poroelasticity by prescribing free draining-frictionless (Case A), impervious-frictionless (Case B), free draining-inextensible

(Case C) and impervious-inextensible (Case D) boundary conditions on �. In the following four cases, the initial condition Eq. (24)

and regularity conditions Eq. (25) apply.

Case A: Considering the shear traction free and pervious boundary conditions prescribed over �, the resulting initial boundary

value problem is given by

uz(x, y, 0, t) = wb(x, t); (x, y) ∈ �c; ∀t ≥ 0 (26a)

σzx(x, y, 0, t) = σzy(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (26b)

σzz(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (26c)

p(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (26d)

Case B: Considering the shear traction free and impervious boundary conditions prescribed over �, the initial boundary value

problem is given by

uz(x, y, 0, t) = wb(x, t); (x, y) ∈ �c; ∀t ≥ 0 (27a)

σzx(x, y, 0, t) = σzy(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (27b)

σzz(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (27c)

vz(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (27d)

Case C: Considering the inextensibility and pervious boundary conditions prescribed over �, the initial boundary value problem

is given by

uz(x, y, 0, t) = wb(x, t); (x, y) ∈ �c; ∀t ≥ 0 (28a)

ux(x, y, 0, t) = uy(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (28b)

σzz(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (28c)

p(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (28d)

Case D: Considering the inextensibility and impervious boundary conditions prescribed over �, the resulting initial boundary

value problem is given by

uz(x, y, 0, t) = wb(x, t); (x, y) ∈ �c; ∀t ≥ 0 (29a)

ux(x, y, 0, t) = uy(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (29b)

σzz(x, y, 0, t) = 0; (x, y) ∈ �e; ∀t ≥ 0 (29c)

vz(x, y, 0, t) = 0; (x, y) ∈ �; ∀t ≥ 0 (29d)

The solution of the initial boundary value problem described by Cases A, B, C and D will provide sets of solutions that can

bound the initial boundary value problem defined by Eqs. (23)–(25), which are the most appropriate for the adhesive contact

between the infinite beam with an impermeable interface in contact with a poroelastic halfspace with a free-draining surface.
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4. Analysis of the initial boundary value problem

For the analysis of the sets of initial boundary value problem described by Cases A to D, we adopt a method that involves

the use of Fourier and Laplace transforms. For convenience, the beam half width b, the shear modulus μ and the consolidation

coefficient c, where

c = 2μB2(1 − ν)(1 + νu)
2
k

9γw(νu − ν)(1 − νu)
(30)

are introduced to render all physical quantities non-dimensional as

x∗ = x

b
, t∗= ct

b2
, w∗

b = wb

b
, u∗ = u

b
, σ ∗

i j = σi j

μ
, p∗ = p

μ
, k∗ = μk

cγw
,

v∗ = bv

c
, EI∗ = EI

μb4
, M∗

b = Mb

μb3
, q∗

c = qc

μb
, F ∗

0 = F0

μb2
(31)

In the ensuing, all physical quantities are expressed in non-dimensional forms, thus the superscript asterisks will be omitted

for brevity. The double Fourier transformation with respect to the variables x and y and the Laplace transform parameter s with

respect to time t are introduced as

˜̃ϕ(ξ , η, z, t) =
∫ +∞

−∞

∫ +∞

−∞
ϕ(x, y, z, t)e−i(ξx+ηy)dxdy

ϕ(x, y, z, t) = 1

4π2

∫ +∞

−∞

∫ +∞

−∞
˜̃ϕ(ξ , η, z, t)ei(ξx+ηy)dξdη

⎫⎪⎬
⎪⎭ (32)

ϕ̄(x, y, z, s) =
∫ +∞

−∞
ϕ(x, y, z, t)e−st dt

ϕ(x, y, z, t) = 1

2π i

∫ γ0+i∞

γ0−i∞
ϕ̄(x, y, z, s)est ds

⎫⎪⎬
⎪⎭ (33)

where ξ and η are the parameters corresponding to the Fourier transforms in the x- and y-directions, respectively and ϕ is an

arbitrary function.

