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a b s t r a c t

The paper develops an analytical result for the flow through a single fracture under a hydraulic gradient
between the two aquifer regions and takes into account permeability characteristics of all components of
the system. Non-dimensional results are presented to illustrate the influence of the permeability mis-
match between the two geologic formations and the permeability and geometry of the fracture on the
flow rate through the fracture. The analytical result is then used to develop additional results for leakage
through a swarm of vertically aligned hydraulically non-interacting fractures and a damaged region con-
taining a densely spaced array of vertically aligned fractures and worm hole type features in the caprock.
The work presents a convenient result for the estimation of leakage from storage formations in geoenvi-
ronmental applications.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The hydraulic isolation of a porous medium by a caprock layer
provides an environment amenable to several uses of the underly-
ing porous formation. When the porous medium is under artesian
pressure it serves as a ready source of water supply [1–3]. With ses-
sile groundwater conditions, such porous formations are looked
upon favorably for deep geologic disposal of contaminants and
other forms of hazardous waste in liquid form [4–7]. In recent years,
saline sedimentary aquifers that are isolated by an impervious cap-
rock have also been viewed as potential sites for the geologic dis-
posal of carbon dioxide in supercritical form. Hydrodynamic and
stratigraphic trapping represents the primary phase of containment
of the fluidized CO2 and it is assumed that this will ensure longevity
of the retention of CO2 in the storage formation. This environment
would enable the initiation of other time-dependent trapping
mechanisms, including solution, mineral and residual phase trap-
ping that can occur at time scales varying from the time of injection
to a million years [8,9]. Other relevant problems that involve cap-
rock-type features can include ground subsidence and ground
heave problems in layered formations [10–14]. Reference to re-
search dealing with the topics mentioned is extensive and no at-
tempt will be made to provide a comprehensive review covering
each topic; the cited references can be consulted for further articles.

The integrity of the caprock is central to storage and isolation of
injected materials within a porous formation. Changes in fluid

pressure that follow injection into a porous reservoir can induce
differential movements in the caprock; this can lead to either the
generation of new fractures or the activation of dormant fractures.
The geomechanics issues associated with such processes have re-
cently been investigated [14,15–17]. Fractures in the caprock that
are either newly created or activated by injection pressures can
provide the pathways through which the injected material can es-
cape to surficial geologic media [18,19].

The objective of this paper is to develop a convenient analytical
result that can be used to estimate the steady leakage rate of stored
fluids through a fracture located in the caprock. The modeling
takes into consideration the influence of the permeability of the
storage formation (KS), the permeability of the fracture (KF) and
the permeability characteristics of the surficial geologic formations
above the caprock (KR) (Fig. 1). The fracture can also be visualized
either as a highly porous intrusion zone or a damaged zone within
the caprock, with high permeability. It is also assumed that the
caprock fracture is stationary and that its dimensions are uninflu-
enced by the pressures of injected fluids. Classical Darcy flow is as-
sumed and this enables the development of a closed form solution
for the steady seepage rate under constant potentials both in the
storage reservoir and the surficial rocks. The versatility of the ana-
lytical result is demonstrated through its application to a variety of
other scenarios that can be used to estimate the leakage rate from a
swarm of hydraulically non-interacting but randomly positioned
vertical fractures in the caprock, a damaged region consisting of
closely spaced vertically aligned fractures with an elliptical cross
section, inclined fractures and tubular interstices located in the
caprock.
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2. The problem formulation

We first consider the problem of a storage formation which con-
sists of a storage unit of substantial thickness and surficial rocks of
similar dimensions. The caprock that isolates the storage formation
from the surficial rocks has a thickness H and contains a vertically
aligned thin fracture with an elliptical cross section. For purposes of
modeling, we shall assume that the system as shown in Fig. 1 con-
tains fluids with similar properties, although it should be under-
stood that the properties of the groundwater could be influenced
by the injected fluid. In such instances, the fluid viscosity should
correspond to that applicable to the injected fluid, particularly
when steady flow rates are to be estimated. Since the objective
of the paper is to develop a convenient analytical result for esti-
mating the steady fluid leakage from the storage unit, we shall
adopt without further comment the former assumption. Referred
to a given datum, the fluid in the storage formation is assumed
to be under a constant reduced Bernoulli potential US (i.e. the
velocity head is neglected) and the fluid potential in the surficial
rocks referred to the same datum is UR. Fluid flow takes place
through the fracture with an elliptical cross section under these
far-field potentials.

