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Abstract

This paper presents an analytical solution to the problem of the interaction between a thin plate that is adhesively bonded to the

surface of an isotropic elastic halfspace and a concentrated Mindlin-type force that acts parallel to the bonded surface. The model is an

idealization of a surface-stiffened region that has potential applications ranging from mechanics of thin films, thermal barrier coatings,

layering created by attrition and wear of surfaces and functionally graded materials. The solution also illustrates the influence of the

flexural plate model in mitigating the development of unbounded displacements during the application of localized loading directly at the

bonded plate.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The interaction between flexible plates and an elastic
support constitutes an important topic in contact me-
chanics with investigations dating back to the works of
Euler, Hertz, Winkler, Biot and others. Reviews and
expositions of this subject area are given by Korenev [1],
Hetenyi [2], Selvadurai [3], Sneddon et al. [4], Gladwell [5]
and Johnson [6]. The recent papers by Selvadurai et al. [7]
and Selvadurai [8], examine the interaction of a bonded
plate and an elastic halfspace. The plate is modelled by a
Poisson-Kirchhoff-Germain thin plate theory and the
elastic medium is modelled as an isotropic elastic halfspace.
This particular model has applications in the study of
contact problems of surfaces subjected to wear where the
attrition of the surface and the deposition of debris give rise
to a layer with stiffer properties (Curnier [9], Hutchings
[10]). The application of the plate model to represent the
mechanical behaviour of the surface layer is of particular
e front matter r 2006 Elsevier Ltd. All rights reserved.
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interest to material scientists working in the areas of thin

solid films and surface coatings technology [11–15].
In the studies presented in Refs. [7,8], the flexure of the

bonded plate of infinite extent is caused by loads that are
applied either directly to the plate or acting at the interior
of the elastic halfspace. These studies are, however,
restricted to axisymmetric problems and it has been shown
that compact closed form estimates can be obtained for
results of importance to engineering applications. Other
extensions include situations where the interface between
the plate and the elastic halfspace can experience bilateral
smooth contact, allowing flexural interaction between the
stiffening plate and the halfspace, particularly in the
absence of the kinematic constraint relating to zero in-
plane displacements at the surface of the halfspace. Such
solutions are of interest to the modelling of asperity contact
between surface-stiffened elastic regions. This form of
structural reinforcement of the elastic medium is consid-
ered to be only an approximation to the more complicated
problem involving the representation of the surface-stiffen-
ing region by an elastic layer of finite thickness.
The present paper deals with the problem of a surface-

stiffened elastic halfspace region that is subjected to a
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Fig. 1. Plate–halfspace interaction induced by a horizontal internal load.
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Fig. 3. Asymmetric normal loading of the surface of a halfspace region.
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concentrated force that acts parallel to the plane of the
plate and is located at the interior of the halfspace region.
This problem extends the classical Mindlin-type problem
[16,17] to include the effects of a bonded plate located at
the surface of the halfspace (Fig. 1). This example can be
solved in a compact form using classical integral transform
techniques applicable to asymmetric problems in the theory
of elasticity [18–20]. When the interior asymmetric Mind-
lin-type force migrates to the surface of the halfspace
region, the solution to the problem of a surface-stiffened
elastic halfspace region under the action of a concentrated
force acting in the plane of the surface of the stiffened
halfspace region is obtained. This corresponds to the
extension of the classical problem of Cerruti [21] (see also
Sneddon [22,23]) to include effects of surface stiffening.

2. Asymmetric problem for a surface constrained halfspace

The analysis first considers the problem of the interior
loading of an isotropic elastic infinite space by a
concentrated force. The solution to this problem was given
by Kelvin [24] and the result of interest to this paper
concerns the action of a doublet of Kelvin-type forces, each
of magnitude P, acting at a separation distance 2c as shown
in Fig. 2. The developments are referred to a system of
cylindrical polar coordinates (r,y,z), where the components
of the displacement vector in the respective directions are
denoted by ur, uy and uz.