4.1. Fundamental solutions of the poroelastic halfspace

Substituting Eqs. (17a) and (18) into the equilibrium Eq. (19) and applying the Laplace transform defined in Eq. (33) to the

resulting equations, we obtain

ūi, j j + 1

1 − 2ν
ū j, ji − 3(νu − ν)

B(1 − 2ν)(1 + νu)
p̄,i = 0 (34)

By using the initial condition Eq. (24) and applying the Laplace transform to Eq. (17b) and Eqs. (20) and (21), gives

3(1 − 2νu)

2B(1 + νu)
p̄ + ε̄kk = kB(1 − 2ν)(1 + νu)

3(νu − ν)s
p̄,ii (35)

Operating on Eq. (34) with ∇ and on Eq. (35) with ∇2, the volumetric strain εkk = uk,k of the porous skeleton can be eliminated

and it can be shown that

∇4 p̄ − s∇2 p̄ = 0 (36)

where ∇2 is Laplace’s operator.

Applying the Fourier transform defined in Eqs. (32)–(36) leads to the solution of p in the Fourier–Laplace domain as

¯̃̃p = A1e−γ1z + A2e−γ2z (37)

where A1 and A2 are unknown constants and γi (i = 1, 2) is expressed as

γ1 =
√

ξ 2 + η2 + s

γ2 =
√

ξ 2 + η2

}
(38)

with the signs of the radicals chosen such that Re(γi) ≥ 0 to satisfy the regularity condition Eq. (25).

Once the problem related to the pore water pressure is solved, the transformed expressions for the displacement of the porous

skeleton and the fluid discharge in the vertical direction can be readily obtained as

¯̃̃ux = 1

iξ

{
[χ1 + a1(ξ

2 + s)]A1e−γ1z + [A2(χ2 − a2) + A3γ2 + A4η]e−γ2z + A2a2γ2

(
1 − η2

γ 2
2

)
ze−γ2z

}
(39a)
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Fig. 2. Discretization of contact boundary conditions over the beam-halfspace interface �c: (a) contact normal stress; (b) beam section displacement.

( )

¯̃̃uy = i −A1ηa1e−γ1z + A4e−γ2z − A2ηa2z

e−γ2z

γ2

(39b)

¯̃̃uz = A1a1γ1e−γ1z + A3e−γ2z + A2a2ze−γ2z (39c)

¯̃̃vz = k(A1γ1e−γ1z + A2γ2e−γ2z) (39d)

where A3 and A4 are unknown constants and the expressions of a1, a2, χ1 and χ2 are given in Appendix A. Utilizing the constitu-

tive Eq. (17a), the stress components of the traction vector at the halfspace surface are expressed as

¯̃̃σzx = i

ξ

{
A1g1γ1e−γ1z + [A2g2γ2 + A3(2ξ 2 + η2) + A4ηγ2]e−γ2z + 2A2ξ

2a2ze−γ2z
}

(40a)

¯̃̃σzy = i

{
2A1ηa1γ1e−γ1z −

[
A2

ηa2

γ2

− A3η + A4γ2

]
e−γ2z + 2A2ηa2ze−γ2z

}
(40b)

¯̃̃σzz = A1g3e−γ1z + (A2g4 − 2A3γ2)e−γ2z − 2A2a2γ2ze−γ2z (40c)

where the expressions for g1, g2, g3 and g4 are given in Appendix A.

Eq. (37) and Eqs. (39)–(40), in which all of the physical quantities are functions of ξ , η, z and s, constitute the fundamental

solutions to the quasi-static response of the saturated poroelastic halfspace in the Fourier-Laplace transform domain. Applying

the Fourier and Laplace transforms to the beam Eq. (22), the beam deflection in the transformed domain can be evaluated in the

form

¯̃wb(ξ , s) = F0

s

1

EIξ 4 + ¯̃K(ξ , s)
(41)

where ¯̃K(ξ , s) is the ‘kernel function’ defined in the Fourier-Laplace domain that relates the transformed contact force ¯̃qc(ξ , s) to

the transformed beam deflection ¯̃wb(ξ , s) by

¯̃wb(ξ , s) =
¯̃qc(ξ , s)

¯̃K(ξ , s)
(42)

The ‘kernel function’ will be determined by applying the boundary conditions described by Cases A to D in the next section.

