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Abstract   A characteristic feature of a polymeric material 
such as PVC is its hyperelasticity or the ability to experience 
large strains prior to failure. The exposure of PVC to 
chemicals such as acetone and ethanol results in 
embrittlement or the loss of the hyperelasticity property. In 
this paper, we examine the mechanical behaviour of a PVC 
membrane that has been exposed to ethanol. Due to leaching 
of the plasticizer, the constitutive response of the PVC 
changes from a hyperelastic material to a hardened material 
that displays dominant yield behaviour and particularly one 
that is capable of experiencing post-yield large strains and 
strain-rate effects. A constitutive model is developed to 
describe the mechanical behaviour of the PVC subjected to 
ethanol exposure. This constitutive model is implemented in 
a computational code to examine the problem of the 
mechanical behaviour of a chemically-treated membrane that 
is fixed along a circular boundary and loaded by a rigid 
spherical indentor. Both axisymmetric and asymmetric off-
axis indentation tests are performed on the chemically-treated 
PVC. The load-displacement responses of the indentor as 
well as the profiles of the chemically-treated PVC membrane 
during indentation are used to assess the predictive 
capabilities of the constitutive model.  
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1 Introduction 

Over the past three decades, geosynthetics or polymeric 
membranes have been extensively used as components of 
engineered barriers constructed to prevent the migration of 
contaminants and other hazardous substances from waste 
disposal sites associated with landfill, mine wastes and 
residues derived from energy resources exploration (Koerner, 

1994; Qian et al., 2002). Engineering experiences with 
geosynthetic membrane barriers is relatively recent and the 
reliability of the PVC and other geosynthetic materials under 
adverse conditions is not well understood. PVC membranes 
used as components of engineered barrier schemes can be 
subjected to a variety of mechanical, environmental and 
chemical loadings, including surcharge loads of accumulating 
landfill or mine waste, pressures generated by entrapped 
gases due to failure of venting systems, solar radiation, low 
temperatures of cold climates, and temperatures generated by 
exothermic processes in retained landfill. Haxo and Haxo 
(1989) cite several examples where such actions have been 
observed. The overall effect of these processes is to influence 
the durability of the PVC material and to severely reduce its 
effective life (Madorsky, 1964; Khalifa, 1979; Bacaloglu and 
Fisch, 1995; Cazzuffi et al., 1995). The alteration in the 
durability can manifest in various forms and the focus of this 
paper relates to the assessment of embrittlement that is 
observed during the loss of plasticizer, which provides the 
PVC with the capacity for large deformations. Experiments 
conducted by Haedrich (1995), Contamin and Debeauvais 
(1998), Bishop et al. (2000), Shin et al. (2002), and Yu and 
Selvadurai (2005) indicate that exposure of PVC materials to 
commonly occurring chemicals, including, ethanol and 
acetone leads to the leaching of plasticizer from PVC, 
resulting in a substantial reduction in the flexibility of the 
material. When flexibility reductions occur in a component of 
barrier that is intended to sustain large strains, the resulting 
property changes can affect the integrity of the entire 
engineered barrier system. The loss of plasticizer from a PVC 
due to exposure to chemicals such as ethanol has been 
documented by Messadi et al. (1981), Messadi and Vergnaud 
(1982) and Yu and Selvadurai (2005). The magnitude and 
rate of the loss of plasticizer are generally related to the 
concentration of the chemical that is in contact with the PVC. 
In an engineered barrier that contains several components 
including clays and geosynthetics in sequence, the clay 
barriers are expected to act as a buffer that will minimize the 
level of concentration of the retained chemicals that will 
come into direct contact with the PVC. In situations where 
exothermic reactions and ground freezing can induce 



 

desiccation cracking of clay liners, its effectiveness as a 
buffering barrier can be lost and the retained chemical can 
come into direct contact with the geosynthetic. Figure 1 
illustrates the continued alteration in the mechanical 
behaviour of a PVC material that was subjected to periods of 
exposure to pure ethanol, in an immersion test. The 
constitutive response of the PVC changes from a hyperelastic 
to a hardened material that displays a dominant yield 
behaviour.  
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Figure 1.    Uniaxial behaviour of a chemically-treated PVC 
membrane 

