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On the indentation of a polymeric membrane

BY A. P. S. SELVADURAI* AND Q. YU

Department of Civil Engineering and Applied Mechanics, McGill University,
817 Sherbrooke Street West, Montreal, Quebec H3A 2K6, Canada

The paper examines the problem of the transverse indentation of a polymeric membrane
that is fixed at its circular boundary. Axisymmetric and asymmetric deformations are
induced by axial and off-axis indentation by a rigid indentor with a spherical profile. The
mechanical behaviour of the polymeric material is modelled by a constitutive
relationship that takes into consideration large strains and viscoplastic strain-rate
effects. The results of experimental investigations are compared with predictions of
computational modelling of the membrane indentation problem that utilizes a
documented finite element code with facilities for user-prescribed constitutive models.
It is shown that the computational procedure can accurately model the experimental
indentation responses particularly during the loading stage. During unloading stages the
trends of the model predictions show a satisfactory correlation.
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1. Introduction

In recent years, plasticized poly (vinyl) chlorides (PVCs) have been used as
components of engineered barrier schemes developed to prevent migration of
contaminants and other hazardous substances from waste sites such as landfill.
Despite their extensive usage, the long-term performance and reliability of PVC
materials at time-scales relevant to waste containment applications is poorly
understood. A PVC liner used as a component of a waste containment barrier
can be subjected to a variety of mechanical and environmental effects including
loading from accumulating landfill, pressures due to gases entrapped in the
landfill and other climatic and environmental factors including solar radiation,
corrosive waste, freezing and elevated temperatures generated by exothermic
processes in decaying landfill. The goal of this research is to gain a better
understanding of the constitutive behaviour of PVC material in its natural state,
using a series of transverse indentation tests conducted on an edge-supported
PVC membrane. The research also includes the implementation of the
constitutive models for the computational evaluation of the response of PVC
membranes under various conditions of testing. The specific lateral loading
configuration of the PVC membrane involves either an axisymmetric or
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Figure 1. Indentation of a PVC membrane. (a) Axisymmetric indentation. (b) Asymmetric
indentation.
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asymmetric indentation through a loaded rigid spherical indentor (figure 1). The
problem simulates situations that involve localized loading of membranes in
either construction or operation of landfill waste repositories and serves as a
useful method for calibrating the constitutive responses of the PVC material,
determined from conventional uniaxial testing involving constrained and
unconstrained specimens. The indentation test can also give useful information
concerning behaviour of a geosynthetic cover liners that may experience
ballooning deformations, which can result from the accumulation of gases
generated by the decaying waste.

The literature on the mechanics of membranes, in general, is quite extensive
and no attempt is made to present a review of all available articles. The
history of the study of mechanics of membranes dates back to the work of
Föppl, Hencky, Clebsch, Schwerin, Girkmann, von Karman and others and
useful historical reviews are given by Timoshenko (1953), Timoshenko &
Woinowsky-Krieger (1959) and Naghdi (1972). Many classical studies dealing
with the mechanics of membranes focus on the modelling of the large
deflection-large rotation response of membranes composed of elastic materials
with a linear Hookean response. These include topics such as pressurization
and indentation of flat circular membranes comprised of hyper-elastic
materials, localized loading of hyper-elastic materials, indentation of
membranes with classical elastic constitutive responses, mechanics of
membranes with inelastic and time-dependent responses and experimental
evaluation of membrane behaviour. A review of literature related to membrane
problems associated with hyper-elastic materials is given by Beatty (1987).
The recent volume by Libai & Simmonds (1998) also contains a well-
documented literature review of membrane problems treated within the
context of the nonlinear theory of elastic shells. The applications of nonlinear
theories that incorporate time- and rate-effects in the finite strain constitutive
responses are not very extensive. The axisymmetric inflation of a nonlinear
viscoelastic membrane by lateral pressure was presented by Wineman (1976),
while McGuirt & Lianis (1970) used a system of nonlinear Volterra-type
integral equations to generate results for the time-dependent constitutive
relationship for a vulcanized styrene–butadiene rubber. Feng (1992) considered
the time-dependent problem of finite deformation of a membrane with
Proc. R. Soc. A (2006)
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constitutive response of the nonlinear viscoelastic-type, and presented results of
experimental investigations related to the inflation of a plane circular
membrane. In addition to the presence of large strain effects, PVC materials
also exhibit strain-rate effects and time-dependent responses that are
unaccounted for in the conventional hyper-elastic modelling of rubber-like
materials (Wang et al. 2001; Yu & Selvadurai 2005). The focus of this study is
to present the relevant constitutive responses that describe a PVC material
and to apply these studies to investigate the behaviour of an edge-supported
circular membrane that is subjected to a transverse indentation. In this paper,
the constitutive modelling takes into consideration the influence of large strains
and both elastic and viscoplastic effects. The constitutive model development
mainly utilizes the results of uniaxial tension tests conducted on strip elements
of the PVC material at variable strain rates (Selvadurai & Yu 2006). A further
uniaxial test that induces non-uniform strains in a stretched specimen is also
used for purposes of parameter identification for the constitutive modelling.
These constitutive models are implemented in the general-purpose ABAQUS