4.2. Formulation of the kernel function

For the formulation of the kernel function, the contact normal stress σzz over �c is assumed to be composed of a number of

strip loads of equal width and finite amplitude across the beam section and the contact stress distribution within each strip is

considered to be uniform (Fig. 2(a)). The number and amplitude of the strip loads are determined so as to yield an approximately

constant displacement wb of the beam at any cross section x = const by satisfying the displacement compatibility condition at

discrete middle points of the strips (Fig. 2(b)).
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As can be seen from Fig. 2, the beam-halfspace interface is discretized into N strips with equal width �y and the continuous

variable y across the interface is changed into a discrete variable yn, which is expressed as

yn = −1 + 2n − 1

2
�y (43)

where 1 ≤ n ≤ N; −1 ≤ yn ≤ 1 and N = 2/�y. The contact normal stress and the displacement compatibility condition over the

interface �c can then be readily obtained:

σzz(x, y, 0, t) = −
N∑

n=1

qcn(x, yn, t)

�y
H(�y − |y − yn|); (x, y, yn) ∈ �c; ∀t ≥ 0 (44)

uz(x, yn, 0, t) = wb(x, t); (x, yn) ∈ �c; ∀t ≥ 0 (45)

where qcn is the unknown contact force acting along the center line of the nth strip. The number of discretization intervals cannot

be indefinite; as N increases, the discretized representation of the contact stress has to capture the singular stress field in the

contact stress at the edges of the beam. Therefore as N becomes large, the numerical technique can become ill-posed with an ill

conditioned matrix equation. The number of discretization intervals has to be limited to ensure that stable results are obtained.

This is in keeping with the observations of Selvadurai (1979) in the analysis of smooth contact between a rigid circular plate and

an elastic halfspace and the observations of Selvadurai and Katebi (2015) in connection with the analysis of adhesive contact

between a non-homogeneous elastic halfspace and a rigid circular plate.

After replacing the displacement compatibility condition in Cases A to D by Eq. (45) and combining the left boundary condi-

tions in each case with Eq. (44), a set of algebraic equations can be formed in Fourier-Laplace transform domain to evaluate the

kernel function defined in Eq. (42). Here we illustrate the procedure by developing the solution of Case A. Introducing Eq. (44)

into Eq. (26c) and (26d) and transforming the resulting equations into the Fourier–Laplace domain, the following set of boundary

conditions can be obtained over the entire surface � of the poroelastic halfspace

¯̃̃σzx(ξ , η, 0, s) = ¯̃̃σzy(ξ , η, 0, s) = 0 (46a)

¯̃̃σzz(ξ , η, 0, s) = −
N∑

n=1

e−iηyn × sin (η�y/2)

η�y/2
× ¯̃qcn(ξ , yn, s) (46b)

¯̃̃p(ξ , η, 0, s) = 0 (46c)

Substituting the fundamental solution Eqs. (37) and (40) into Eq. (46), the four unknowns A1 to A4 can be solved and the

vertical surface displacement of the porous skeleton in Eq. (39c) can be obtained as

¯̃̃uz(ξ , η, 0, s) = γ2g5

2�1

×
N∑

n=1

e−iηyn × sin (η�y/2)

γ2(η�y/2)
× ¯̃qcn(ξ , yn, s) (47)

where the expressions for g5 and �1 are given in Appendix A. By transforming the discretized displacement compatibility con-

dition Eq. (45) into the ξ–s domain and substituting Eq. (47) into the resulting equation after performing the inverse Fourier

transform with respect to η, the following set of algebraic equations can be formulated in the ξ−s domain, relating the unknown

contact force to the beam deflection over the beam-halfspace interface �c: i.e.