 
The work of Pita et al. (2002) shows that a monotonically 
increasing relationship exists between stress and strain for a 
plasticized PVC with a high plasticizer content. When the 
plasticizer content is lowered, a stress-strain response with a 
distinct yield-type phenomenon is observed (Figure 2). We 
can infer that the most likely factor contributing to 
embrittlement phenomena in a plasticized PVC is the loss of 
the plasticizer. An X-ray fluorescence technique can also be 
used to determine the plasticizer content of the chemically-
treated PVC membrane exposed to pure ethanol for different 
durations. The PVC used in this research has been originally 
plasticized with 25%-35% by weight of a phthalate 
plasticizer (Diebel, 2002). The plasticizer content can then be 
measured through the weight ratio ClOR / , which corresponds 
to the oxygen element and the chloride element. Although 
these measurements give only surface alterations in the 
plasticizer content, tests conducted on samples of the PVC of 
a thickness of 0.5mm show a continued reduction in the ratio 

ClOR /  with the duration of exposure (Table 1), which again 
points to the loss of plasticizer as a possible factor 
contributing to the alteration in the mechanical behaviour. 

 Table 1.   The value of ClOR /  for PVC membranes exposed 
to ethanol, water and ethanol-water mixtures 

Specimen ClOR /  
PVC membrane as supplied 6.47% 
18-month water exposure 5.55% 

16-month 50% ethanol exposure 5.44% 
2-month pure ethanol exposure 5.33% 
5-month pure ethanol exposure 5.20% 
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Figure 2.    Stress-strain curve of plasticized PVC with 
different amounts of plasticizer (after Pita et al., 2002) 

 

The purpose of this research is to gain a better understanding 
of the mechanical behaviour of the PVC material during its 
exposure to pure ethanol over a period up to 9 months. The 



 

experimental research program commences with the uniaxial 
testing of the membrane material, which is used to develop 
constitutive models for PVC both in its untreated and treated 
states. The details of the constitutive model development are 
presented elsewhere (Selvadurai and Yu, 2005a). In this 
paper, the focus is on the application of the constitutive 
relationships developed to the computational modelling of 
the static response of a circular membrane that is fixed along 
a circular boundary and subjected to either axisymmetric or 
asymmetric off-axis indentation through a rigid spherical 
indentor (Figure 3). The topics of indentation and inflation of 
membranes have been extensively researched particularly in 
connection with the study of the mechanics of the rubber-like 
materials. A comprehensive account of developments in this 
area is given by Selvadurai and Yu (2005b). The constitutive 
model for the PVC subjected to ethanol exposure used in this 
paper takes into consideration effects of large strains, 
presence of a distinct yield phenomenon in the stress-strain 
response, strain-rate effects and the development of 
irreversible deformations during a loading cycle. The 
indentation problem is intended to simulate situations where 
the geosynthetic membrane can be subjected to localized 
loading during the operation of a waste disposal facility. The 
investigations also focus on both asymmetric and off-axis 
indentation of the treated membrane, which are intended to 
assess the predictive capabilities of computational 
approaches that also account for the influence of friction 
generated between the chemically-treated membrane and the 
spherical indentor. The frictional contact characteristics 
determined via separate experiments, are implemented in the 
computational modelling.  

(a) Axisymmetric indentation (b) Asymmetric indentation
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Figure 3.    Indentation of a chemically-treated PVC 
membrane 
 
2 Constitutive modelling  

The mechanical behaviour of hyperelastic pure rubber-like 
materials is characterized by imperceptible permanent 
deformations that accompany their responses under quasi-
static load cycling. The modelling of the mechanical 
behaviour of such materials represents an important 
development in modern non-linear continuum mechanics and 
accounts of the constitutive model developments associated 
with rubber-like hyperelastic materials both from the kinetic 
theories and phenomenological points of view are given by 
Treloar (1943, 1975), Rivlin (1848, 1960), Flory (1969), 

