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Abstract In this paper, we examine the axisymmetric adhesive contact problem for a rigid circular plate and
an incompressible elastic halfspace where the linear elastic shear modulus varies exponentially with depth. The
analytical solution of the mixed boundary value problem entails a set of coupled integral equations that cannot
be solved easily by conventional integral transform techniques proposed in the literature. In this paper, we adopt
a computational scheme where the contact normal and contact shear stress distributions are approximated by
their discretized equivalents. The consideration of compatibility of deformations due to the indentation by a
rigid indenter in adhesive contact gives a set of algebraic equations that yield the discretized equivalents of the
contacts stresses and the axial stiffness of the medium.

1 Introduction

The topic of contact mechanics occupies an important position in the mechanics of solids where the results
derived for the interaction of a rigid indenter and a halfspace form the basic problem of interest. The classical
elasticity solutions to the mechanics of contact commenced with the well-known solutions by Hertz [1] and
Boussinesq [2], and developments in this area are documented in several texts and review articles by Galin
[3], Sneddon [4,5], Ufliand [6], Selvadurai [7,8], Gladwell [9] and Willner [10]. The majority of the classical
studies in this area have focused on the contact problem where the halfspace region is homogeneous, and the
indenter is both rigid and axisymmetric. Derivations from this model are documented by Gladwell [9], Willner
[10], Selvadurai [11–14], Rajapakse and Selvadurai [15], Selvadurai and Dumont [16] and Oliveira et al. [17]
who examine cases where the contacting element possesses flexural stiffness.

In this paper, we examine the axisymmetric problem of the adhesive contact between a rigid circular
indenter with a flat base and an incompressible elastic inhomogeneous medium where the shear modulus
varies exponentially with depth. The literature pertaining to contact problems involving non-homogeneous
elastic media is presented in the references [7–9,18–22]. In this paper, we shall refer to the literature on
contact problems that is germane to the title problem. Korenev [23] examined the problem of the axisymmetric
indentation of a rigid smooth indenter and an isotropic elastic halfspace, whose modulus of elasticity varied
exponentially with depth. This problem was also examined by Mossakovskii [24] who gives a corrected result
for the contact stress distribution.

The model of an incompressible elastic halfspace where the shear modulus varies linearly with depth was
developed by Gibson [25], where the results were applied to calculate the settlement of structures founded on
London Clay. The majority of theoretical developments have focused on power law or exponential variations
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in the linear elastic shear modulus, leading to significant simplifications in the solution of the associated
elasticity problem. The linear variation in the shear modulus gives rise to convenient analytical results for the
surface displacements of the loaded halfspace regions that gives rise to the definition of the Gibson Soil, a
theoretical model for the Winkler Medium, which consists of a series of closely spaced independent springs.
Both the exponential and linear variations in the shear modulus with depth give rise to unbounded values of
the shear modulus when the theoretical developments are applied to semi-infinite regions. This limitation was
first addressed by Selvadurai et al. [26], who examined the torsional indentation of an inhomogeneous elastic
halfspace with an exponential but bounded variation in the shear modulus. Selvadurai [27] also examined the
problem of the smooth indentation of an incompressible inhomogeneous elastic halfspace where the shear
modulus exhibits a bounded exponential variation. Detailed discussions of the applicability of both linear
and exponential variations in the shear modulus with depth, which is of special relevance to geomechanics
problems encountered in soil mechanics and foundation engineering are presented by Selvadurai [7,8,27,28],
Rajapakse [29], Rajapakse and Selvadurai [30], Selvadurai and Lan [31,32], Spencer and Selvadurai [33],
Selvadurai and Katebi [34].

In this paper, we examine the problem of the adhesive contact problem between a rigid circular punch with
a flat base and an incompressible elastic halfspace region where the shear modulus of the elastic material varies
exponentially with depth. Also, unless otherwise stated, the rigid circular indenter is assumed to have a flat
base, which makes the class of problems examined in the paper purely axisymmetric. In particular, attention is
focused on estimating the influence of the elastic inhomogeneity on the adhesive elastic stiffness of the rigid
circular indenter. The solution of the adhesive contact problem is achieved using a numerical scheme where the
fundamental solutions for the axisymmetric loading of the non-homogeneous halfspace region due to normal
and shear loads applied over discrete regions of the surface of the halfspace are combined to determine the
axial and radial displacements over the region of the indenter. The distribution of the discrete values of the
contact stresses is determined by considering the displacement constraints imposed on the contact region and
the overall equilibrium of the indenter. This approach to the analysis of the adhesive contact problem related
to the indentation of the inhomogeneous halfspace region is an extension to similar procedures that have been
successfully used in both discretized approaches for solving soil-structure interaction problems (Selvadurai
[7]).