Owing to the asymmetry of the deformation field
induced by the doublet of Kelvin forces, the plane z ¼ 0
experiences the displacements

urðr; y; 0Þ ¼ uyðr; y; 0Þ ¼ 0; 0pro1; 0pyp2p, (1)

uzðr; y; 0Þ ¼
Pcr cos y

8pGð1� nÞðr2 þ c2Þ3=2
; 0pro1; 0pyp2p,

(2)

where G is the linear elastic shear modulus and n is
Poisson’s ratio. As is evident, due to the asymmetry of the
deformation induced by the doublet of forces, the in-plane
displacements of the elastic medium about the plane z ¼ 0,
are identically zero. This is a kinematic constraint that is
imposed by the inextensibility of the bonded Poisson-
Kirchhoff-Germain thin plate at the surface of the
halfspace. It is further noted that by virtue of the
asymmetry of the stress state about the plane z ¼ 0, the
normal stresses acting on the plane satisfy the condition

szzðr; y; 0Þ ¼ 0; 0 0pro1; 0pyp2p. (3)

Next, consider the problem of the normal loading of the
surface of a halfspace region (0pzoN) by a purely
asymmetric normal loading (Fig. 3) while maintaining the
inextensibility condition at the surface of the halfspace.
Considering the form of the displacement field given by
Eqs. (1) and (2), due to the doublet of forces, the boundary
value problem associated with the asymmetric normal
loading is defined by the displacement boundary conditions
(1) and the following traction boundary conditions:

urðr; y; 0Þ ¼ 0; 0pro1; 0pyp2p, (4)

uyðr; y; 0Þ ¼ 0; 0pro1; 0pyp2p, (5)

szzðr; y; 0Þ ¼ f ðrÞ cos y; 0pro1; 0pyp2p, (6)

where f(r) is an arbitrary function.
In addition to these boundary conditions, the solution

should also satisfy the regularity conditions that are
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applicable to the decay of the stress and displacement fields
as r,z-N. In the absence of body forces, the solution of
the problem can be approached by making use of Muki’s
solution [18] for the equations of elasticity, which can be
represented in terms of biharmonic and harmonic functions
as follows:

r2r2Fðr; y; zÞ ¼ 0; r2Cðr; y; zÞ ¼ 0, (7)

where

r2 ¼
q2

qr2
þ

1

r

q
qr
þ

1

r2
q2

qy2
þ

q2

qz2
(8)

is Laplace’s operator referred to the cylindrical polar
coordinate system. The displacements and the stress
component relevant to the solution of the boundary value
problem posed by Eqs (4)–(6) can be expressed in terms of
the functions F(r,y,z) and C(r,y,z) in the following forms:

2Gur ¼ �
q2F
qrqz
þ

2

r

qC
qy
; 2Guy ¼ �

1

r

q2F
qyqz
� 2

qC
qr

, (9)

2Guz ¼ 2ð1� nÞr2F�
q2F
qz2

(10)

and

szz ¼
q
qz
ð2� nÞr2F�

q2F
qz2

� �
. (11)

Considering a single term of the Fourier–Hankel series
representation of the solutions for F(r,y,z) and C(r,y,z) we
have

Fðr; y; zÞ ¼
Z 1
0

x½AðxÞ þ z=BðxÞ�e�xzJ1ðxrÞdx
� �

cos y,

(12)

Cðr; y; zÞ ¼
Z 1
0

xCðxÞe�xzJ1ðxrÞdx
� �

sin y, (13)

where A(x), B(x) and C(x) are arbitrary functions that can
be determined by satisfying the boundary conditions
(4)–(6) and x is an integration parameter. Substituting
Eqs. (12) and (13) in the expressions (9) for ur(r,y,z) and
uy(r,y,z), it can be shown that the boundary conditions (4)
and (5) can be identically satisfied by setting

BðxÞ ¼ xAðxÞ; CðxÞ ¼ 0. (14)

The integral forms for the axial displacement uz and
normal stress szz at the plane z ¼ 0 can be expressed in the
following integral forms, in terms of an unknown function
B(x), i.e.