N∑
n=1

∫ −∞

−∞
χA × sin (η�y/2)

γ2(η�y/2)
× eiη(ym−yn)dη ×

¯̃qcn(ξ , yn, s)

¯̃wb(ξ , s)
= 4π (48)

where 1 ≤ m ≤ N and

χA = γ2g5

�1

(49a)

For Cases B, C and D, Eq. (48) still applies after replacing the χ[..] in the first term on the left side by χB, χC and χD respectively,

where

χB = γ1g5

�2

(49b)

χC =
2
[
(χ1 − χ2) + a1γ1(γ1 − γ2) + a2

]
�3

(49c)

χD =
2
[
(γ1χ2 − γ2χ1) + a1γ1γ2(γ2 − γ1) − γ1a2

]
�4

(49d)

and the expressions of �2, �3 and �4 are given in Appendix A. Finally the ‘kernel function’ in the ξ -s domain can be obtained

by solving Eq. (48) and this is expressed as

¯̃K(ξ , s) = 1

¯̃wb(ξ , s)

N∑
n=1

¯̃qcn(ξ , s) (50)
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4.3. Method of solution and limiting cases

Using the ‘kernel function’ in Eq. (50), the beam displacement in the spatio-temporal domain can be obtained by performing

Fourier and Laplace transform inversions of Eq. (41), giving

wb(x, t)

F0

= 1

2π i

∫ γ0+i∞

γ0−i∞

1

s

[
1

2π

∫ +∞

−∞

1

EIξ 4 + ¯̃K(ξ , s)
eiξxdξ

]
est ds (51)

Correspondingly, the beam bending moment in the spatio-temporal domain is given as

Mb(x, t)

F0

= EI

2π i

∫ γ0+i∞

γ0−i∞

1

s

[
1

2π

∫ +∞

−∞

ξ 2

EIξ 4 + ¯̃K(ξ , s)
eiξxdξ

]
est ds (52)

The initial and final responses of the time-dependent beam displacement and bending moment may be examined by taking

the two limiting times t → 0+ and t → +∞ in the solutions given in Eqs. (51) and (52). The two limiting responses can be

analyzed by employing the Tauberian theorems (Sneddon, 1972) as, using Eq. (51) as an example,

wb(x, 0+)

F0

= lim
s→+∞ s ×

(
1

2π

1

s

[∫ +∞

−∞

1

EIξ 4 + ¯̃K(ξ , s)
eiξxdξ

])

= 1

2π

∫ +∞

−∞

1

EIξ 4 + lim
s→+∞

¯̃K(ξ , s)
eiξxdξ (53a)

wb(x, +∞)

F0

= lim
s→0

s ×
(

1

2π

1

s

[∫ +∞

−∞

1

EIξ 4 + ¯̃K(ξ , s)
eiξxdξ

])

= 1

2π

∫ +∞

−∞

1

EIξ 4 + lim
s→0

¯̃K(ξ , s)
eiξxdξ (53b)

in which the ‘kernel function’ at s → 0 and s → +∞ are evaluated from Eq. (50). From the governing Eq. (48) of the ‘kernel

function’, it is seen that χA, χB, χC and χD are functions of s. When s → 0 and s → +∞, χA and χB give the same limiting

expressions as

lim
s→+∞ χA = lim

s→+∞ χB = 2(1 − νu) (54a)

lim
s→0

χA = lim
s→0

χB = 2(1 − ν) (54b)

and χC and χD give the same limiting expressions as

lim
s→+∞ χC = lim

s→+∞ χD = 3 − 4νu

2(1 − νu)
(54c)

lim
s→0

χC = lim
s→0

χD = 3 − 4ν

2(1 − ν)
(54d)

In the limiting case when ν = 0, Eq. (54b)/Eq. (54d) = 4/3 and in the case of ν = 1/2, Eq. (54b)/Eq. (54d) = 1, which agrees

with the findings obtained from Eqs. (11) and (16) for the infinite beam of finite width resting on the surface of an elastic

halfspace. The same ratio can be obtained between Eqs. (54a) and (54c) when the undrained Poisson’s ratio νu = 0 and 0.5,

respectively.

Eqs. (51) and (52) contain two levels of integral transform inversions, which cannot be performed exactly to generate explicit

analytical results. Therefore numerical techniques are needed to perform the Fourier and Laplace inversions. Specifically, the

Gauss quadrature is employed for the Fourier inversion by truncating the Fourier parameters ξ and η at relatively large values;

the IMSLTM subroutine ‘dinlap’ was adopted to perform the Laplace inversion. It can be demonstrated that the integrands in Eqs.

(51)–(53) are symmetric with respect to the Fourier parameters ξ and η.