2 Theoretical developments

Prior to the development of the numerical approach to the solution of the adhesive contact problem, it is
instructive to record salient results applicable to the indentation of the homogeneous elastic halfspace region.
To provide some generality, we consider the indentation of the homogeneous elastic halfspace problem with
no restriction on Poisson’s ratio. We consider an axisymmetric formulation of the contact problem where the
displacement and stress fields referred to the cylindrical polar coordinate system are given by

u(r, z) = {ur (r, z), uz(r, z)} (1)

and

σ (r, z) =
⎛
⎝

σrr 0 σr z
0 σθθ 0

σr z 0 σzz

⎞
⎠ . (2)

The mixed boundary value problem governing the adhesive indentation of the homogeneous elastic halfspace
is given by

uz(r, 0) = �; 0 ≤ r ≤ a
ur (r, 0) = 0; 0 ≤ r ≤ a

σzz(r, 0) = 0; a < r < ∞
σr z(r, 0) = 0; a < r < ∞

(3)

where � is the axial displacement of the rigid indenter. In addition, the displacement and stress fields should
reduce to zero as r, z → ∞. The solution to the indentation problem was presented in a general fashion
by Mossakovskii [35] and Ufliand [36] where the axial displacement distribution was defined by w(r), and
the radial displacement was defined by u(r). The contact normal stress σzz(r) normalized with respect to
the shear modulus and (�/a) is expressed as σzz(r) = −{G�/a(1 − ν)}σ̃ (ξ̃ ), and the contact shear stress
σr z(r) in the adhesive zone, normalized with respect to the shear modulus and (�/a) is expressed as σr z(r) =
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−{G�/a(1 − ν)}τ̃ (ξ̃ ). The normalized stresses σ(ξ̃ ) and τ(ξ̃ ) are governed by a pair of coupled integral
equations of the form

1∫

ξ̃

t σ̃ (t)dt√
t2 − ξ̃2

− γ

⎧⎪⎨
⎪⎩

1∫

0

τ̃ (t)dt − ξ̃

ξ̃∫

0

τ̃ (t)dt√
ξ̃2 − t2

⎫⎪⎬
⎪⎭

= d

dξ̃

ξ̃∫

0

tw̃(t)dt√
ξ̃2 − t2

= w̃∗(ξ̃ ), (4)

ξ̃

1∫

ξ̃

τ̃ (t)dt√
t2 − ξ̃2

− γ

ξ̃∫

0

t σ̃ (t)dt√
ξ̃2 − t2

=
ξ̃∫

0

d

dt

[
t ũ(t)

] dt√
ξ̃2 − t2

= ũ∗(ξ̃ ) (5)

where ξ̃ = r/a, uz(r) = �w̃(ξ̃ ), ur (r) = �ũ(ξ̃ ) and � is the axial indentation. Also, w̃∗(ξ̃ ) and ũ∗(ξ̃ )
are non-dimensional displacements that are prescribed in the contact zone and γ = (1 − 2ν)/(2 − 2ν). For
example, in the case of a rigid circular indenter in adhesive contact with an elastic halfspace region, w̃∗(ξ̃ ) = 1
and ũ∗(ξ̃ ) = 0. Using a Wiener-Hopf/Hilbert transform technique (Gladwell [9]) for the solution of the mixed
boundary value problem, these authors [35,36] were able to develop explicit expressions for the distribution
of contact stresses at the base of the indenter and use the results to obtain a relationship between the force P
necessary to induce the induced displacement �; i.e.

P

8�aμ
= loge(3 − 4ν)

2(1 − 2ν)
. (6)

An alternative to the development of an exact solution was first proposed and further developed by Selvadurai
[37–42] and applied by Selvadurai and Au [43] to investigate the mechanics of anchors embedded at bimaterial
interface regions. Selvadurai’s bounding procedure involves the introduction of either inextensibility constraints
or frictionless conditions at the interface between the two regions. The same approach can be adopted to
“bound” the axial stiffness of the bonded rigid indenter. The mixed boundary value problem defined by Eq. (3)
is replaced by reduced boundary value problems that impose either an inextensibility constraint over the entire
surface of the halfspace or a frictionless constraint over the entire surface of the halfspace. The relevant sets
of boundary conditions are, respectively,

uz(r, 0) = �; 0 ≤ r ≤ a
ur (r, 0) = 0; 0 ≤ r < ∞
σzz(r, 0) = 0; a < r < ∞

(7)

and
uz(r, 0) = �; 0 ≤ r ≤ a

σr z(r, 0) = 0; 0 ≤ r < ∞
σzz(r, 0) = 0; a < r < ∞.

(8)

The solution of the mixed boundary value problems defined by Eqs. (7) and (8) is elementary (Sneddon [4];
Selvadurai [7]; Gladwell [9]) and, using these results, the bounds for the elastic stiffness of the bonded rigid
disc can be expressed in the form

1

2(1 − ν)
≤ P

8�aμ
≤ 2(1 − ν)

(3 − 4ν)
. (9)

In the limit when ν = 0, the exact solution Eq. (6) gives

P

8�aμ
= loge 3

2
≈ 0.55, (10)

and the bounds (9) give

0.50 ≤ P

8�aμ
≤ 0.67. (11)

In the limit when ν = 1/2, the bounds Eq. (9) converge and yield the same result as the exact solution [Eq. (6)].
The influence of material incompressibility on the behaviour of the contact problem is clearly evident and, in
the case of the isotropic homogeneous elasticity problem applicable to an incompressible elastic material, the
absence of radial displacement on the surface of the halfspace due to Boussinesq’s fundamental result for the
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Fig. 1 Indentation of an incompressible non-homogeneous elastic halfspace

normal loading of the halfspace region (Boussinesq [2]; Westergaard [44]; Selvadurai [45,46]) pre-empts the
need to consider the constraints imposed by bonding in the solution of the contact problem. This observation
is strictly applicable to the case of a homogeneous elastic halfspace problem and does not generally apply
in situations where the incompressible elastic halfspace region is non-homogeneous. Of related interest is a
recent study by Labaki et al. [47] that examines the dynamics of an annular disc embedded at the interface of
a bimaterial elastic domain.