We consider fluid flow in an isotropic non-deformable porous
medium, which is governed by Darcy’s law, of the form

vðxÞ ¼ �K�cw

l
rUðxÞ ð1Þ

where v(x) is the velocity vector, x is the position vector, K⁄ is the
scalar permeability, l is the dynamic fluid viscosity, cw is the unit
weight of the fluid, U(x) is the reduced Bernoulli potential (with
units of length) that consists of the pressure and datum potentials
and r is the gradient operator. In general, the permeability is a sec-
ond-order tensor which gives rise to directional properties with spa-
tial variability. Such multi-directional and multi-scale extensions
are possible [20–22] but are excluded from the ensuing analysis.
For incompressibility of the permeating fluid and non-deformability
of the porous skeleton, the equation of mass conservation takes the
form

r � vðxÞ ¼ 0 ð2Þ

The partial differential equation governing fluid flow in the porous
medium, obtained by combining Eqs. (1) and (2), is Laplace’s
equation

r2UðxÞ ¼ 0 ð3Þ

It can be shown that a solution of Eq. (3), which is subject to the
relevant Dirichlet and Neumann boundary conditions prescribed

on complementary subsets of the relevant boundaries of a fluid flow
domain, constitutes a unique solution [23]. Since the fluid flow is
examined in relation to a three-dimensional configuration, the reg-
ularity conditions applicable to a semi-infinite domain should also
be satisfied.

We now examine the problem of fluid flow in a halfspace re-
gion, which is assumed to be applicable to both the storage forma-
tion and the surficial rocks in the vicinity of the fracture. For the
purposes of developing a relevant solution, we consider the fluid
flow in the porous medium in the vicinity of the elliptical aperture
(Fig. 2). We define the region within (Si) and exterior (Se) to the
plane elliptical region as follows:

x
a

� �2
þ y

b

� �2
6 1; Si and

x
a

� �2
þ y

b

� �2
> 1; Se ð4Þ

where a and b are, respectively, the semi-major and the semi-minor
axes of the elliptical region. We consider the problem of fluid flow
through the elliptical aperture contained at the boundary of the
impervious caprock that is in contact with the porous halfspace re-
gion. For the analysis of the fluid flow problem, we consider the
mixed boundary conditions:

ðUÞz¼0 ¼ u0 ¼ const:; ðx; yÞ 2 Si ð5Þ

@U
@z

� �
z¼0
¼ 0; ðx; yÞ 2 Se ð6Þ

In addition, we require a solution of Eq. (3), which is finite and
bounded as x ?1. The above represents a mixed boundary value
problem in potential theory. The solution to the mixed boundary
value problem posed, governed by the partial differential equation
(3) and mixed boundary conditions (5) and (6), can be approached
in a variety of ways and in particular can be solved by employing a
generalized ellipsoidal coordinate system and selecting a limiting
case where the ellipsoid reduces to an elliptical plan form. The solu-
tion of the problem was used by Lamb [24] in connection with his
classical study of the motion of a perfect fluid through an elliptical
aperture. It can also be developed using results of potential theory
[25]. Analogous results have also been used by Refs. [26–28] in their
studies related to elliptical cracks and elliptical inclusions in isotro-
pic and transversely isotropic elastic solids. Aspects of the solution
technique are given by Selvadurai [21] who examined the related
problem of a borehole through an impermeable layer terminating
at the surface of a transversely isotropic porous medium, where
the plane of transverse isotropy is inclined to the axis of the bore-
hole. Results of interest to the present problem are summarized
for completeness: The solution can be most conveniently presented

Fig. 1. Fracture in the caprock of a storage formation.

Fig. 2. Boundary conditions at the surface of a surface-sealed porous medium with
an elliptical flow aperture.
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in terms of ellipsoidal coordinates (n,g,f) of the point (x,y,z), which
are the roots of

x2

ða2 þ sÞ þ
y2

ðb2 þ sÞ
þ z2

s
� 1 ¼ 0 ð7Þ

In the (n,g,f) coordinate system, the interior Dirichlet region Si cor-
responds to n = 0 and the exterior Neumann region Se corresponds
to g = 0. The mixed boundary conditions (5) and (6) can be explicitly
satisfied by the harmonic function

uðx; y; zÞ ¼ au0

KðrÞ

Z 1

n

dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sða2 þ sÞðb2 þ sÞ

q ð8Þ

where K(r) is the complete elliptic integral of the first-kind, defined
by

KðrÞ ¼
Z p=2

0

d1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2 sin2 1

q ; r ¼ a2 � b2

a2

 !1=2

ð9Þ

n ¼ a2½sn�2ðu;rÞ � 1�; ð10Þ

and sn(u,r) represents the Jacobian elliptic function defined
through the integralZ snðu;rÞ