finite element code, to develop computational estimates of the deformations of
the PVC membrane with a circular planform, which is subjected to both
axisymmetric and asymmetric indentation by a spherical indentor.
2. Constitutive modelling

Pure rubber-like hyper-elastic materials have imperceptible irreversible phenom-
ena in terms of development of permanent deformations and energy dissipation
during cycles of loading (Treloar 1943; Rivlin 1948, 1960; Flory 1969; Green &
Adkins 1970; Spencer 1970; Ogden 1984; Beatty 1987; Selvadurai 2002). Glassy
polymeric materials, such as PVC, exhibit appreciable irreversible effects in the
form of development of permanent strains during loading–unloading cycles and
are sensitive to strain-rate effects (Arruda et al. 1995; Sweeney & Ward 1995). In
this paper, we propose a visco-plastic constitutive model to characterize the
mechanical response of PVC. This model considers large strain elasticity
phenomena, irreversible deformation and strain-rate effects. The results of
experiments conducted for constitutive model development are presented by
Yu & Selvadurai (2005) and the associated constitutive model development is
discussed by Selvadurai & Yu (2006); here we summarize salient features of the
model and its capabilities in both duplicating and predicting the uniaxial
experimental responses. For the description of the finite deformation we consider
a generic particle, the position of which in the reference configuration is denoted
by the Cartesian coordinates XA (AZ1, 2, 3) and its position in the deformed
configuration is denoted by xi (iZ1, 2, 3). The deformation gradient tensor is
given by

FZ
vxi
vXA

: ð2:1Þ

Experimental results indicate that the PVC material is largely incompressible,
which requires that, det FZ1. Following the approaches proposed by Kröner
(1960) and Lee (1969) for describing the mechanics of continua that undergo
finite deformations that exhibit both reversible and irreversible components (see
also Owen 1970; Pipkin & Rivlin 1970; Clifton 1972; Miehe 1994; Lubarda 2004;
Proc. R. Soc. A (2006)
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Figure 2. Schematic representation of the constitutive component.

A. P. S. Selvadurai and Q. Yu192

 on November 30, 2015http://rspa.royalsocietypublishing.org/Downloaded from 
Gurtin & Anand 2005), we assume that the total deformation gradient tensor F
admits a product decomposition into its elastic (e) and irreversible (u)
components, i.e.

FZFeFu: ð2:2Þ
Strain tensors in terms of Be and Bu are defined by

Be ZFeðFeÞT; Bu ZFuðFuÞT; ð2:3Þ
and the strain rates are defined by (Malvern 1969; Spencer 2004)

LZ _FFK1 ZDCW Z _F
eðFeÞK1CFe½ _FuðFuÞK1�ðFeÞK1;Lu Z _F

uðFuÞK1;

Du Z
1

2
½Lu CðLuÞT�:

ð2:4Þ

The invariants of Be, Bu are

I h1 Z ðlh1Þ2 Cðlh2Þ2 Cðlh3Þ2; I h2 Z
1

ðlh1Þ2
C

1

ðlh2Þ2
C

1

ðlh3Þ2
;

I h3 Z lh1l
h
2l

h
3 Z 1 ðhZ e; uÞ;

ð2:5Þ

and lei and lui (iZ1, 2, 3) are, respectively, the principal stretches of the elastic
and irreversible components. In this paper, the general constitutive model for the
PVC material has been selected to conform to a generic form with components as
shown in figure 2. The calibration of the results of experimental investigations
with a wider class of strain energy functions indicates that the moderately large
strain behaviour of the PVC material can be adequately characterized by
choosing an internal energy function of the Mooney–Rivlin type (Mooney 1940;
Rivlin 1948). The component C of the model (figure 2) is represented by an
internal energy function of the Mooney–Rivlin type, and is sufficient to
characterize the constitutive behaviour of the PVC material during monotonic
loading without unloading. In this case, there are no irreversible effects and the
total deformation gradient F can be interpreted as an elastic deformation
gradient Fe. The stress TC associated with the model C, which is the total Cauchy
Proc. R. Soc. A (2006)

http://rspa.royalsocietypublishing.org/


193On the indentation of a polymeric membrane

 on November 30, 2015http://rspa.royalsocietypublishing.org/Downloaded from 
stress T in the material, is an isotropic function of the elastic strain tensor Be and
takes the form