3 The adhesive indentation of a non-homogeneous isotropic elastic halfspace

We now consider the problem of the indentation of an incompressible non-homogeneous isotropic elastic
halfspace region by a rigid circular indenter of radius a with a flat base, which is bonded to the surface of the
halfspace (Fig. 1). The specific non-homogeneity considered in the paper assumes that the shear modulus of
the elastic medium varies exponentially according to

G(r, z) = G0eλz; r ∈ (0,∞); z ∈ (0, ∞) (12)

and

ν(r, z) = 1/2; r ∈ (0,∞); z ∈ (0,∞) (13)

where G0 is a constant. We now introduce the non-dimensional parameter λ̃ for characterizing the non-
homogeneity, such that λ = λ̃/a.

The applicability of the exponential variation in the linear elastic shear modulus to geomaterials, and
notably saturated clay deposits such as London Clay, was discussed by Selvadurai and Katebi [34]. These
authors give references to further literature where the exponential variation in the linear elastic shear modulus
was borne out by field investigations.

The objective of the study was to establish the influence of both the adhesive contact and the exponential
variation in the shear modulus on the elastic stiffness of the rigid indenter. To the authors’ knowledge, this
problem has not been investigated in the literature on contact problems. In particular, the method of solution
is based on the discretization of the contact normal stresses and contact shear stresses in the bonded region,
which yields a set of algebraic equations that can be solved to develop results of engineering interest.

Prior to the application of the computational approach, it is instructive to illustrate the basic concepts of
the adhesive contact problem related to the non-homogeneous elastic halfspace. Consider the problem where
the surface of the non-homogeneous elastic halfspace region is subjected, separately, to (i) a normal ring load
of intensity N (units of force/unit length) applied at the location r = ρ (Fig. 2a) and (ii) a radially directed ring
load of intensity T (units of force/unit length) applied at the location r = ρ (Fig. 2b). The choice of these special
forms of the fundamental results for N and T pre-supposes that the application of the discretization technique is
restricted to axisymmetric contact problems related to an incompressible non-homogeneous elastic halfspace.
The method of solution of the traction boundary value problems relevant to these basic loading configurations
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Fig. 2 a Normal ring load of intensity N (units of force/unit length) applied at the location r = ρ; b A radially directed ring load
of intensity T (units of force/unit length) applied at the location r = ρ

is outlined in [34]. It can be shown that the axial and radial displacements at the surface of the halfspace region
due to the normal ring loading N can be expressed in the general forms

uN
z (r, 0) = N

G0
I N
zz (r, ρ); 0 ≤ r < ∞,

uN
r (r, 0) = N

G0
I N
rz (r, ρ); 0 ≤ r < ∞ (14)

where the integrals I N
zz (r, ρ) and I N

rz (r, ρ) are given by

I N
zz (r, ρ) =

∞∫

0

(
(k2

1 − k2
2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ρξ J0(ξr)J0(ξρ) dξ,

I N
rz (r, ρ) =

∞∫

0

(
k2(ξ

2 + k2
1) − k1(ξ

2 + k2
2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ρ J1(ξr)J0(ξρ) dξ (15)

with

k1 = 1

2

[
λ +

√
λ2 + 4iλξ + 4ξ2

]
; k2 = 1

2

[
λ +

√
λ2 − 4iλξ + 4ξ2

]
(16)

and

qi = k3
i

ξ2 − ki − λk2
i

ξ2 − λ; i = 1, 2. (17)

Similarly, the axial and radial displacements on the surface of the halfspace region due to the radial ring loading
T can be expressed in the general forms

uT
z (r, 0) = T

G0
I T
zr (r, ρ); 0 ≤ r < ∞,

uT
r (r, 0) = T

G0
I T
rr (r, ρ); 0 ≤ r < ∞ (18)

where the integrals I T
rr (r, ρ) and I T

zr (r, ρ) are given by

I T
zr (r, ρ) =

∞∫

0

(
(q1 − 2k1) + (2k2 − q2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ρξ2 J0(ξr)J1(ξρ)dξ,

I T
rr (r, ρ) =

∞∫

0

(
k2q1 − k1q2

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ρξ J1(ξr)J1(ξρ)dξ. (19)
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The displacement fields given by Eqs. (14) and (18) will satisfy the regularity conditions required for the
displacement field to vanish as r → ∞ and the traction boundary conditions applicable to the ring loads. For
the normal ring load

σzz(r, 0) = Nδ(r − ρ); 0 ≤ r < ∞
σr z(r, 0) = 0; 0 ≤ r < ∞ (20)

where δ(r − ρ) is the Dirac delta function. Similarly, for the radial ring load

σzz(r, 0) = 0; 0 ≤ r < ∞
σr z(r, 0) = T δ(r − ρ); 0 ≤ r < ∞.

(21)

The formal expressions for the axial and radial displacement fields generated by the contact normal stress σ(r)
and the contact shear stress τ(r) in the adhesive contact region of the rigid indenter can be written as

uz(r, 0) =
a∫

0

σ(ρ)

G0
I N
zz (r, ρ)dρ +

a∫

0

τ(ρ)

G0
I T
zr (r, ρ)dρ; 0 ≤ r < ∞, (22)

ur (r, 0) =
a∫

0

τ(ρ)

G0
I T
rr (r, ρ)dρ +

a∫

0

σ(ρ)

G0
I N
rz (r, ρ)dρ; 0 ≤ r < ∞, (23)

and ρ is an integration variable. The boundary conditions applicable to the adhesive contact problem are

uz(r, 0) = �; 0 ≤ r ≤ a
ur (r, 0) = 0; 0 ≤ r ≤ a.