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� t2Þð1� r2t2Þ

q ¼ ðu;rÞ ð11Þ

For the purposes of numerical evaluations, it is convenient to ex-
press the function sn(u,r) in the series form

snðu;rÞ ¼ u� ð1þ r2Þu
3

3!
þ ð1þ 14r2 þ r4Þu

5

5!

� ð1þ 135r2 þ 135r4 þ r6Þu
7

7!
þ � � � ð12Þ

Tabulated values for all Jacobian elliptic functions are given by
Abramowitz and Stegun [29].

The fluid velocity at the elliptical aperture is given by

vzðx; y;0Þ ¼ �
K�cw

l
@U
@z

� �
z¼0
¼ K�cwu0

lbKðrÞ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2

a2 � y2

b2

q ð13Þ

where K⁄ is the permeability of the porous medium. The flow rate
into the elliptical aperture is given by

Q ¼ K�cwu0

lbKðrÞ

ZZ
Si

dxdyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

a2 � y2

b2

q ¼ 2pau0cwK�

lKðrÞ ð14Þ

We note that although the velocity at the boundary of the elliptical
entry region is infinite, the volume flow rate to the entry region is
finite. We now consider the problem of flow from the porous med-
ium toward the open elliptical aperture region located at the imper-
meable interface. The far field reduced Bernoulli potential is
denoted by U0 and the corresponding value at the elliptical aper-
ture is denoted by u0, with U0 > u0. The flow velocity at the ellipti-
cal aperture is now given by Eq. (13) with the value of u0 simply
replaced by (U0 � u0). These results are sufficient to examine the
problem of fluid flow through the fracture in a caprock layer
embedded between two semi-infinite porous regions.

3. Flow of fluid through the fracture in the caprock

We first consider the problem as shown in Fig. 1 and denote, by
US and UR, the far-field hydraulic potentials in the storage forma-
tion and the surficial rocks above the caprock layer. The constant
hydraulic potentials at the end areas along the length H of the
fracture, at the storage formation-caprock and at the surficial

rock–caprock interfaces are denoted by uSF and uRF, respectively.
These potentials are prescribed over elliptical regions with a major
axis 2a and a minor axis 2b. When constant potentials are pre-
scribed at the elliptical end regions of the fracture in the impervi-
ous caprock the fluid flow is rectilinear and uniform over the
elliptical cross section. It can be proved that the flow in the fracture
is also one-dimensional. We consider an arbitrary cross section re-
gion AF, located at any position along the length of the fracture. The
boundary value problem governing the potential at any cross sec-
tion is

r2Uðx; y; zÞ ¼ 0; ðx; yÞ 2 AF ð15Þ

where AF is the fracture region. Since the boundary CF of the region
AF, which corresponds to the caprock, is impervious

@U
@n
¼ 0; ðx; yÞ 2 CF ð16Þ

From Green’s first identity as applied to a two-dimensional domain
(Gauss’ theorem)I

CF

U
@U
@n

dC ¼
ZZ

AF

½ðrUÞ2�dA ð17Þ

and the only requirement on U(x,y) is that it possesses continuous
derivatives up to the second-order, consistent with the requirement
for the application of Green’s first identity. Since oU/@n = 0 in
CF e AF, the left hand side of Eq. (17) vanishes and by virtue of the
Dubois–Reymond Lemma [23], Eq. (17) reduces to rU = 0;
(x,y) e AF, which implies

@2U
@x2 þ

@2U
@y2 ¼ 0;

@2U
@z2 ¼ 0; ðx; yÞ 2 AF ð18Þ

Hence by virtue of Darcy’s law and the fluid incompressibility con-
straint (2)

vxðx; yÞ ¼ 0; vyðx; yÞ ¼ 0; ðx; yÞ 2 AF ð19Þ

If constant potentials uSF and uRF are prescribed, respectively, at
z = 0 and z = H, the second equation of Eq. (18) will result in a poten-
tial variation