To confirm the accuracy of the numerical inversion techniques, Table 1 and Fig. 3 compare limiting results of the ‘kernel

function’ (Eq. (50)) and the contact normal stress in Case A (Case B gives the same limiting results), respectively, to results obtained

by Rvachev (1958, 1959) for the flexural interaction of an infinite beam on an elastic halfspace under the action of a concentrated

force. Material parameters of the poroelastic halfspace and the beam were chosen as ν = 0.3, νu = 0.5, EI = 847.56 and F0 = 1.

The beam-halfspace interface �c is discretized into N = 20 strips. The 81-point Gauss quadrature in the range of 0∼32, along

with the default parameter settings of the IMSLTM subroutine ‘dinlap’ were configured for the numerical Fourier and Laplace

inversions. The comparisons in Table 1 and Fig. 3 show the number of strips and the numerical inversion techniques that can

generate accurate results.
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Table 1

Comparison of numerical results of Eq. (50) in Case A with results given by Rvachev (1958).

ξ t → 0+ t → +∞
Rvachev (1958) 2πξ/R(ξ)/(1 − ν) ν = 0.5 Eq. (50) Error Rvachev (1958) 2πξ/R(ξ)/(1 − ν) ν = 0.3 Eq. (50) Error

0.1 2.01384 2.00591 –0.39% 1.43846 1.43279 –0.39%

0.5 3.92699 3.90211 –0.63% 2.80499 2.78722 –0.63%

1 5.98399 5.93390 –0.84% 4.27427 4.23850 –0.84%

2 9.99711 9.90072 –0.96% 7.14079 7.07194 –0.96%

6 25.99938 25.74239 –0.99% 18.57099 18.38742 –0.99%

Note: Values of R(ξ) can be found in Table 1 in Rvachev (1958).

Fig. 3. Comparison of contact normal stress along the beam center line at t → +∞ with results given by Eq. (7) in Rvachev (1959).
4.4. Numerical results

Due to the non-dimensional physical quantities introduced in Eq. (31), only three of the five material constants for the poroe-

lastic halfspace, namely the drained Poisson’s ratio ν , the undrained Poisson’s ratio νu and Skempton’s pore pressure coefficient

B, are included in the expressions of the ‘kernel function’ in Eq. (50). A closer inspection into Eq. (49), however, reveals that B can

be eliminated from the expressions, which indicates that the ‘kernel function’ in Cases A to D depends only on the drained and

undrained values of Poisson’s ratios (ν , νu) and the interface boundary conditions.

In the ensuing, numerical results are presented to illustrate the time-dependent flexural displacement and bending moment

of the infinite beam in Cases A to D by taking into account the influence of the drained and undrained Poisson ratios and the

flexural rigidity of the beam, respectively. The beam is subjected to a Heaviside-type concentrated force located at x = 0, where

the beam displacement and bending moment are recorded. The degree of consolidation-induced displacement and the bending

moment of the beam at x = 0 can be defined as

Uw(t) = wb(0, t) − wb(0, 0+)

wb(0,+∞) − wb(0, 0+)
(55a)

UM(t) = Mb(0, t) − Mb(0, 0+)

Mb(0, +∞) − Mb(0, 0+)
(55b)

The initial and final beam displacements wb(0, 0+) and wb(0, +∞) are evaluated by using the limiting Eq. (53). The initial

and final beam bending moments Mb(0, 0+) and Mb(0, +∞) can be evaluated in a similar way by taking limits to Eq. (52).

The influence of the four sets of boundary conditions described in Cases A to D on the rate and magnitude of the consolidation-

induced displacement and bending moment of the infinite beam of finite width on a poroelastic halfspace is shown in Figs. 4

and 5. Parameters of the concentrated force, the beam and the poroelastic halfspace are chosen as F0 = 1, EI = 0.36, ν = 0 and

νu = 0.5, respectively.

As can be observed from the results presented in Figs. 4 and 5, the boundary conditions described in Cases A to D have

a significant influence on the consolidation-induced beam displacement and bending moment. By comparing Cases A and B

and Cases C and D, presented in Fig. 4, it is evident that the time required for a certain degree of consolidation-induced beam

displacement and bending moment associated with the pervious boundary condition (Case A and C) is much less than the time

associated with the impervious boundary condition (Case B and D). Similarly by comparing Cases A and C and Cases B to D in Fig.