(24)

An inspection of the integral expressions (15) and (19) for the influence functions I N
zz (r, ρ), I N

rz (r, ρ), etc.,
indicates that the integral Eqs. (22) and (23) are unlikely to be solved in a direct fashion to generate compact
results of the type (6) for the elastic stiffness of the rigid circular indenter in adhesive contact with a non-
homogeneous elastic halfspace. Therefore, recourse must be made to a computational approach that essentially
discretizes the contact stress distributions.

4 The computational approach for the solution of the adhesive contact problem

We now focus on the development of a computational approach for the solution of the axisymmetric problem
of a rigid circular indenter of radius a, which is in adhesive contact with an incompressible non-homogeneous
isotropic elastic halfspace where the linear elastic shear modulus varies exponentially with depth and is
subjected to an axisymmetric load equivalent to P . For the analysis of the adhesive contact problem, we
assume that both the contact stress distributions σ(r) and τ(r) can be represented as discrete regions of uniform
stress acting over annular regions. This approach for the solution of contact problems has been developed by
a number of investigators, and a comprehensive review of the approach is presented in Selvadurai [7]. The
representation of the contact stress distributions as discrete values of finite magnitude allows no provision for
accommodating the singularities that will be present at the boundary of the rigid indenter. In the case of bonded
contact with a homogeneous elastic medium, the normal and shear stresses can exhibit oscillatory forms of
the stress singularity that arises in the solution of Wiener-Hopf/Hilbert type problems. The oscillatory stress
singularities are, however, integrable and contribute to finite strain energy in the halfspace region and yield
exact closed form results for the axial stiffness of the bonded indenter. While consideration of the exact stress
state is important to the assessment of fracture generation at the boundary of the bonded region, its influence
on the estimation of the elastic stiffness is relatively small. Selvadurai [48–52] has shown that, in the case
of a homogeneous elastic halfspace problem related to a bonded circular indenter, the incorporation of the
oscillatory form of the stress singularity does not significantly influence the axial stiffness of the bonded rigid
indenter. When the stress singularity at the boundary of the bonded rigid indenter of radius a is represented by a
regular singularity of the form 1/(a2−r2)1/2, the problem can be reduced to the solution of a Fredholm integral
equation of the second kind, and a comparison of the results obtained from the exact solution and the above
approximation indicates that the difference is less than 0.5 % when ν = 0 and the solutions coincide when
ν = 1/2. We further note that in the case of an incompressible non-homogeneous elastic halfspace the local
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stress field at the boundary of the contact region will not be oscillatory in order to provide a continuous transition
to the analogous problem for the adhesive contact problem associated with a homogeneous incompressible
elastic halfspace. In keeping with these observations, we proceed to represent the contact stress distributions by
their discrete equivalent distributions, and the geometries of the discrete annular regions are altered to account
for sharp stress gradients that could be present in regions close to the boundary of the contact zone.

4.1 Smooth contact problem for a rigid circular indenter

First, we consider the indentation of a non-homogeneous incompressible elastic halfspace by a rigid circular
indenter of radius a with smooth contact subjected to an axial load P . The method of solution assumes that the
plan area of the indenter is discretized into equal annular areas and the contact stress within each annular area is
uniform. Considering the annular normal load of stress intensity σ1, σ2, . . . , σn acting within the annular region
of internal radius 0, r1, r2, . . . , rn−1 and external radius r1, r2, . . . , rn , respectively, the surface displacement
w1, w2, w3, . . . , wn at the mid-section of the annular region due to normal surface tractions can be obtained
by superposition of Eqs. (25) and (26), which are a simplified version of the results developed by Selvadurai
and Katebi [34],

uz(r, 0) = p0a

G0

∞∫

0

(
(k2

1 − k2
2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
J0(ξr)J1(ξa)dξ, (25)

ur (r, 0) = p0a

G0

∞∫

0

(
k2(ξ

2 + k2
1) − k1(ξ

2 + k2
2)

ξ(2k1 − q1)(ξ2 + k2
2) + ξ(q2 − 2k2)(ξ2 + k2

1)

)
J1(ξr)J1(ξa)dξ (26)

where k1, k2, q1 and q2 are defined by Eqs. (16) and (17). The procedures for the numerical evaluation of these
integrals are given in [34] and [53].

The compatibility of displacement (�) between the non-homogenous incompressible elastic halfspace and
the indenter is then established at the mid-point location of each annular region. The physical domain of interest
is taken to be a non-homogeneous incompressible (v = 1/2) elastic halfspace in which the shear modulus has
an exponential variation over the entire depth of the halfspace (Eq. (12)).

In order to assign equal annular areas, the dimensions of ri take the following form:

ri =
(

i

n

) 1
2

a; i = 1, 2, 3, . . . .., n. (27)

Similarly for the mid-points,

rm1 = 0, rmi =
(

ri−1 + ri

2

)
; i = 2, 3, . . . ., n. (28)

We further assume that the uniform normal stress elements σi can be represented as multiples of the average
pressure p0 that is applied externally to the rigid indenter,

σi = σ̃i p0 where i = 1, 2, 3, . . . ., n (29)

where

p0 = P

πa2 . (30)

Using the above reductions, it is possible to express the surface displacements wi due to normal contact stresses
σ̃i in the form of the matrix relation

{w} = p0a

G0
[C]{σ̃ } (31)
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Table 1 Comparison of analytical and numerical solutions

n 5 10 15 20 Boussinesq [2]

�∗ 0.400676 0.395437 0.394525 0.378847 0.392699

where {w} and {σ̃ } are column vectors, and the coefficients of the square matrix [C] are as follows:

[C] =

⎡
⎢⎢⎢⎢⎣

w11 w12 w13 . . . w1 j
w21 w22 w23 . . . w2 j
w31 w32 w33 . . . w3 j
...