Uðx; y; zÞ ¼ uSF � ðuSF �uRFÞ
z
H

� �
ð20Þ

which gives a constant flow velocity over the region. Also the unique-
ness theorem for Laplace’s equation [23] ensures that the velocity
field in the fracture, as obtained from Eq. (20) is exact. If, however,
fluid viscosity is present, then the fluid velocity boundary condi-
tions applicable to a non-slip boundary will be violated by a constant
axial flow velocity in the region AF. Furthermore, the constant veloc-
ity, as determined from Eq. (20) will also result in an incompatibility
in the axial velocity distributions at z = 0 and z = H, which will be of
the form given by Eq. (13). Clearly, specifying an axial velocity dis-
tribution of the form given by Eq. (13) within the fracture, while
satisfying both continuity of velocity and potential at z = 0 and
z = H, will violate the conventional non-slip boundary conditions
on the surface of the fracture. Since fractures have narrow aper-
tures, the non-slip condition is important for the accurate estima-
tion of the fluid flow rates, and for this reason, the flow through
the fracture is represented by the flow of a viscous fluid in an ellip-
tical tube, which has a velocity distribution of the form

vzðx; y; zÞ ¼
a2b2cw

2lða2 þ b2Þ
x2

a2 þ
y2

b2 � 1
� �

uSF �uRF

H

� �
ð21Þ

Therefore when considering the fluid flow through the storage
rock–fracture–surficial rock system, the continuity of total fluid flux
(rather than continuity of flow velocities) along with the continuity
of potential are invoked. This allows the definition of an effective
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permeability of the fracture by considering the analogous viscous
flow problem.

The analytical result for the problem of slow viscous flow in a
prismatic tube of elliptical cross section is given by Langlois [30]
and it can be shown that the permeability of the fracture with an
elliptical cross section is given by

KF ¼
a2b2

4ða2 þ b2Þ
ð22Þ

where a and b are, respectively, the semi-major axis and semi-min-
or axis of the elliptical cross section. In the limit as a ? b, the result
(22) reduces to that of the permeability of a cylindrical tube, which
can also be obtained from elementary Poiseulle flow considerations.
The cylindrical tube model of flow in an aperture is of interest to
examining ‘‘worm hole’’ type defects that can be created during
migration of reactive fluids through porous media (Fig. 3). It should
be noted that the result (22) can also be extended to cover the case
of an elliptical annulus, which in turn provides an estimate for the
permeability of an annular region, provided it is assumed that the
constant potential boundary conditions apply over the entire circu-
lar region of the halfspaces but flow takes place only through the
annular interface. By considering Gauss’ theorem for a multiply-
connected region, it can be shown that the flow in the annular
region is also one-dimensional. i.e.

KFAnn ¼
1
8

a2
e þ a2

i �
a2

e � a2
i

logeðae=aiÞ

� �
ð23Þ

where ae and ai are, respectively, the outer and inner radii of the
annular fracture. This result is of particular interest when examin-
ing the possible leakage of stored fluids through the interface be-
tween an access borehole and a cement grout that is used to seal
the pressurized fluids (Fig. 4) [32,33]. The caprock-cement grout
interface represents one of the weakest links in most sequestration
strategies. Similar issues have been raised in connection with the
potential for CO2 leakage from abandoned but sealed wells [34].

The continuity of fluid flow through the fracture connecting the
porous domains gives rise to the following set of linear equations
for the unknown flow rate Q and the unknown flow potentials
uSF and uRF:

Q ¼ 2pacwKS

lKðrÞ ðUS �uSFÞ ¼
AF KFcw

lH
ðuSF �uRFÞ

¼ 2pacwKR

lKðrÞ ðuRF �URÞ ð24Þ

The solution of Eq. (24) gives the following estimate for the flow
rate through the crack under the potential difference (US �UR):

Q ¼ 2pabcwKFKSKR

l½bKFðKR þ KSÞKðrÞ þ 2HKRKS�

� �
ðUS �URÞ ð25Þ

It is important to note that, within the stated assumptions, this is
the closed form solution to the potential problem of steady flow be-
tween the two permeable halfspace regions that are connected
through a vertically aligned fracture with an elliptical cross section,
exact to within the continuity of both the potential and the total
fluid flux at the extremities of the fracture. The boundary conditions
are defined by mixed boundary conditions of the type (5) and (6)
prescribed at the interfaces between the caprock and the porous
halfspace regions and the impervious condition (16) prescribed on
the entire surface of the fracture in the caprock.