TZTC ZK~peI Cje
1B

e Cje
2ðBeÞ2; je

1 Z 2
vW e

vI e1
CI e1

vW e

vI e2

� �
; je

2 ZK2
vW e

vI e2
;

ð2:6Þ
where ~pe is a scalar pressure. Following the approach proposed by Sweeney &
Ward (1995) to account for the influence of the strain rate on the strain energy
function, we adopt the following form of internal energy function for the PVC
material

W eðI e1 ; I e2 ÞZC 0
1ðI e1K3ÞCC 0

2ðI e2K3Þ; ð2:7Þ
where

C 0
1 ZC1C

k1lnðj _g0j= _gcÞ ðj _g0jR _gcÞ;
0 ðj _g0j! _gcÞ;

C 0
2 ZC2C

k2lnðj _g0j= _gcÞ ðj _g0jR _gcÞ;
0 ðj _g0j! _gcÞ:

((

ð2:8Þ
A detailed account of the thermodynamic basis for introducing the dependency of
W e on _g0 is presented by Selvadurai & Yu (2006). In equation (2.8), _g0 is a
generalized form of a combined stretch rate that depends only on the principal
stretches �li (iZ1, 2, 3), such that

_g0 Z
dg0

dt
; g0 Z ½ð�l1K1Þ1=a Cð�l2K1Þ1=a Cð�l3K1Þ1=a�a; ð2:9Þ

where �li (iZ1, 2, 3) have a conditional dependence on the total principal
stretches li to take into consideration either the stretching or the unloading
response, i.e.

�li Z
li ðliR1Þ; i Z ð1; 2; 3Þ;
1 ðli!1Þ; i Z ð1; 2; 3Þ;

(
ð2:10Þ

and a is a material parameter that accounts for combined stretch. When a
specimen is subjected to a uniaxial stretch, the principal stretches in the lateral
directions are less than unity and, therefore, the definition of g0 reduces to that of
the uniaxial strain 30. In equation (2.8), C 0

1 and C 0
2 are the modified Mooney–

Rivlin-type parameters; k1 and k2 are parameters that define the strain-rate
sensitivity and _gc is defined as the rate-independent threshold strain rate. With
this constraint, at loading rates j _g0j% _gc, the strain-rate effects are disregarded.
The loading behaviour was studied by examining the stretching behaviour of
the uniaxial specimen up to failure at a series of loading rates _30Z0:4, 4 and
40% minK1. The relevant material parameters required to define C 0

1 and C 0
2 are

given by: C1z0.23 MPa; C2z0.53 MPa; k1Zk2Zkz0.13; _gcz5:67!10K7 sK1.
The model representations of the experimental data are presented in figure 3.
The results shown in figure 3 corresponding to loading rate _30Z160% minK1 are
comparisons between the experimental data and predictions derived from the
constitutive modelling.

PVC materials will exhibit permanent strains at any level of applied strain.
Therefore, an additional visco-plastic model, characterized by an elastic recovery
component A in parallel with a visco-plastic component B should be added in
series to the component C. Since, the component A accounts for elastic unloading
Proc. R. Soc. A (2006)
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Figure 3. Modelling of the loading part of the uniaxial stress–strain curves (symbols represent
experimental data).
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at moderately large strains, we can describe the model through the use of an
internal energy function of the Mooney–Rivlin form

TA ZK~puI Cju
1B

u Cju
2ðBuÞ2; ju

1 Z 2
vW u

vI u1
CI u1

vW u

vI u2

� �
; ju

2 ZK2
vW u

vI u2
;

ð2:11Þ
where ~pu is a scalar pressure and

W uðI u1 ; I u2 ÞZE 0
1ðI u1 K3ÞCE 0

2ðI u2 K3Þ: ð2:12Þ
In equation (2.12), E 0

1 is subjected to a conditional constraint, i.e.