Green and Adkins (1970), Spencer (1970), Edwards (1971), 
Ogden (1984), and Selvadurai (2002), Rubber-like 
hyperelastic materials can exhibit path-dependency and 
hysteretic effects in their stress-strain behaviour that are 
attributed to phenomena such as the “Mullins effect” 
(Mullins, 1947, 1969; Farris, 1971; Beatty, 2002; Dorfmann 
and Ogden, 2004). Septanika and Ernst (1998a,b) have 
applied the network alteration theory to account for the time-
dependent behaviour of a rubber-like material. In the present 
paper, we examine the constitutive response of a chemically-
treated PVC that displays irreversible phenomena that are 
distinctly different from those observed in connection with 
the Mullins effect and discussed in the developments 
presented by Septanika and Ernst (1998a,b). The exposure of 
a plasticized PVC to chemicals such as ethanol and acetone 
results in the gradual removal of the plasticizer from the 
PVC. The removal of the plasticizer gives rise to drastic 
changes in the mechanical behaviour of the original material. 
The most noticeable of these is the loss of hyperelasticity or 
embrittlement. Furthermore, the chemically-treated and 
plasticizer-depleted material also develops a distinct yield 
point in the stress-strain response. The chemically-treated 
material also displays sensitivity to strain-rate effects (see 
also Arruda et al., 1995; Qi and Boyce, 2004). The typical 
stress-strain responses of the PVC subjected to ethanol 
exposure are presented by Yu and Selvadurai (2005) and 
details associated with the constitutive model development 
are described by Selvadurai and Yu (2005a). It can be shown 
that the development of the constitutive model is compatible 
with thermodynamical constraints that should accompany 
constitutive model development (Selvadurai and Yu, 2005a). 
For completeness, the salient features of the constitutive 
model and its ability to duplicate and predict experimental 
results derived from uniaxial tests are summarized.  

To describe the deformations, we consider a generic particle, 
the position of which in the deformed configuration is denoted 
by )3,2,1( =ixi ; and its coordinates in the reference 
configuration are denoted by )3,2,1( =AX A . The deformation 
gradient tensor is given by 
 Ai Xx ∂∂= /F                                                                 (2.1) 
Following Kröner (1960) and Lee (1969) (see also Pipkin and 
Rivlin; 1970; Owen, 1970; Clifton, 1972; Boyce et al., 
1988a,b; Pereda et al., 1993; Ahzi et al., 2003; Lubarda, 
2004; Gurtin and Anand, 2005), we assume that the total 
deformation gradient tensor F  can be decomposed into its 
elastic (e) and irreversible (u) components in a multiplicative 
manner; i.e. 
 ueFFF =                                                                          (2.2) 
Strain tensors in terms of eB  and uB are defined by 
 Teee )(FFB = ;   Tuuu )(FFB =                                      (2.3) 
and the strain-rates are defined by (Malvern, 1969; Spencer, 
2004) 
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The invariants of eB , uB  are 
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and e
iλ  and u

iλ  )3,2,1( =i  are respectively the principal 
stretches of the elastic and irreversible components. The 
constitutive model for the PVC material selected here has a 
generic form, with components as shown in Figure 4. The 
calibration of the results of experimental investigations with 
a wider class of internal energy functions indicates that at 
moderately large strains, the loading behaviour of the 
untreated PVC membrane material can be adequately 
characterized by an internal energy function of the Mooney-
Rivlin type (Mooney, 1940; Rivlin, 1948). Also, the 
condition of material incompressibility is implicit in the 
Mooney-Rivlin form of an internal energy function. 
Experimental evidence associated with the current research 
indicates that this assumption is nearly satisfied by the PVC 
material maintaining a value of ]993.0,982.0[3 ∈I . 