4. Flow of fluids through a fracture swarm in a caprock

The result developed for the flow rate through a single fracture
located in the caprock can also be used to examine the leakage
through multiple vertically-aligned fractures or a fracture swarm
located in the caprock (Fig. 5). A swarm of fractures in a caprock
will generally result in a three-dimensional potential problem,
which is more conveniently solved by recourse to computational
techniques. In this paper, we consider a swarm of fractures that
are hydraulically non-interacting. In general, all fractures will have
a hydraulic influence on neighboring fractures and therefore can-
not strictly be regarded as hydraulically isolated. A practical esti-
mate for the extent of hydraulic isolation can be established by
specifying a zone of influence of a fracture where the potential
can reduce to a specified value. To examine the problem of leakage
from a hydraulically non-interacting fracture swarm located in the
caprock, we first examine the decay of the hydraulic potential at a

Fig. 3. Wormhole development in St. Andres Limestone due to action of supercrit-
ical CO2 flow [31].

Fig. 4. Possible leakage pathways through an abandoned well.

Fig. 5. A vertically aligned fracture swarm in a caprock layer.
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single elliptical fracture. This can be evaluated using several meth-
ods, including the ellipsoidal coordinate formulation presented
previously. The formal integral expression for the distribution of
potential at the interface Se due to the application of a constant po-
tential u0 at the interior region Si can be expressed in the form

uðr; hÞ
u0

¼ 1
bKðrÞ

Z 2p

0

Z b

a

qdqdx
Xðq;x; r; hÞ ð26Þ

where

Xðq;x;r;hÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� qcosx

a

� �2
� qsinx

b

� �2
( )

½ðrcosh�qcosxÞ2þðrsinh�qsinxÞ2�

vuut
ð27Þ

The integral equation (26) does not lend itself to convenient repre-
sentation in terms of complete elliptic integrals or other forms of
special functions. For purposes of comparison, the distribution of
potential from a circular region can be obtained in an exact form
by solving the mixed boundary value problem in potential theory
by appeal to a dual integral equation formulation [35,36] and the
result takes the form

uðr;0Þ ¼ 2u0

p

Z 1

0

sinðnaÞ
n

J0ðnrÞdn ¼ 2u0

p
sin�1 a

r

� �
ð28Þ

Fig. 6 illustrates the decay of the potential from the circular cavity
in the caprock layer, which is subjected to a constant potential
u0. It is evident that the decay of the potential is quite rapid and
at a distance of 20a where a is the radius of the circular aperture,
the potential is reduced to approximately 2% of the applied poten-
tial. The limit of hydraulic isolation of the fractures is expected to be
in this range. Although the integral equation (26) cannot be ex-
pressed in a convenient form, the distribution of hydraulic potential
along the x-axis can, however, be evaluated as

uðx;0Þ
u0

¼ 1
KðrÞ F sin�1 a

x

� �
;r

n o
ð29Þ

where F{sin�1(a/x),r} is the elliptic integral of the first-kind and
K(r) is defined by Eq. (9). This result can be used to estimate the de-
cay of the potential along the x-axis, containing the major axis of
the elliptical region subjected to constant Dirichlet potential u0

and null-Neumann boundary conditions in the exterior region.
The distribution of the potential along the x-axis can be used to
observe the decay pattern, consistent with the geometry of the
elliptical region b/a. Fig. 7 illustrates the decay of the potential for
an elliptical crack, which is subjected to a constant potential u0.
As is evident, the potential in the region exterior to the elliptical
opening decays rapidly as x/a increases, decaying to less than 2%
for (x/a) > 100. It is clear that for a specified decay of the potential,

a zone of isolation of an elliptical fracture can be identified. If a
swarm of N such vertically aligned fractures exist in a caprock, un-
der the potential difference (US �UR), the leakage through the frac-
ture swarm is given by

Q ¼
XN

i¼1

2paibicwðKFÞiKSKR

l½biðKFÞiðKR þ KSÞKðriÞ þ 2HKRKS�

� �
ðUS �URÞ ð30Þ

The specific values for the permeabilities of the individual fractures
can be expressed in the form