E 0
1 Z

/N ð _g0RK _gv
cÞ;

0 ð _g0!K _gv
cÞ;

(
ð2:13Þ

and E 0
2 is a constant. The choice of the strain-rate-dependent E

0
1 in equation (2.12)

is intended to take into account the asymmetric behaviour of the elastic recovery
component A during the loading–unloading response. The stress TB in component
B is defined in terms of the finite plastic strain rate Du, which is assumed to be
related to the deviatoric component of the normalized effective stress tensorNB. In
the component B, the visco-plastic effects are modelled through a relationship of
the form (see e.g. Arruda et al. 1993; Gurtin & Anand 2005)

Du Z _zNB; NB Z
3

2tB
T0
B; tB Z

3

2
tr½ðT0

BÞ2�
� �1=2

; ð2:14Þ
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and T0
B is the deviatoric component of the Cauchy stress tensor TB applicable to

visco-plastic phenomena, as depicted in figure 2. Also, in equation (2.14) the
visco-plastic strain rate _z is assumed to be a function of the effective stress tB and
the strain rate _g0, i.e.

_zZ
tB

q

� �1Ks

j _g0j
1

ðj _g0j=gv
cÞs

ðj _g0jR _gv
cÞ;

1 ðj _g0j! _gv
cÞ:

8><
>: ð2:15Þ

In equation (2.15), s is the viscous sensitivity to the strain-rate effect. Also, at
extremely low loading rates j _g0j% _gv

c , and the dependency of _z on strain rate _g0 is
neglected; therefore, the parameter q can be interpreted as the static yielding stress
of the material. It should also be noted that when sz0, the value of _gv

c is
inapplicable and the response of the material reduces to that of a purely plastic
material.

Both at the loading stage ð _g0R0Þ and at the extremely low loading rates
ðj _g0j% _gv

cÞ the visco-plastic deformation applicable to the components A and B is
constrained by the choice of an infinite value for E 0

1. As a result, only the elastic
deformation of component C is applicable to the PVC material. Upon unloading,
however, the visco-plastic deformation is fully activated due to the zero value of
E 0
1 chosen in equation (2.13). All three components A, B and C take effect during

the unloading of the PVC material. Following Boyce et al. (1988), the stress
states in the elastic recovery response A (denoted by TA) and the visco-plastic
response B (denoted by TB) are added to generate the Cauchy stress T, i.e.

TZTC ZTACTB: ð2:16Þ
The visco-plastic properties required to model the unloading behaviour of the
PVC material can also be determined from the results of uniaxial tests. The
experiments were conducted at strain rates of _30Z4 and 40% minK1 up to a peak
strain of 140%, followed by unloading. The specific material parameters
applicable for PVC material are as follows: qz2.0 MPa; sz0; E 0

2z0:5 MPa.
The model representations of experimental results are shown in figure 4. The
results shown in figure 4 at other values of peak strains, 30Z60 and 100% are
predictions.

The rate-dependency of PVC material is achieved through _g0, which further
depends on the material parameter a. The results of the uniaxial tests are,
however, insufficient to determine this parameter. The effects of this parameter
become appreciable particularly when the PVC material experiences a bi-axial
stretching. The parameter a was estimated by conducting uniaxial stretching of
a square specimen, which is fixed in oblique directions. In this test, the square
PVC specimen was fixed along oblique planes inclined at 458 to the axes of
loading using a set of aluminium plates and subjected to uniaxial monotonic
stretching (figure 5). Although fixity is enforced at certain boundaries of the
tested region, at larger strains the material region experiences biaxial effects.
This is evident from the distortion of the grid marked on the test specimen.
A computational evaluation of the experimental configuration shown in figure 5
is used to determine the parameter a. Since, the elasticity parameters C 0

1 and C 0
2

have a logarithmic dependence on the combined stretch rate _g0 (see e.g. equation
(2.8)), there is only a marginal sensitivity of the computational results to the
parameter a. The correlations between the experimental results and
Proc. R. Soc. A (2006)
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computational modelling were performed with different values of the parameters
a conducted at axial stretching rates of _hZ2 and 20 mm minK1. At h%7 mm,
which corresponds to a maximum biaxial stretch l1zl2z1.15, the computations
show only marginal dependence on the value of a. The matching of the
computational modelling of the uniaxial test with oblique fixity with the
Proc. R. Soc. A (2006)
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Table 1. Constitutive equations used for modelling untreated PVC membrane.

components
deformation
gradient component A (TA) component B (TB) component C (TC)

loading FZF e deformation restricted deformation
restricted

equations
(2.6)–(2.10)

unloading FZF eF u equations (2.11) and

(2.12) with E 0
1Z0

equations (2.14)
and (2.15)

197On the indentation of a polymeric membrane

 on November 30, 2015http://rspa.royalsocietypublishing.org/Downloaded from 
experimental data can be used for the purposes of identifying the material
parameter a. At larger extensions (hO7 mm), the influence of the parameter a
on the computational results is appreciable. The experimental response, however,
becomes unreliable due to the slip between the grip and the PVC specimen.
Through a comparison between the computational predictions and the
experimental results obtained at two extension rates, the parameter a is
estimated at a value of 3.0.