4, it is clear that the time required for a certain degree of consolidation, with the enforced inextensibility constraint in Case C and

D, is lower than that associated with the traction free constraint modeled by Cases A and B. Fig. 5 indicates that the magnitude

of the beam displacement and bending moment associated with the inextensibility constraint (Cases C and D) is lower than that

associated with the traction free constraint (Cases A and B). As the drained and undrained Poisson’s ratios (ν and νu) respectively,

take the values of 0 and 0.5, the initial beam displacement and bending moment in Case A (or Case B) will be identical to those
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Fig. 4. Effect of boundary conditions described in Cases A to D on the degree of consolidation responses of an infinite beam of finite width resting on a poroelastic

halfspace: (a) displacement; (b) bending moment.

Fig. 5. Effect of boundary conditions described in Cases A to D on the consolidation settlement and maximum flexural moment an infinite beam of finite width

resting on a poroelastic halfspace: (a) displacement at the point of application of the load; (b) bending moment at the point of application of the load.

Fig. 6. Effect of Poisson’s ratios on consolidation-induced responses of an infinite beam of finite width resting on a poroelastic halfspace: (a) displacement; (b)

bending moment.
in Case C (or Case D) and the final responses between them will be within the factor 4/3, which was expected from the limiting

expressions in Eq. (54) and verified from Fig. 5.

The magnitudes of the consolidation-induced beam displacement and bending moment associated with Cases A and B are

plotted in Fig. 6, for three sets of Poisson’s ratios (ν and νu), i.e. (0, 0.5), (0, 0.2) and (0.4, 0.5). The other parameters are the same as

in Figs. 4 and 5. Fig. 6 shows that the beam displacement and bending moment at the starting and ending times (i.e. t → 10−4 and

t → 103) are governed by the undrained and drained Poisson’s ratios, respectively, which can be verified by examining Eq. (54).

It is also observed that larger beam displacements and bending moments occur for lower Poisson’s ratios. The magnitude of the

consolidation-induced beam displacement and bending moment, i.e. wb(t) − wb(0) and Mb(t) − Mb(0), is directly proportional

to (νu − ν). The rates of consolidation-induced beam displacement and bending moment (i.e. the slope of the curves), at any time,

increase when (νu − ν) increases. Similar results are observed for the consolidation-induced beam displacement and bending

moment with inextensibility constraints prescribed by the Cases C and D.

Fig. 7 presents the influence of the beam bending rigidity EI on the degree of consolidation-induced displacement and bending

moment for the infinite beam resting on a poroelastic halfspace with boundary conditions prescribed by Case C. Three beam

bending rigidities, i.e. EI = 0.001, 0.1, 10, are considered. The other parameters are the same as those used in developing Figs. 4

and 5.
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Fig. 7. Effect of beam bending rigidity on degree of consolidation-induced responses for an infinite beam of finite width resting on a poroelastic halfspace: (a)

displacement; (b) bending moment.

Fig. 8. Comparison between analytical and finite element results for the degree of consolidation-induced responses of an infinite beam of finite width resting

on a poroelastic halfspace: (a) displacement; (b) bending moment.
From Fig. 7 it is evident that the time required to attain a particular degree of consolidation-induced beam displacement and

bending moment is reduced as the beam bending rigidity decreases. The same observation applies to the consolidation-induced

beam displacement and bending moment for the boundary conditions prescribed by the Cases A, B and D.

4.5. Comparison with computational results

To provide a comparison with the analytical solutions, a three-dimensional finite-element analysis of a rectangular thin plate

(to model the beam of finite width) on a saturated cubic soil mass was performed using the ABAQUSTM software. A shell-edge

loading, which is evenly distributed along the plate width at x = 0 with an amplitude of F0/2b, was applied vertically to the

plate to simulate the concentrated force F0 in the analytical solution. Due to the loading and model symmetry with respect

to the plane x = 0 and y = 0, only one quarter of the model was considered and meshed in ABAQUSTM using a refined mesh

around the loading area and the plate edge to capture the influences of stress gradients. A cubic model with an edge length of

20b is discretized using a hexahedral solid element with pore pressure, C3D20RP, for the saturated soil and a quadrilateral shell

element, S8R5, to discretize the rectangular plate with half-width b and length 20b.