Rate-dependent elastic constitutive
 component C
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Figure 4.    Schematic representation of the constitutive 
components 
 
To maintain consistency with developments applicable to the 
modelling of the untreated PVC and to account for 
moderately large strains that can occur in the chemically-
treated PVC, we assume that the component C of the model 
(Figure 4) applicable to the treated PVC can be represented 
by a internal energy function of Mooney-Rivlin type. The 
component C is sufficient to characterize the constitutive 
behaviour of the PVC material during monotonic loading 
without unloading. In this case, irreversible effects are not 
accounted for and the total deformation gradient and F  is 

interpreted as the elastic deformation gradient eF . We 
assume that the stress CT  associated with the model C, 
which is the total Cauchy stress T  for the treated PVC 
material, is an isotropic function of elastic strain tensor eB . 
Furthermore, we restrict attention to chemically-treated 
materials that display incompressible behaviour in their 
mechanical response associated with the component C. With 
these restrictions, the constitutive equation that governs the 
element C can be written as 
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where ep~  is a scalar pressure. Influence of strain-rate effects 
on the hyperelastic behaviour has been discussed by a 
number of authors including Sweeney and Ward (1995) and 
Matthews, et al. (1997). Following the approach proposed by 
Sweeney and Ward (1995) to account for the influence of 
strain-rate effects on the internal energy function, we adopt 
the following form of an internal energy function for the 
chemically-treated PVC material: 
 )3(),( 1121 −′= eeee ICIIW                                                   (2.7) 
where 

 
( )







<

≥
+=′

)(;0

)(;/ln

0

001
11

c

ccCC
γγ

γγγγκ

&&

&&&&
                        (2.8)                      

A rationale for incorporating the dependency of W on strain-
rate effects is also presented by Selvadurai and Yu (2005a). 
Also, 0γ&  is a generalized form of a combined stretch-rate that 
depends only on the three principal stretches )3,2,1( =iiλ  
according to 
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where, )3,2,1( =iiλ  have a conditional dependence on the 
total principal stretches iλ , to take into consideration either 
the loading or the unloading response: i.e. 
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and α  is a material parameter that accounts for states of 
combined stretch. When the test specimen is subjected to a 
uniaxial stretch, the principal stretches in the lateral 
directions are less than unity and the definition of 0γ  reduces 
to that of the uniaxial strain 0ε . In (2.8), 1C′  is the modified 
Mooney-Rivlin parameter; 1κ  is the parameter that defines 



 

the strain-rate sensitivity and cγ&  is defined as the rate-
independent threshold strain-rate. At loading rates cγγ && ≤0 , 
the strain-rate effects in 1C′  are disregarded.  
The chemically-treated PVC materials subjected to levels of 
strain beyond the yield point will exhibit permanent strains. 
A possible way to model this response is to incorporate an 
additional elastic-visco-plastic model that is characterized by 
an elastic recovery component A in parallel with a visco-
plastic component B, which should be added in series to the 
component C (Figure 4). Since the component A accounts for 
elastic unloading at moderately large strains, we assume that 
this behaviour can be represented by a constitutive 
relationship of a form applicable to incompressible materials: 
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where up~  is a scalar pressure and   

 ( ) ( )33),( 221121 −′+−′= uuuuu IEIEIIW                             (2.12) 
The work of Rittel (1999, 2000) indicates that the plastic 
energy dissipation of a glassy polymer prior to yield is 
usually negligible. To account for such a response, in (2.12), 

1E′   is subject to the conditional constraint:  
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where  yζ  is the yield strain of the chemically-treated PVC 
material and 2E′  is a constant. The particular representation 
for 1E′  given by (2.13) can take into account the fully elastic 
behaviour of the chemically-treated PVC prior to yield at a 
loading rate v

cγγ && −≥0 , where the visco-plastic deformation is 
restricted due to the infinite value of 1E′  associated with the 
conditional constraint. A non-zero finite value of 1E ′  beyond 
the yield point, however, results in the development of visco-
plastic deformation, which leads to a softening behaviour of 
the material and subsequent hardening behaviour in the large 
strain range (e.g. %150~%1000 =ε ). Upon unloading (i.e. 