In summary, a generalized form of a constitutive model capable of describing
large strain hyper-elastic behaviour, strain-rate effects and moderately large
irreversible plastic strains has been developed for modelling the mechanical
behaviour of a PVC material. The mechanical response, however, has to
distinguish between loading and unloading through a selective treatment of the
elasticity parameters of the elastic recovery component. During loading, the
visco-plastic deformation of the PVC material is restricted and the only
deformation is attributed to elastic effects; upon unloading, however, the visco-
plastic component is fully activated and unloading behaviour is accompanied by
both moderately large elastic strains and irreversible deformations. Table 1 gives
a summary of the equations used for describing the general form of the
constitutive model for the PVC material during both loading and unloading
stress histories.
3. The membrane indentation

(a ) Materials

The thickness (H ) of the tested PVC membrane material tested was 0.5 mm, and
its major constituent was PVC resin (50–70% weight content). The plasticizer
that comprises the major part of the additives accounted for 25–35% of the total
weight and transformed the typical brittle PVC polymer to a flexible PVC sheet.
The chemical composition of a typical PVC polymer is (CH2CHCl)n, where n is
the number of repeating units.

(b ) The test facility

The membrane indentation apparatus shown in figure 1 was designed to apply
a controlled movement to a rigid spherical indentor (with a diameter of 50.8 mm)
that interacts with a membrane specimen. The diameter of the plane PVC
membrane sample subjected to transverse indentation was approximately
250 mm. The fixed boundary condition was achieved by clamping two aluminium
Proc. R. Soc. A (2006)
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plates that were secured with 4 mm screws. To reduce the stress concentration
near the clamped edge, a rubber sheet of thickness 3 mm, which contained an
opening of diameter 250 mm was bonded to the PVC specimen, using non-
reactive instant adhesive. During axisymmetric indentation, contact was
established at the centre of the membrane (figure 1a); indentation was achieved
by moving a polished brass indentor (a roughness with maximum asperity
difference of 0.2!10K6 m) against the membrane at a prescribed constant
rate _D. A computer controlled linear actuator was used to move the spherical
indentor with a maximum accuracy of 0.025 mm in the displacement. The loads
applied to the indentor were low enough to neglect any elastic deformation of
both the linear actuator and/or the connecting device. The measurement of
the deformed shape of the membrane formed an important component of the
experimental results that will be subsequently used in the calibration of the
computational predictions. In the current experimental research, attention was
restricted to the measurement of the deformed profile using a simplified optical
technique. A visual image of the deformed profile was first captured using a high
precision (5 Mega pixels) digital camera, mounted 1.5 m from the test specimen.
The deflected profiles w(r) and w(x, 0) were determined using an image analysis
procedure (Klette et al. 1998). In this procedure, the physical dimensions of the
coordinates, measured in terms of pixels in the image plane, were obtained from a
calibration against two scales of known dimensions that are located equidistant
from the centre of the membrane. The load (P) transmitted through the indentor
was measured by a load cell with a peak capacity of 4000 N (1000 lbs). The loads
were continuously recorded through a computerized data acquisition system. The
indentation response was prescribed through the application of the indentation
displacement in an incremental manner up to a maximum displacement of
DmaxZ76.2 mm. The ratio of the maximum axial displacement to the membrane
diameter reached approximately 0.30 during the axisymmetric loading of the
circular PVC membrane. This corresponds to a maximum strain of 40% at the
line of separation of contact between the spherical indentor and the PVC
membrane. The load–displacement responses for the axisymmetric indentation,
shown in figure 6a, indicate good repeatability between the sets of experiments.
The inset photographic records in figure 6a indicate the configuration of the
deformed membrane. The PVC material exhibited irreversible deformations after
a loading–unloading cycle. During asymmetric indentation, the contacts
were initiated at a distance UZ42 mm from the axis of the circular membrane
(figure 1b). The maximum indentation displacement applied during the
asymmetric indentation was also DmaxZ76.2 mm. This displacement gave rise
to a maximum strain of approximately 50% at the line of separation of contact
between the spherical indentor and the PVC membrane. In comparison to the
case of axisymmetric indentation, larger forces were needed to induce
asymmetric indentation (figure 6b).