ðKFÞi ¼
a2

i b2
i

4ða2
i þ b2

i Þ
ð31Þ

In the instance when the vertically oriented fractures are closely
spaced to each other, the entire region can be modeled as a damaged
region with an equivalent permeability KD. In the specific case of a
damaged region with an elliptical plan area defined by major axis
2aD and minor axis 2bD (Fig. 8), the effective permeability can be
evaluated in the form

KD ¼
1

4aDbD

XN

i¼1

a3
i b3

i

ða2
i þ b2

i Þ
ð32Þ

where N is the fracture density, and distinct dimensions can be as-
signed for each fracture. The corresponding leakage rate from the
pressurized formation is given by

Q ¼ 2paDbDcwKDKSKR

l½bDKDðKR þ KSÞKðrDÞ þ 2HKRKS�

� �
ðUS �URÞ ð33Þ

where

Fig. 6. Decay of potential from a circular cavity of radius a located in an impervious
caprock.

Fig. 7. Distribution of potential along the x-axis exterior to the elliptical region
under constant potential.

Fig. 8. Vertically oriented swarm of closely spaced elliptical cracks within the
caprock resulting in a damaged region with an elliptical planform.
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rD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� bD

aD

� �2
s

ð34Þ

The fundamental result for the vertically aligned crack can also be
adopted to estimate the leakage rate from an inclined fracture,
provided the fracture is inclined in the direction of the minor axis
of the ellipse (Fig. 9). In this case, the flow rate is given by

Q ¼ 2pabcwKF KSKR

l½bKFðKR þ KSÞKðrÞ þ 2ðH= sin hÞKRKS�

� �
ðUS �URÞ ð35Þ

where h is the dip of the fracture. The approximate nature of the re-
sult stems from the fact that the ends of the fracture will display ef-
fects of a three-dimensional pattern of fluid flow, but the zone of
influence of this effect is expected to be relatively small, depending
on the obliqueness of the fracture to the storage formation and the
surficial rocks.

Finally, the fundamental result can also be used to estimate the
leakage from a swarm of parallel, hydraulically non-interacting
tubular interstices [37] that could be present in the caprock
(Fig. 10): i.e.

Q ¼
XN

i¼1

2pa2
i cwðKFÞiKSKR

l½aiðKFÞiðKR þ KSÞKðriÞ þ 2ðH= sin hiÞKRKS�

� �
ðUS �URÞ

ð36Þ

where

ðKFÞi ¼
a2

i

8
ð37Þ

and ai and hi are respectively the radius and orientation of a tubular
interstice.

5. Limiting cases and numerical results

The results presented previously are closed form analytical
expressions that can be used to estimate the rate of leakage that
can take place from a storage reservoir through (i) a single fracture
equation (25), (ii) a region containing a swarm of hydraulically
non-interacting cracks (30), (iii) a damaged region (33), (iv) an in-
clined fracture (35) and (v) non-intersecting tubular interstices
(36), in the caprock layer. The modeling takes into consideration
the combined permeabilities of (i) the storage formation, (ii) the
fractures and (iii) the surficial rocks, under constant far-field Ber-
noulli potentials US and UR. Continuity of the potential and the
fluid flux at the extremities of the fracture are satisfied. Since these
results are in closed forms, the presentation of extensive numerical
results is unwarranted. It is, however, instructive to present
numerical results for problem of the vertically aligned elliptical
fracture, and to compare the analytical results with computational
results for the potential problem. The expression (25) can be writ-
ten in the non-dimensional form

Q ¼ Ql
2pðUS �URÞcwaKS

¼ CD
ðCD½1þX�KðrÞ þ 2 H

a

� �
Þ

ð38Þ

where

X ¼ KS

KR
; D ¼ KF

KS
; C ¼ b

a
; r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

p
ð39Þ

and K(r) is defined in Eq. (9). Although the result (38) is in a non-
dimensional form, there are groups of non-dimensional parameters
(39) that need to be specified to develop numerical results. Certain
limiting cases can, however, be gleaned from the result (38).

(i) It can be verified that in the limiting case when either KS ? 0
or KR ? 0 the leakage will be suppressed and Q ! 0.

(ii) In the limit H ?1, Q ! 0. It should, however, be noted that
this limit must be viewed in the proper context since the potential
flow within a one-dimensional region of infinite extent is
degenerate.

(iii) In the limit as C ? 0, the fracture connecting the storage for-
mation and the surficial rocks is essentially a closed fracture and
consequently Q ! 0.