v
cγγ && −<0 ), the visco-plastic deformation is fully activated 

due to the zero value of 1E′ , which results in irreversible 
visco-plastic permanent strains. It is also possible to interpret 
the presence of a high modulus prior to yield in terms of the 
deformability of a transitional link between the amorphous 
regions and the crystalline regions. The inextensible 
transitional link can only take incremental loading, but zero 

incremental unloading. The papers by Boue et al. (1988) and 
Jones and Marques (1990) investigate the concepts 
underlying the behaviour of an inextensible strand connecting 
two neighboring junctions in a polymeric material. The 
existence of the “fringed micelle” type crystallite acting as a 
linkage for the amorphous network of PVC material was 
confirmed in the experimental and analytical work of Aiken 
et al. (1947), Alfrey et al. (1949a) and Alfrey et al. (1949b). 
In the work by Qi and Boyce (2004), which deals with the 
mechanics of a polymeric material containing hard and soft 
segments, the hard segments are also considered to act as a 
physical crosslink for the soft segments, a role similar to that 
of a crystallite region connecting the amorphous regions. In 
particular, Alfrey et al. (1949b) found that the crystallites 
presented an oriented structure after a pre-stretch history. Of 
related interest is the study by Ahzi et al. (2003), which deals 
with the activity of strain-induced crystallization. We 
therefore assume that due to oriented alignment between the 
amorphous network and the crystallite, the region at their 
connection cannot sustain any unloading immediately 
followed by a monotonic loading. The transitional link also 
has limited deformability. At yζγε == 00 , it breaks 
resulting in material softening and subsequent hardening at 
large strains (e.g. %150~%1000 =ε ). The possible 
influence of rate-dependency of yE′  in (2.13) is accounted for 
through the relationship 
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where yκ  is the rate-sensitivity and yE  is the rate-
independent hardening modulus.  
The Cauchy stress tensor BT  in component B of the 
phenomenological model shown in Figure 4 is defined in 
terms of the irreversible finite strain-rate tensor uD , which is 
assumed to be related to the deviatoric component of the 
normalized effective stress tensor BN  (see also Boyce et al., 
1988a, b; Gurtin and Anand, 2005). Visco-plastic effects, in 
the component B, are modelled through a relationship of the 
form 

 B
u ND ζ&= ;  B

B
B TN ′=

τ2
3 ;  ( )[ ]

2/1
2

2
3







 ′= eB tr Tτ      (2.15) 

where BT′  is the deviatoric component of BT  and Bτ  is an 
effective stress applicable to visco-plastic phenomena as 
depicted in Figure 4. Also, in (2.15) the visco-plastic strain-
rate ζ&  is generally assumed to be a function of Bτ  and the 
strain-rate 0γ& , i.e. 



 

Table 2.   Constitutive equations used for modelling chemically-treated PVC material exposed to pure ethanol 

Components Deformation 
gradient 

Component A ( AT ) Component B ( BT ) Component C ( CT ) 

Loading prior to 
yield 

eFF =  Deformation restricted Deformation restricted 

Loading beyond 
the yield point 

ueFFF =  
Eq. (2.11), (2.12) with 

yEE ′=′1 , (2.14) Eq. (2.15), (2.16) 

Unloading ueFFF =  
Eq. (2.11), (2.12) with 

01 =′E , (2.14) Eq. (2.15), (2.16) 

Eq. (2.6), (2.7), 
(2.8),(2.9), (2.10) 

 

 
Table 3.   Material parameters of the treated PVC at different durations of pure ethanol exposure 

Parameters that are influenced by exposure duration 

Component A Component B Component C 

Parameters that are 
uninfluenced by duration 

of chemical exposure Exposure period to 
pure ethanol 

)(MPaE y  yκ  s  
)(

6 1

MPa

Cq yζ=
 )(1 MPaC  1κ  

1 week 3.4 0.13 0.06 2 11.9 2.0 
2 month 2.88 0.087 0.115 2.3 13.7 13.0 
7 months 1.13 0.13 0.10 2.4 14.3 12.06 
9 months 1.90 0.087 0.09 2.6 15.0 9.0 

5 months followed by 
7-month air exposure 4.13 0.87 0.11 4.2 25.0 19.0 

%8.2≈yζ ; 

171067.5 −−×≈ seccγ& ; 