The frictional characteristics between the PVC membrane and the brass
indentor can influence the measured indentational load–displacement responses.
An independent test was conducted to estimate the frictional properties between
the indentor and the PVC membrane under a normal pressure of 6.14 kPa. In
these friction experiments, a bronze plate (with maximum asperity difference of
approximately 0.5!10K6 m) measuring 127!127 mm was allowed to slide on a
fixed PVC membrane, at a controlled rate, inducing a relative displacement f at
Proc. R. Soc. A (2006)
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any given time (figure 7a). The preliminary results showed that at the range of
velocities of interest, the influence of the relative velocity was negligible.
The experiments were then conducted at a velocity of approximately
_4Z0:5 mm sK1, corresponding to the estimated maximum relative velocity
between the indenter and PVC membrane achieved during the asymmetric
indentation. Considering the relatively low sliding velocities, the inertia effects of
the static weight used to induce the normal stress can be neglected. Figure 7c
shows the variation in the applied friction force with respect to the normalized
relative shear displacement. The average value of the coefficient of friction
measured during the three sets of tests was 0.52. This normal pressure was,
however, much lower than that applied during the indentation (170 kPa for
Proc. R. Soc. A (2006)
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axisymmetric indentation and 200 kPa for asymmetric indentation). The work of
Schallamach (1953) indicates that the coefficient of friction for rubber-like
materials can be influenced by the normal pressure applied at the contact
surface. For the purpose of performing the computations, the value of the
coefficient of friction is assigned a range of m2[0.0,0.6]. The lower limit considers
a frictionless contact between the indentor and PVC membrane; and the upper
limit is chosen to be approximately 5% higher than that determined from the
experiment.
4. Computational implementation

The computational modelling of the indentation of the PVC membrane was
performed using the general-purpose finite element code ABAQUS (ABAQUS/
Standard 2004). There are several computational features in ABAQUS/Standard
that are relevant to the computational modelling of the axisymmetric and
asymmetric membrane indentation problem. These include consideration of large
strain phenomena, implementation of the contact conditions and, most
importantly, the ability to implement the constitutive model derived in §2 in
the computational algorithm. Complete descriptions of these procedures are
contained in the supplied document in ABAQUS/Standard, which is discussed in
the User Subroutine UMAT (ABAQUS/Standard 2004). In this study, only the last
feature will be discussed. In nonlinear analysis performed using ABAQUS/
Standard code, each step is divided into iteration increments. In this analysis,
Proc. R. Soc. A (2006)
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we first choose the size of the first displacement increment, and the ABAQUS/
Standard code automatically assigns the size of subsequent increments. During
each increment, the code employs a Newton–Raphson algorithm to perform the
iterations and the equilibrium is determined through consideration of the
principle of virtual work, i.e.ð

V htCDti
ThtCdti : dDhtCdtidV htCdti Z

ð
ShtCDti

thtCdti$dv dShtCdti

C

ð
V htCDti

f htCdti$dv dV htCdti; ð4:1Þ

where T is the Cauchy stress; dD is the incremental strain rate; dv is a vector of
virtual displacements; t is a vector of externally applied surface tractions on a
unit surface of S; f is a body force vector on a unit volume of V and htCdti
denotes a state evaluated at time tCdt. For the Newton–Raphson algorithm,
we require the Jacobian of the finite element equilibrium equations. The
Jacobian, which is obtained by taking the variation of equation (4.1), can be
written asð

V htCdti
ðdThtCdti : dDhtCdtiCThtCdti : ddDhtCdtiÞdV htCdti

Z

ð
ShtCdti

dthtCdti$dvCthtCdti$dv
dA

A

� �
dShtCdti

C

ð
V htCdti

df htCdti$dvCf htCdti$dv
dJ

J

� �
dV htCdti; ð4:2Þ

with

AZ
dShtCdtÞ

dShti ; J Z
dV htCdtÞ

dV hti ; ð4:3Þ

where A is the surface area ratio between time tCdt and t; and J is the volume
ratio between time tCdt and t. The right side of equation (4.2) is defined by the
boundary conditions involving the loading conditions and displacement
constraints. On the left side, the expressions for the strain measure D and its
variations dD and ddD in terms of the virtual displacement are defined by the
displacement interpolation function used in the element definition. It has been
shown (ABAQUS/Standard 2004) that the left side of equation (4.2) can be
expressed in a more explicit formð