uzðr; y; 0Þ ¼ �
ð3� 4nÞ

2G

Z 1
0

x2BðxÞJ1ðxrÞdx
� �

cos y, (15)

szzðr; y; 0Þ ¼ 2ð1� nÞ
Z 1
0

x3BðxÞJ1ðxrÞdx
� �

cos y. (16)

Since the applied stress at the surface of the halfspace is
prescribed by Eq. (6), we can determine a corresponding
result for the axial displacement of the halfspace. It is
convenient to adopt a Hankel integral transform repre-
sentation of the results such that the first-order Hankel
transform of O(r,y) is defined by (Sneddon [25])

O
1
ðx; y; zÞ ¼ H1fOðr; y; zÞ; xg ¼

Z 1
0

rOðr; y; zÞJ1ðxrÞdx

(17)

and the overbar refers to a transformed variable. Denoting
the axial displacement at the surface of the halfspace due to
the applied stress (6) by wq(r) cos y and the applied normal
load by q̂ðr; yÞ ¼ qðrÞ cos y, one obtains

ū1
zðr; y; 0Þ ¼ w̄1

qðxÞ cos y ¼
Z 1
0

uzðr; y; 0ÞJ1ðxrÞdx, (18)

s̄1zzðr; y; 0Þ ¼ q̄1ðxÞ cos y ¼
Z 1
0

szzðr; y; 0ÞJ1ðxrÞdx. (19)

The self-reciprocity properties of Hankel transforms and
the results (15)–(19) give the following:

w̄1
qðxÞ ¼

ð3� 4nÞ
4Gð1� nÞx

q̄1ðxÞ. (20)

Considering the surface displacement of the halfspace
under the action of the interior horizontal force P given by
Eq. (2) and denoting the surface displacement by
wq(r) cos y, it can be shown that

w̄1
PðxÞ ¼

ð3� 4nÞ
4Gð1� nÞx

s̄1ðxÞ, (21)

where

s̄1ðxÞ ¼
Pcx expð�xcÞ

2pð3� 4nÞ
. (22)

The first-order Hankel transform of the combined axial
displacement w(r) cos y of the kinematically constrained
halfspace, which is due to the action of both the external
normal load q(r) cos y and the horizontally directed
concentrated force P, can be obtained by combining
Eqs. (20) and (21), i.e.

w̄1ðxÞ ¼
ð3� 4nÞ

4Gð1� nÞx
q̄1ðxÞ þ s̄1ðxÞ
� �

. (23)

3. The interaction between the bonded thin plate and the

elastic halfspace

Now consider the problem of the flexural interaction
between the Poisson-Kirchhoff-Germain thin plate and the
isotropic elastic halfspace under complete bonded contact
conditions at the interface. In particular the in-plane

displacements of the interface are constrained to be zero.
This is an approximation that is satisfactory for the flexural
response associated with the thin plate governed by the
small strain-small deflection assumptions. For bonded
contact conditions, the axial surface displacement of the
kinematically constrained halfspace is equal to the deflec-
tion of the plate. The flexure of the plate is induced by the



ARTICLE IN PRESS
A.P.S. Selvadurai, K. Willner / International Journal of Mechanical Sciences 48 (2006) 1072–1079 1075
action of an external surface load p̂ðr; yÞ and a contact
normal stress, which can be set equal to the stress q̂ðr; yÞ
applied to the surface of the halfspace. The partial
differential equation governing the flexural deflection of
the thin plate ŵðr; yÞ is [3,26,27]

Dr̂
2
r̂

2
ŵðr; yÞ þ q̂ðr; yÞ ¼ p̂ðr; yÞ, (24)

where Dð¼ Ept3=12ð1� n2pÞÞ; is the flexural rigidity of the
plate, Ep and vp are the elastic constants for the plate
material, t is the plate thickness and

r̂
2
¼

q2

qr2
þ

1

r

q
qr
þ

1

r2
q2

qy2
. (25)