...
...

. . .
...

wi1 wi2 wi2 . . . wi j

⎤
⎥⎥⎥⎥⎦

(32)

where wi j are the surface displacements at the annuli mid-point location i due to the normal contact stress
σ j ( j = i) (see the “Appendix A”).

The results in the form presented here are applicable to the calculation of surface displacements involv-
ing any arbitrary distributed loading with an axisymmetric profile, which is a useful result for geotechnical
engineering studies in general.

We shall now focus attention on the rigid indenter problem. For compatibility at the soil-indenter interface,
wi will have the same value as the rigid displacement of the indenter �; this constitutes an additional unknown
of the problem. The remaining equation required for the solution of Eq. (31) is furnished by the equilibrium
equation for the entire indenter, i.e.

n∑
i=1

σ̃i = n. (33)

The matrix formed by combining Eqs. (31) and (33) can be inverted to determine the non-dimensional contact
stresses σ̃i and the non-dimensional indenter displacement,

�∗ = G0�

p0a
. (34)

The accuracy of this discretized solution can be verified by comparing the computational estimates with the
exact closed form results given by the classical result of Boussinesq [2].

In this paper, the rigid indenter is discretized into 5, 10, 15 and 20 equal annular areas (i.e.n = 5, 10, 15, 20).
Table 1 presents the comparison between the Boussinesq [2] and the discretized solution for n = 5, 10, 15, 20,
respectively. The accuracy of the solution depends on the number of annular regions. However, the number
of annular regions cannot be increased infinitely; such a procedure usually results in an ill-conditioned set of
equations. These difficulties stem from the singular behaviour of the contact stress at the indenter boundary.
It can be seen from Table 1 that the accuracy of the results increases by increasing the discretized areas from
5 to 15 but the accuracy is reduced by increasing the number of discretized areas from 15 to 20 due to the
singularity effect at the indenter boundary.

Ideally both the contact stresses and the indentation should be predicted with equal accuracy in a discretiza-
tion approach. Due the simplification of representing a singular stress field as a finite value over an annular
region, the discretized contact stresses will exhibit a departure from the theoretical Boussinesq [2] profile as n
is increased. Furthermore, the direct comparison of the stress values obtained at the mid-points of the annular
regions from the discretization scheme with the stress values computed at the corresponding points applicable
to the analytical solution for the compressive contact stress will not capture the overall effect of the stress
gradients associated with Boussinesq’s result for the contact stress at the base of a smooth rigid indenter given
by

σzz(r, 0) = P

2πa
√

a2 − r2
(35)

where P is the total load applied to the indenter and a is the radius of the indenter. For this reason, it is necessary
to calculate the average stress within either the central element or an intermediate element is calculated using
Boussinesq’s distribution. Consider the case where the contact region is discretized into n equi-areal regions
with a circular central region and (n − 1) annular exterior regions. Consider an annular region bounded by
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Table 2 Comparison of contact stress between Boussinesq results and current study

n Center Outermost annular boundary region

10 15 10 15

σ̃i (Boussinesq [2]) 0.5132 0.5086 3.1622 3.8729
σ̃i (current study λ̃ = 0) 0.5157 0.5098 2.9832 3.8463

r ∈ (ρ̃i a, ρ̃ea), where ρ̃i a is the interior radius of the annulus and ρ̃ea is the external radius. The relationship
between the radii ρ̃i and ρ̃e is given by

ρ̃e =
(

ρ̃2
i + 1

n

)1/2

. (36)

The total force acting over the interval r ∈ (ρ̃i a, ρ̃ea) due to the Boussinesq distribution is given by

P∗ =
ρ̃ea∫

ρ̃i a

2π∫

0

P rdr dθ

2πa
√

a2 − r2
= P

a

ρ̃ea∫

ρ̃i a

rdr√
a2 − r2

. (37)

The average stress in the annular region r ∈ (ρ̃i a, ρ̃ea) due to the Boussinesq distribution is

σi = n P

πa2

(√
1 − ρ̃2

i −
√

1 − ρ̃2
e

)
. (38)

The average stress within the annulus normalized with respect to the average stress over the entire contact
region, P/πa2, is given by

σ̃i = n

[√
1 − ρ̃2

i −
√

1 − ρ̃2
e

]
. (39)

Table 2 shows the comparison for contact stress between the techniques proposed in this paper and those
determined using Eq. (39) using Boussinesq’s results.

In these computations, for example, (i) when n = 10, the discrepancy in the displacement is −0.7 % and the
discrepancy in the contact stresses at the centre of the indenter is −0.48 % and the discrepancy in the contact
stress at the annular boundary region is −5.66 %, and (ii) when n = 15, the discrepancy in the displacement
is −0.465 %, and the discrepancy in the contact stresses at the centre of the indenter is −0.24 %, and the
discrepancy in the contact stress at the annular boundary region is −0.68 %. In the discretized analysis of
the adhesive contact problem for the inhomogeneous incompressible elastic halfspace, the discretizations are
selected as n = 10 and n = 15. It should also be noted that any computational estimates for the contact problem,
based on either finite element or boundary element approaches will also display similar manifestations, unless
special provisions are made to include singularity elements at the boundary point of the indenting region, and
infinite elements are used to capture the semi-infinite domain.