V htCdti
dDhtCdti : C htCdti : dDhtCdtiK1

2
ThtCdti :

n
½2DhtCdti$DhtCdtiKðLtCdtÞT$LtCdt�

o
dV htCdti;

where C is the tangential stiffness and a fourth-order tensor defined by

C Z
vðdTÞ
vðdDÞ : ð4:4Þ

The information on both C and T is defined by the constitutive response of the
PVC material implemented through the subroutine UMAT available in the
ABAQUS/Standard code. The computational procedure used in the code is
shown in the flow chart given in figure 8. The ABAQUS/Standard further utilizes
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a backward-Euler scheme as a default finite difference scheme to update
variables. Those variables that are determined from previous iterations and do
not change during the iteration between [t, tCdt ] can be defined as state
variables. The state variables adopted in our analysis include the components of
the irreversible deformation gradient Fu at time t and the stress tensors at time
t in the visco-plastic component including models A and B. When a fully
backward-Euler finite difference scheme in time is implemented, the updating of
_g0 requires information on the material configuration at tCdt. The updated
Proc. R. Soc. A (2006)
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value of _g0 will further have a direct influence on the elasticity parameters for
the element C in the chosen constitutive model, with the result that the
computations will exhibit non-convergence. The value of _g0 is thus assumed to
remain unchanged during iteration and is taken as a further state variable. For
the problems examined here, the PVC membrane only experiences incremental
loading during the initial stage where irreversible deformations are absent, the
initial values of the state variables can, therefore, be obtained by treating the
material as fully elastic. The state variables are updated only when the iteration
converges. Both a quadratic triangular membrane element (3M6) and a linear
solid triangular prism element (C3D6) were utilized in the computational
modelling. The results indicated no noticeable differences between the two types
of elements. The computations presented in the paper were developed using the
solid triangular prism element.
5. Computational results

The boundary conditions and finite element discretization used in the
computational modelling of the axisymmetric transverse indentation of the
PVC membrane are illustrated in figure 9a. In the case of the axisymmetric
indentation problem, a spherical indentor with a rigid surface was configured to
move normal to the fixed membrane by achieving contact at the centre of the
membrane. For the modelling of contact conditions between the indentor and
membrane the standard hard contact option in the ABAQUS/Standard code was
selected. The computational modelling of the axisymmetric indentation involves
the application of a loading rate of _DZ0:318 mm sK1. The computation first
considers a case, where the contact between the indentor and the PVC
membrane is frictionless. Figure 10a shows the comparison of the load–
displacement responses between the computational predictions and experiments
during axisymmetric indentation with a loading rate _DZ0:318 mm sK1. For the
purpose of comparison, results are also presented for the unloading mode. The
computations slightly underestimate the experimental responses. The compu-
tations further consider the case involving a friction coefficient mZ0.6, which is
approximately 5% higher than the value determined from the experiments. As
observed both experimentally and computationally, the axisymmetric indenta-
tion of the PVC membrane involves almost zero relative slip between the
indentor and the PVC membrane. Therefore, the influence of variability in the
coefficient of friction on the axisymmetric load–displacement response is
marginal. The computations also attempt to correlate the predicted deflected
shapes with those determined from the experiments. The computations were
performed with the value of a coefficient of friction mZ0.52, determined from the
friction experiments. The computational estimates for the deflected profiles at
different loading–unloading stages are presented in figure 11. (The profiles are
presented in the x –z plane through the centre of the indentor, which is also
parallel to the image plane of the mounted digital camera.) The results presented
in figure 11a are for three levels of applied load PZ30, 150 and 310 N. There is
good correlation between the experimental results and the computational
estimates. Due to the visco-plastic effects in the polymeric material, the
membrane undergoes irreversible deformation after a loading–unloading cycle.
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Figure 9. Computational results for axisymmetric indentation of PVC membrane. (a) Mesh
configuration and boundary conditions (total number of elements: 2086). (b) Deformed shape
during maximum indentation. (c) Irreversible shape after a loading–unloading cycle.
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As a result, the deflection profiles obtained during a loading sequence differ from
those determined during an unloading sequence. When the indentation load P
reduces to zero after a full loading–unloading cycle, the membrane exhibits a
permanent deformation. The computational results tend to overestimate the
irreversible deflection during complete release of the applied load. It can be seen
that, although the computational results tend to slightly overestimate the
experimental results, it gives a reasonably satisfactory prediction of the trend of
the load–displacement responses for the unloading paths covering different
loading rates. The overestimation of the irreversible deformation is also evident
in the uniaxial tests, where the maximum strain is less than 60% (see figure 4a,b).
The maximum strain associated with the axisymmetric indentation is
approximately 40%. To obtain a better prediction of the deflected profile during
axisymmetric unloading, a more refined constitutive response model needs to be
developed for the unloading viscoplastic response model (2.14) particularly for
strains in the range of approximately 60%. To further test the predictive
Proc. R. Soc. A (2006)
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during maximum indentation. (c) Irreversible shape after a loading–unloading cycle.
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capabilities of the computational approach, the problem of the axisymmetric
indentation of the membrane at a loading rate of _DZ0:032 mm sK1 (which is 10
times lower than the value used previously) was examined (figure 10b). The
trends of the experimental results correlate well with the computational
estimates.