The symbols with the tilde refer to quantities applicable
to the plate configuration. It is assumed that ŵðr; yÞ and
q̂ðr; yÞ admit representations of the form wðrÞ cos y and
qðrÞ cos y, respectively, and for the purposes of the analysis
for the title problem, the external load p̂ðr; yÞ is set to zero.
Substituting these representations in Eq. (24) and operating
on the resulting equation with the first-order Hankel
transform yields the following result:

Dx4w̄1ðxÞ þ q̄1ðxÞ ¼ 0. (26)
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Fig. 4. Vertical deflection of the surf
The function q̄1ðxÞ can be eliminated between Eqs. (23)
and (26) to obtain an expression for w̄1ðxÞ. Inverting this
result and using the representation ŵðr; yÞ ¼ wðrÞ cos y, the
following expression is obtained for the deflection of the
plate:

ŵðr; yÞ
P=8pGð1� nÞt

¼ b
Z 1
0

z expð�zbÞJ1ðzrÞdz

ð1þ Rnz3Þ

� �
cos y ¼ oðr; bÞ cos y, ð27Þ

where

Rn ¼
Ep

E

� �
ð3� 4nÞð1þ nÞ
24ð1� nÞð1� n2pÞ

" #
; b ¼

c

t
; r ¼

r

t
, (28)

where R* is a relative stiffness parameter for the
plate–elastic halfspace system. Expressions similar to (27)
can be obtained for other quantities, such as the contact
pressures q̂ðr; yÞ at the interface and the flexural moments
in the plate region. The stress state in the halfspace region
can also be evaluated using the contact stress state q̂ðr; yÞ
and the shear tractions derived through the application of
the inextensibility criterion (1). The expressions for the
flexural moments and shear resultants in the plate region
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can be obtained by making use of the result (27) in the
following expressions [27]:

Mr ¼ �D
q2ŵ
qr2
þ np

1

r

qŵ

qr
þ

1

r2
q2ŵ

qy2

� �� �
, (29)

My ¼ �D
1

r

qŵ

qr
þ

1

r2
q2ŵ

qy2
þ np

q2ŵ
qr2

� �
, (30)

Mry ¼ ð1� npÞD
1

r

q2ŵ

qrqy
�

1

r2
qŵ

qy

� �
, (31)

Qr ¼ �D
q
qr
ð ~r

2
ŵðrÞÞ

� �
, (32)

Qr ¼ �D
1

r

q
qy
ð ~r

2
ŵðrÞÞ

� �
. (33)

The analysis of the interaction between the horizontally
oriented Mindlin-type problem for a halfspace with a
bonded flexural surface constraint is formally complete.
The validity of the solution is also based on the
applicability of Kirchhoff’s uniqueness theorem for pro-
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Fig. 5. Vertical deflection of the surfa
blems in linear elasticity [26,28–30]. It is unlikely that
compact analytical solutions can be derived for all results
of engineering interest; in most instances, recourse must be
made to the evaluation of the infinite integrals encountered
in the analytical developments using numerical techniques.

4. Limiting cases and numerical results

Attention is focused on the evaluation of the integral
relationship (27) for the deflection of the thin plate under
the action of the horizontally oriented concentrated force P

acting at a finite distance from the surface of a halfspace
stiffened with a bonded thin plate. Prior to performing any
numerical evaluations, it is instructive to consider certain
limiting cases associated with the result (27).
(i)
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In the instance when R*-N, the problem reduces to
that of the action of the internal concentrated force in
a halfspace with a rigid surface. In this case, the
deflection ŵðr; yÞ � 0, over the entire surface.
(ii)
 When ~r!1, the result will determine the deflection
of the plate at a large distance from the point of
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Fig. 6. Vertical deflection of the surface-stiffened halfspace (R* ¼ 100).
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application of the concentrated force. In this case,
since J1ðr~rÞ ! 0 as ~r!1, the deflection ŵðr; yÞ ! 0.
This result is consistent with Saint-Venant’s principle
in classical elasticity theory [26,29,30].
(iii)
 When the concentrated force is located remote from
the plate–halfspace interface, ~c!1 and, conse-
quently, ~c expð�r~cÞ ! 0. Here again, the deflection
of the plate reduces to zero, a result that is consistent
with Saint-Venant’s principle.
(iv)
 The most interesting observation pertains to the case
where the concentrated horizontal force is located at
the plate–elastic halfspace interface. In this case ~c! 0,
and we observe that ŵðr; yÞ ! 0. This conclusion can
also be inferred from the result (2), which indicates
that the axial displacement of the halfspace reduces to
zero as ~c! 0. This limiting result clearly indicates the
importance of kinematic constraints of the type (1) in
suppressing the displacement in the axial direction.
For any non-zero value of ~c, the plate will experience a
deflection. In the case of the classical Cerruti problem,
the concentrated force P acts on an otherwise traction-
free surface of a halfspace. In this case, the surface
displacement of the halfspace is given by