Figure 3 shows the displacement of the rigid indenter on a non-homogeneous medium obtained using
the discretization approach to the homogeneous medium normalized with respect to the analytical result of
Boussinesq [2] and presented as a function of the depth variation in the shear modulus characterized by λ̃ and
for different values of the discretization intervals n. Figure 3 clearly shows that the displacement of the indenter
is influenced by the degree of non-homogeneity in the linear elastic shear modulus. As would be expected, the
axial displacement of the indenter decreases as the shear modulus increases with depth.

Figure 4 shows the contact stress distribution beneath a rigid indenter resting on a non-homogeneous elastic
halfspace, for different shear moduli, with n = 10. A comparison has also been made between the current
results for the contact stress distribution σ̃i at mid-point locations rmi and those determined from the exact result
given by Boussinesq [2]. Similar results are presented in Fig. 5 for the contact pressure distributions obtained
for a numerical procedure where n = 15. As evident from Figs. 4 and 5, there is good correlation between
the results obtained from the discretization method and the analytical results given by Boussinesq [2], when
λ̃ = 0. It should also be noted that for the incompressible homogeneous elastic halfspace the normal contact
stresses within the indented area are independent of the elasticity parameters of the halfspace and invariant of
the adhesion constraint, i.e. when ν = 1/2, γ → 0, and (4) gives rise to the conventional Abel integral equation
for the normal contact stress σ(r), which yields Boussinesq’s result for the indentation problem [4,5]. It can
be inferred that discrepancies between the results for the indentation of the incompressible non-homogeneous
elastic halfspace and Boussinesq’s result are likely to be due to the elastic non-homogeneity.
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Fig. 3 Ratio of displacement of the rigid indenter on a non-homogeneous medium (numerical discretized solution) to homogeneous
medium (Boussinesq [2]) for different λ̃, for n = 5, 10, 20

Fig. 4 Comparison of contact stress distribution (σ̃i ) of the rigid indenter between the current results and results given by
Boussinesq [2] (n = 10)

4.2 Adhesive contact problem for a rigid circular indenter

We consider the adhesive contact problem for a rigid circular indenter with a flat base, which is in contact
with a non-homogeneous incompressible elastic halfspace in which the shear modulus varies exponentially
with depth (Eq. (12) and is) subjected to an axial load P . The boundary conditions applicable to the adhesive
contact are given in Eq. (3).

In order to solve this problem using a discretization approach similar to that described in Sect. 4.1, we
first assume that a non-homogenous incompressible elastic halfspace is subjected to uniform normal surface
tractions σ b

i and uniform shear surface tractions τ b
i at equi-areal annular regions with locations defined by ri .

Then, the compatibility between the displacement of the non-homogenous incompressible halfspace within
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Fig. 5 Comparison of contact stress distribution (σ̃i ) of the rigid indenter between the current results and results given and
Boussinesq [2] (n = 15)

the contact region due to the combined actions of normal and shear surface tractions and the axial one of the
indenter, �, and null radial displacement is established at the mid-point location of each annular region.

We further assume that the uniform normal stress elements σ b
i and uniform shear stress elements τ b

i can
be presented as multiples of the externally applied average pressure p0 [see Eq. (30)] and an average shear
traction τ0 (to be determined), respectively, in the forms

σ b
i = σ̃ b

i p0 where i = 1, 2, 3, . . . ., n, (40)

τ b
i = τ̃ b

i τ0 where i = 1, 2, 3, . . . ., n. (41)

Using the above reductions, it is possible to express the surface axial and radial displacements wi and ui
due to the non-dimensional contact stresses σ̃ b

i and τ̃ b
i in the form of the matrix relations

{w} = p0a

G0
[C1]{σ̃ b} + τ0a

G0
[C2]{τ̃ b}, (42)

{u} = p0a

G0
[C3]{σ̃ b} + τ0a

G0
[C4]{τ̃ b} (43)

where {w}, {u}, {σ̃ b} and {τ̃ b} are column vectors, and the coefficients of the square matrices [Ci ] (i =
1, 2, 3, 4) are as follows:

[C1] =

⎡
⎢⎢⎢⎢⎣

w11 w12 w13 . . . w1 j
w21 w22 w23 . . . w2 j
w31 w32 w33 . . . w3 j
...

...
...

. . .
...

wi1 wi2 wi2 . . . wi j

⎤
⎥⎥⎥⎥⎦

, [C2] =

⎡
⎢⎢⎢⎢⎢⎣

w′
11 w′

12 w′
13 . . . w′

1 j
w′

21 w′
22 w′

23 . . . w′
2 j

w′
31 w′

32 w′
33 . . . w′

3 j
...

...
...

. . .
...

w′
i1 w′

i2 w′
i2 . . . w′

i j

⎤
⎥⎥⎥⎥⎥⎦

, (44)
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[C3] =

⎡
⎢⎢⎢⎢⎣

u11 u12 u13 . . . u1 j
u21 u22 u23 . . . u2 j
u31 u32 u33 . . . u3 j
...

...
...

. . .
...

ui1 ui2 ui2 . . . ui j

⎤
⎥⎥⎥⎥⎦

, [C4] =

⎡
⎢⎢⎢⎢⎢⎣

u′
11 u′

12 u′
13 . . . u′

1 j
u′

21 u′
22 u′

23 . . . u′
2 j

u′
31 u′

32 u′
33 . . . u′

3 j
...