Except for the two symmetry planes, the bottom surface of the soil cube is constrained and the other cube surfaces are free to

move. All five surfaces of the cube are impervious expect for the top surface, where the region beneath the plate is considered to

be impervious and the outer surface region is modeled as a pervious region. The bottom surface of the plate and the underlying

soil are connected together to approximate the adhesive coupling between the beam and the poroelastic halfspace. To meet the

assumption of no flexure along the beam cross section, a transversely isotropic elastic material with the elastic modulus in the

transverse direction (y-axis) ten times larger than that in the longitudinal (x-axis) and vertical direction (z-axis), is employed for

the plate.

The parameters for the concentrated force, the beam and the poroelastic halfspace are chosen as F0 = 1, EI = 0.36, ν = 0.3 and

νu = 0.5. The degree of consolidation-induced displacement and the bending moment at x = 0 of the plate, which is in adhesive

impervious contact with a poroelastic halfspace with the exterior surface region allowed to drain freely, are compared in Fig. 8

to the four bounding solutions prescribed by Cases A to D.

From Fig. 8 it is evident that the computational results obtained using ABAQUSۛ are consistent with the results derived from the

bounding techniques described in Cases A to D. The beam displacement behavior is close to that associated with an impervious

surface in Cases B and D at the starting time and it gradually shifts to resemble the displacement behavior associated with a

pervious surface in Cases A and C as the time increases. In contrast, the variation of the beam bending moment falls between the

results obtained for Cases B and D for the entire time frame.
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5. Conclusions

The flexural behavior of an impermeable beam of finite width and infinite extent resting in adhesive contact at a free-draining

surface of a saturated poroelastic medium involves mixed boundary conditions applicable not only for the soil-skeleton phase

but also for the pore-fluid phase. These constraints give rise to complex singularities both in the stress field and in the pore

fluid pressure, which makes the mathematical treatment of the resulting initial mixed boundary value problem analytically in-

tractable. Therefore we introduce a “bounding technique”, which permits the development of solutions that can address limiting

cases that can cover both adhesion effects due to mechanical action and drainage effects due to the impervious nature of the

beam-poroelastic medium contact surface. The bounding technique incorporates either kinematic or mechanical constraints at

the halfspace surface for the two phases of the saturated medium, which results in four sets of solutions that can bound the real

solutions associated with the adhesive contact between the infinite beam and the poroelastic halfspace. The solutions developed

using the bounding technique are confirmed by comparing them with the published elasticity solutions and these are used in

turn to verify the accuracy of the results obtained from the finite element-based multi-physics code ABAQUSTM. The numerical

results presented in the paper indicate that the flexural rigidity of the beam and the drained and undrained Poisson’s ratios

and the boundary conditions prescribed at the halfspace surface have an important influence on the interactive consolidation

response of the elastic beam.

Appendix A

χ1 = 3(ν − νu)

2B(ν − 1)(1 + νu)
, χ2 = 3(2νu − 1)

2B(1 + νu)
(A.1)

a1(s) = − 3(ν − νu)

2B(ν − 1)(1 + νu)s
, a2 = 3

4B(1 + νu)
(A.2)

g1(ξ , s) = 2a1ξ
2, g2(ξ , η) = χ2 + a2(

η2

γ 2
2

− 2) (A.3)

g3(ξ , η, s) = −2a1(ξ
2 + η2), g4 = 3(1 − 2νu)

2B(1 + νu)
, g5 = 3(νu − 1)

B(1 + νu)
(A.4)

�1(ξ , η, s) = (g4 − g3)γ2 + (γ1g3 + γ2g5) (A.5)

�2(ξ , η, s) = (γ1g4 − γ2g3) + γ1(g3 + g5) (A.6)

�3 = (λ + 2)(χ1 − χ2) (A.7)

�4(ξ , η, s) = (λ + 2)(γ1χ2 − γ2χ1) + α(γ2 − γ1) (A.8)

where

λ = 2ν

1 − 2ν
, α= 3(νu − ν)

B(1 − 2ν)(1 + νu)
(A.9)
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