uzðr; y; 0Þ ¼
Pð1� 2nÞ cos y

4pGr
(34)

and the axial surface displacement will be non-zero,
except when v ¼ 1=2.
Attention will now be focused on developing certain
numerical results for the deflection of the plate defined by
Eq. (27). Since the dependence on y is explicit, attention
needs to be focused only on the evaluation of the integral
term within the brackets in Eq. (27). From considerations
of asymmetry of the deformation and from regularity
considerations, it is evident that ŵð0; yÞ ¼ ŵð1; yÞ � 0.
Therefore we shall consider the evaluation of ŵðr; 0Þ in the
range rA(0,N). The non-dimensional parameters govern-
ing the integral term in Eq. (27) are r, b and R*. Numerical
results are presented in Figs. 4–6, for the variation of o(r,
b) with r, for specific values of the parameter b, the
parameter governing the position of the concentrated force
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normalized with respect to the thickness of the plate and
for a range of values of the relative stiffness parameter R*.
For example, the relative stiffness parameter R* ¼ 1
corresponds to a plate–substrate modular ratio of approxi-
mately 20. It appears that the infinite integral in Eq. (27)
cannot be evaluated in explicit form. The integral can,
however, be evaluated using a standard numerical integra-
tion routine for oscillatory integrands available in most
mathematical software. The numerical results presented in
Figs. 4–6 were evaluated using the numerical integration
routines available in MATHEMATICATM. The results
clearly indicate the trends that can be gleaned from an
inspection of the limiting cases.

5. Concluding remarks

An analytical solution can be obtained for the flexural
behaviour of a thin plate bonded to an isotropic elastic
halfspace, under the action of a concentrated force that
acts at the interior of the halfspace and parallel to the plane
of the interface. The modelling of the bonded plate by a
Poisson-Kirchhoff-Germain thin plate theory places a
strong kinematic constraint on the plane of bonded
contact. The vanishing of the in-plane displacements at
the bonded plane is a consistent requirement for the
inextensibility of the neutral plane of a thin plate. The
kinematic compatibility of the bonded condition is
enforced between the surface of the halfspace and the
neutral plane of the plate. As a result, when the internal
horizontal force is located at the surface of the halfspace,
the plate experiences no flexural displacements, and by
virtue of the kinematic constraints, all in-plane displace-
ments are also zero. In terms of the contact problem, it
appears that when contact occurs between surface and
stiffened solids, the dominant mode of interaction is
derived through the normal tractions as opposed to the
shear tractions. This work can be extended to the case
where the inextensibility constraint is relaxed; in this case
an improved theory of plates that also accommodates in-
plane extensions needs to be considered.
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Handbuch der Physik. Flügge S, editor, Mechanics of solids II,

Berlin:Springer, 1972.

[30] Barber J. Elasticity. Dordrecht: Kluwer Academic Publishers; 2002.


	Surface-stiffened elastic halfspace under the action of a horizontally directed Mindlin force
	Introduction
	Asymmetric problem for a surface constrained halfspace
	The interaction between the bonded thin plate and the elastic halfspace
	Limiting cases and numerical results
	Concluding remarks
	Acknowledgements
	References