(iv) In the limiting case when C ? 1, the fracture resembles a
circular tube that is indicative of an ‘‘Uncollapsed Wormhole’’ that
can be present in the caprock due to progressive dissolution of a
region of the rock by chemical erosion of the stored fluid (Fig. 3).
In this case

Q ¼ 2D
½pDð1þXÞ þ 4ðH=aÞ� ð40Þ

Again, all the limiting cases discussed previously are also appli-
cable to Eq. (40).

As an illustrative example, we consider the specific problem
where an open vertical fracture of width 2a = 50 m exists in the
caprock layer of thickness H = 500 m. The permeability ratio
X e (1,5) and the fracture aperture aspect ratio C e (10�4, 1). The

Fig. 9. Inclined elliptical fracture in the caprock of a storage formation.

Fig. 10. A distribution of tubular interstices in the caprock.
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parameter D = 102, 104. The variation of the analytical results for
the non-dimensional flow rate Q , for the various non-dimensional
parameters governing the leakage is shown in Figs. 11 and 12. It is
evident that as the aspect ratio of the elliptical fracture becomes
small, the leakage is suppressed. Since approximations are invoked
for the development of the analytical results, the problem of steady
leakage through the fracture connecting a storage formation and a
surficial rock was examined using a finite element analysis. The
computations were performed using the code COMSOL™. The fi-
nite element mesh used to model the flow domains containing a
vertically aligned fracture with an aspect (b/a) = 1/10, is shown in
Fig. 13. The domain uses 2,58,606 tetrahedral elements. The mesh
refinement in the vicinity of the fracture extremities in contact
with the storage and surficial regions is shown in Fig. 14. The re-
sults derived from the computational modeling are shown in open
circles in Figs. 11 and 12. There is excellent correlation between
the computational and analytical results for a wide range of frac-
ture aspect ratios. As the fracture aspect ratio b/a becomes smaller
than 10�2, the computational procedure needs to be modified to
account for the narrow aperture, which needs to be modeled as a
line element rather than fracture. This extension is not imple-

mented in the computational treatment. The trends indicated by
the computational estimates match the analytical results.

6. Concluding remarks

Assessing the potential leakage of stored fluids through defects
that could be present in a sealing layer such as a caprock is impor-
tant for estimating the effectiveness of strategies for the geologic
disposal of contaminants in fluid form. The approach presented
in this paper is a straightforward estimation of the steady flow rate
assuming that the Bernoulli potential initiating flow remains con-
stant in both the storage formation and the surficial rocks. The
analysis can be easily extended to include time-dependent effects,
particularly those associated with the variation in pressure in the
storage formation. Similar extensions can be made to accommo-
date, albeit computationally, transient effects associated with elas-
tic drive-type transient phenomena. The orientation of the fracture
is assumed to be vertical, which is recognized as a limitation in the
idealized model of the fracture. The analysis can be adapted to con-
sider flat fractures that are inclined to the y-axis. In this case, the

Fig. 11. The normalized leakage rate from the storage formation to the surficial
rocks [C e (10�4,1)] (solid lines correspond to analytical solution and the open
circles correspond to computational estimates).

Fig. 12. The normalized leakage rate from the storage formation to the surficial
rocks [C e (10�4,1)] (solid lines correspond to analytical solution and the open
circles correspond to computational estimates).

Fig. 13. The finite element modeling of the elliptical fracture (2,58,606 tetrahedral
elements).

Fig. 14. Detail of the finite element mesh configuration at the termination interface
of the elliptical fracture [240 elements along the boundary of the crack with an
aspect ratio 1/10].
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flow in the aperture is nearly one-dimensional except at the
extremities of the fracture where the flow pattern is three-dimen-
sional. The region affected by such three-dimensional effects can
be neglected when (b/a)� 1. The method presented in this paper
provides a convenient result for estimating the leakage from a stor-
age formation. The analytical nature of the result has the advantage
that the fluid losses can be readily estimated for the range of
parameters that influence the flow rate. This solution has the
added benefit of incorporating the permeability characteristics of
not only the fracture but also those of the storage formation and
surficial rocks above the caprock region. The flow resistances from
these regions have a moderating influence on the leakage, which
leads to a more accurate model of the flow problem than an anal-
ysis that considers only the permeability characteristics of the frac-
ture. The flow rates can be attenuated with (b/a)� 1 and this is a
useful guideline for assessing leakage potential from defects in
sealing formations.
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