...
...

. . .
...

u′
i1 u′

i2 u′
i2 . . . u′

i j

⎤
⎥⎥⎥⎥⎥⎦

(45)

where ui j and u′
i j are radial surface displacements, and wi j and w′

i j are the axial surface displacement at the

annuli mid-point locations due to the normal and radial stress traction σ b
j and τ b

j , respectively (see “Appendix
A”).

The displacement of a non-homogeneous incompressible elastic halfspace subjected to a surface distributed
radial load of radius a with stress intensity τ0 can be found by

uz(r, 0) = τ0

G0

∞∫

0

(
(q1 − 2k1) + (2k2 − q2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ξ2 J0(ξr)

⎡
⎣

a∫

0

r J1(ξr)dr

⎤
⎦ dξ, (46)

ur (r, 0) = τ0

G0

∞∫

0

(
k2q1 − k1q2

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ξ J1(ξr)

⎡
⎣

a∫

0

r J1(ξr)dr

⎤
⎦ dξ (47)

where k1, k2, q1 and q2 are defined by Eqs. (16) and (17).
Equations (46) and (47) can be numerically evaluated using procedures presented in [34] and [53].
The axial and radial surface displacement due to the normal tractions σ b

j at the central location can be
obtained by a superposition of the results for the axial and radial displacements given in Eqs. (25), (26), (46)
and (47).

The axial and radial surface displacement due to the shear stress traction τ b
j can be generated from Eqs. (46)

and (47) by superposition. The normal and shear surface tractions are related to each other by the constraint
given in Eq. (7). Using (7) along with Eq. (43) results in:

p0a

G0
[C3]{σ̃ b} + τ0a

G0
[C4]{τ̃ b} = {0}, (48)

and this result along with Eqs. (40) and (41) can be used to determine the shear tractions based on the normal
tractions

{τ b} = [B]{σ b}. (49)

By using Eq. (49), we can rewrite Eq. (42) as follows:

{w} = p0a

G0
[H]{σ̃ b} (50)

in which [H] was obtained by adding the two matrices [C1] and [C2], which also incorporates the result
Eq. (49). The results in the form presented here are applicable to the calculations of displacements involving
any distributed loading with an axisymmetric profile.

For compatibility of the displacements at the incompressible non-homogeneous elastic halfspace-indenter
interface, wi will have the same value as the rigid displacement of the indenter �; this constitutes an additional
unknown of the problem. The remaining equation required for the solution of Eq. (50) is the equilibrium
equation for the entire indenter given in Eq. (33). The matrix formed by combining Eqs. (33) and (50) can
be inverted to determine the non-dimensional contact stresses σ̃ b

i and τ̃ b
i and the non-dimensional axial dis-

placement of the indenter in bonded contact with the incompressible non-homogeneous elastic halfspace. The
contact normal stresses for the indenter, which is adhesively bonded to the incompressible elastic halfspace
are shown in Figs. 4 and 5, developed, respectively, by considering discretizations n = 10 and n = 15.

Figure 6 presents a comparison of the surface displacement of the rigid indenter for smooth contact,
adhesive contact, and for the case where a surface with inextensibility (in which ur = 0 throughout the surface
of the halfspace) is enforced. Results are provided for different values of the non-homogeneity parameter λ̃.
These displacements are normalized with the surface displacement given by Boussinesq [2].

The results show that the stiffness of the indenter in adhesive contact is bounded by the corresponding values
for indentation with frictionless contact and the result for the indentational stiffness that incorporated the surface
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Fig. 6 Ratio of displacement of the rigid disc on a non-homogeneous medium (numerical discretized solution) to homogeneous
medium (Boussinesq [2]) for different λ̃, comparison between smooth and bonded contact

Fig. 7 Ratio of displacement of the bonded contact rigid indenter to the smooth contact rigid indenter for different values of λ̃

inextensibility constraint [see also [42]). Figure 7 shows the influence of adhesion and the non-homogeneity
parameter on the indentational stiffness the rigid circular indenter. The effect of adhesive contact increases
from zero for an incompressible homogenous halfspace with λ̃ = 0 to an almost 10 % difference between
the settlement of smooth contact and adhesive contact, for a non-homogeneous incompressible halfspace with
λ̃ = 2. However, the change in displacement for λ̃ < 0.25, which is applicable to a range of variations in the
shear modulus with depth observed in saturated clays found in regions of the British Isles, is less than 2 % (see
e.g. [34]).