We now focus on the problem of the asymmetric indentation of the polymeric
membrane. Figure 12a illustrates the boundary conditions and the mesh
discretization associated with the membrane indentation problem. In the case
of the asymmetric indentation, contact is established at a distance UZ42 mm
from the centre of the circular membrane at a loading rate of _DZ0:318 mm sK1.
The computational modelling first considered the case involving a frictionless
contact between the indentor and the PVC membrane (figure 13). The
underestimation of the indentation loads by the computational scheme is less
significant during the asymmetric indentation. Furthermore, the computational
modelling also considers the case involving a much higher coefficient of friction
mZ0.6. The asymmetric indentation of the PVC membrane can involve relative
slip between the indentor and PVC membrane; therefore, the influence of a
variation in the coefficient of friction was slightly more noticeable in comparison
to the results obtained for the modelling involving axisymmetric indentation.
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The comparisons between the computed deflected profiles and experimental
results are presented for the case involving the friction coefficient mZ0.52, which
is determined from the friction test (figure 14). As with the modelling of the
axisymmetric indentation experiment, the computations provide accurate
representations for the deflected profiles during the loading stage, but
overestimate the irreversible deformation during complete unloading of the
membrane. The asymmetric indentation involves a maximum strain of
approximately 50%. The overestimation of the irreversible deflection configur-
ation during asymmetric indentation can be attributed to the overestimation of
the irreversible deformation during the uniaxial loading that is noticeable at
strains less than 60% (see figure 4a,b).
6. Conclusions

In this paper, an experimentally derived constitutive model, which characterizes
the influences of large strains, irreversible deformations and strain-rate
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sensitivity of a polymeric PVC membrane, was implemented in the ABAQUS/-
Standard finite element code. The computational scheme was used to examine
the problem of a flat circular membrane, fixed at its boundary and subjected to
both an axisymmetric indentation and an asymmetric indentation. The material
parameters in the constitutive model, determined through both uniaxial tensile
tests and constrained uniaxial tests were used to predict the mechanical response
of an edge-supported circular membrane subjected to transverse indentation.
The results show that the computational approach can effectively model the
experimental response for indentation at two different loading rates. In the
loading mode, the deflected shapes predicted by the computational procedure
agree well with the experimental data. An overestimation of the irreversible
deformation is, however, observed during the unloading stage. The constitutive
parameters contributing to this discrepancy cannot be directly identified through
either the material characterization process or through a detailed examination of
the indentation profile. The irreversible deformations are largely controlled by
the viscoplastic model as defined by the equation (2.14). This model can be
further examined and improved to obtain a better correlation between the
residual deformations observed in both the uniaxial test data and membrane
indentation responses. The overall predictive capabilities of the model are,
however, considered to be of value for engineering applications of the constitutive
responses for the prediction of the behaviour of PVC membranes under
moderately large strains. The success of the methodology adopted here has
permitted the application of both the modelling technique and the computational
approach for the study of PVC membranes that have been subjected to chemical
exposure, which results in both a substantial reduction of the hyper-elastic
response and the development of a distinct yield-type phenomenon in the stress–
strain response.

The work described in this paper was supported through the Max Planck Forschungspreis in the
Engineering Sciences awarded by the Max Planck Gesellschaft, Germany and through a Discovery
Grant of the Natural Sciences and Engineering Research Council of Canada, awarded to the first
author. The authors are indebted to a reviewer for the helpful comments.
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