5 Concluding remarks

The mechanics of indentation is visualized as a technique for the estimation of deformability characteristics
of materials as well as for the estimation of settlements of geotechnical structures. The interface conditions
between the deformable region and the rigid indenter can influence the indentational stiffness. In the classical
problem for the adhesive indentation of an isotropic homogeneous elastic halfspace, the indentational stiffness
is controlled by Poisson’s ratio for the deformable medium and, in the case of an incompressible homogeneous
elastic halfspace region, the interface conditions (either frictionless or fully bonded) have no influence on the
elastic stiffness. This is due to the zero radial displacement at the surface of the halfspace due to Boussinesq’s
problem for the concentrated normal force. This paper examines the problem of the axisymmetric adhesive
indentation of an incompressible non-homogeneous elastic halfspace, with an exponential variation of the
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shear modulus with depth, by an indenter with a flat base. The formulation of the integral equations for the
normal and shear stresses at the adhesive zone indicates that the solution cannot be readily accomplished
using integral equation techniques commonly employed in the study of adhesive contact problems. The paper
develops a numerical scheme where the contact normal stresses and shear stresses are represented by discretized
equivalents, and the unknown values are evaluated by considering the kinematic and mechanical constraints
on the adhesive zone. These results are used to estimate the axial stiffness of the adhesive indentation of
a rigid circular indenter with an inhomogeneous elastic halfspace that has an exponential variation in the
shear modulus. The results are also compared with estimates for the indentation stiffness when the contact
is frictionless and when the entire surface of the non-homogeneous halfspace is considered to be radially
inextensible. It is observed that for the exponential variation in shear modulus in an incompressible elastic
halfspace, the contact constraints, either adhesive contact or frictionless contact, have very small influence
on the indentational stiffness of the rigid circular indenter and for the exponent in the exponential variation
λ̃ ∈ (0, 0.25). The discrepancy is of the order of 10 % for λ̃ ≈ 2. The representation of the contact stress
distribution in terms of a discretized distribution is a convenient mathematical approximation for the solution
of a contact problem where the analytical solution would otherwise be intractable. The discretization technique
offers a convenient solution scheme for the adhesive contact problem for the non-homogeneous incompressible
elastic halfspace problem. Furthermore, the general concepts can be extended to include flexible contact zones
and partial adhesion in the contact zone. The discretization techniques can also be extended to examine
indenters with arbitrary-shaped plan forms that will not be amenable to exact solution. In situations where
processes such as indentational fracture needs to be examined (e.g. [54]), the singularity at the boundary of the
indenter needs to be incorporated in the discretization scheme, so that the stress state can be more precisely
defined to generate stress intensity factors and energy release rates important to crack extension analysis
can be accurately determined. Also, when semi-infinite domains are encountered, the accurate modelling is
accomplished through the use of special infinite elements [55].

Acknowledgments The authors are indebted to the reviewers whose comments led to improvements in the presentation of the
material. The work described in the paper was supported by a NSERC Discovery Grant awarded to A. P. S. Selvadurai. The
authors acknowledge the comments made by a reviewer.

Appendix A

The wi j , w
′
i j , ui j and u′

i j in Eqs. (32), (44) and (45) can be calculated by using superposition technique, we
have
wi j : by using Eq. (25), we have
for j = 1 and i = 1, 2, . . ., n:

wi j (rmi , 0) =
∞∫

0

(
(k2

1 − k2
2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
J0(rmiξ)

r1

a
J1(r1ξ)dξ, (A1)

and for j = 2, 3, . . ., n and i = 1, 2, . . ., n:

wi j (rmi , 0) =
∞∫

0

(
(k2

1 − k2
2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
J0(rmi ξ)

[r j

a
J1(r j ξ) − r j−1

a
J1(r j−1ξ)

]
dξ ;

(A2)

w′
i j : by using Eq. (46), we have

for j = 1 and i = 1, 2, . . ., n:

w′
i1(rmi , 0) =

∞∫

0

(
(q1 − 2k1) + (2k2 − q2)

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ξ2 J0(rmi ξ)

⎡
⎣

r1∫

0

r

a
J1(ξr)dr

⎤
⎦ dξ,

(A3)
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and for j = 2, 3, . . ., n and i = 1, 2, . . ., n:

w′
i j (rmi , 0) =

∞∫

0

(
(q1 − 2k1)+(2k2 − q2)

(2k1 − q1)(ξ2 + k2
2)+(q2 − 2k2)(ξ2+k2

1)

)
ξ2 J0(rmiξ)

⎡
⎢⎣

r j∫

r j−1

r

a
J1(ξr)dr

⎤
⎥⎦ dξ ; (A4)

ui j : by using Eq. (26), we have
for j = 1 and i = 1, 2, . . ., n:

ui1(rmi , 0) =
∞∫

0

(
k2(ξ

2 + k2
1) − k1(ξ

2 + k2
2)

ξ(2k1 − q1)(ξ2 + k2
2) + ξ(q2 − 2k2)(ξ2 + k2

1)

)
J1(rmiξ)

r1

a
J1(r1ξ)dξ, (A5)

and for j = 2, 3, . . ., n and i = 1, 2, . . ., n:

ui j (rmi , 0) =
∞∫

0

(
k2(ξ2 + k2

1) − k1(ξ2 + k2
2)

ξ(2k1 − q1)(ξ2 + k2
2) + ξ(q2 − 2k2)(ξ2 + k2

1)

)
J1(rmi ξ)

[r j

a
J1(r j ξ) − r j−1

a
J1(r j−1ξ)

]
dξ ;

(A6)

u′
i j : by using Eq. (47), we have

for j = 1 and i = 1, 2, . . ., n:

u′
i1(rmi , 0) =

∞∫

0

(
k2q1 − k1q2

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ξ J1(rmiξ)

⎡
⎣

r1∫

0

r

a
J1(ξr)dr

⎤
⎦ dξ, (A7)

and for j = 2, 3, . . ., n and i = 1, 2, . . ., n:

u′
i j (rmi , 0) =

∞∫

0

(
k2q1 − k1q2

(2k1 − q1)(ξ2 + k2
2) + (q2 − 2k2)(ξ2 + k2

1)

)
ξ J1(rmiξ)

⎡
⎢⎣

r j∫

r j−1

r

a
J1(rξ)dr

⎤
⎥⎦ dξ. (A8)
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