110102.3 −−×≈ secv
cγ& ; 

MPaE 2.12 ≈′ ; 

*3≈α  

*  The effects of the parameter are unappreciable in uniaxial loading cases 
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In (2.16), ]1,0[∈s  is the viscous sensitivity to the strain-rate 
effect. At loading rates lower than the critical value (i.e. 

v
cγγ && ≤0 ), the dependency of ζ&  on the strain-rate ratio 

v
cγγ && /0  is neglected. At these loading rates and at the start of 

yield, qB =τ  and (2.16) reduces to 0γζ dd ≈  (or 0εζ dd ≈  
in a unaixial test). The contribution of model C to the overall 
stress-strain response in uniaxial loading is therefore 
marginal. The parameter q  can then be interpreted as a static 
yielding stress of the material, giving rise to yCq ζ16= .  
Following Boyce et al. (1988a, b), the stress states in the 
elastic recovery responses A (denoted by AT ) and the visco-
plastic responses B (denoted by BT ) are added to generate 
the Cauchy stress T : i.e. 
 BAC TTTT +==                                                         (2.17) 
In summary, a generalized form of a constitutive model 
capable of describing yield-type phenomena, large strain 
hyperelastic behaviour, strain-rate effects and moderately 
large irreversible plastic strains has been adopted to describe 
the mechanical behaviour of the chemically-treated PVC 
material. The mechanical response, however, has to 
distinguish between loading and unloading behaviour 
through a selective definition of the elasticity parameters of 
the elastic recovery component. The response of this 

component also takes into account the yield-type phenomena. 
Prior to yield, the visco-plastic deformation is suppressed and 
beyond the yield point the visco-plastic effects that account 
for further softening and hardening behaviour are activated. 
Upon unloading, the visco-plastic component is fully 
activated and unloading behaviour is accompanied by 
irreversible deformations. Tables 2 gives a summary of the 
equations used for describing the general form of the 
constitutive model for the chemically-treated PVC during 
both loading and unloading stress histories.  
Table 3 gives a summary of the material parameters that are 
used to describe the constitutive models for the chemically-
treated PVC at various durations of exposure to pure ethanol. 
It is noted that there is a set of material parameters that is 
essentially uninfluenced by the duration of chemical 
exposure; these are %8.2=yζ ; 171067.5 −−×≈ seccγ& ; 

110102.3 −−×≈ secv
cγ& ; MPaE 2.12 ≈′ . The model 

representations of the experimental data conducted up to 
failure at loading rates min/%40 =ε&  and min/%400 =ε&  
for samples subjected to different durations of exposure are 
presented in Figure 5.  
The results of the uniaxial tests are insufficient to determine 
the parameter α  that accounts for combined stretch. The 
effects of this parameter become appreciable when the PVC 
specimen experiences bi-axial stretching. The biaxial 
stretching of the PVC specimen was achieved by stretching a 
square specimen fixed along oblique directions inclined at 

o45  to the axis of loading (see Figure 6a). Fixity was 
enforced at the boundaries of the tested specimen using a pair 



 

of aluminum grips. (At the time of conducting this type of 
test, the specimens subjected to 9 months of exposure to pure 
ethanol were mostly used up in conducting the uniaxial and 
indentation tests.) The material parameter α  was therefore 
determined by conducting tests on samples of the PVC that 
were subjected to 5 months of exposure to ethanol followed 
by 7 months of exposure to air. The experiments were first 
conducted on samples of the untreated PVC. The 
observations of the distortion of a grid marked on the test 
specimen indicate that regions of the test specimen do 
experience biaxial effects at large deformations. The 
experimental program also examined the response of a PVC 
specimen subjected to 5 months of exposure to pure ethanol 
followed by a 7-month exposure to air. It was concluded that 
the swelling phenomenon due to the absorption of the 
moisture resulted in the possible “softening” of the PVC 
specimen at longer durations of exposure to pure ethanol (see 
Figure 1b). The exposure to air then leads to the removal of 
the moisture and ethanol within the chemically-treated PVC. 
Therefore the response of a chemically-treated specimen 
subjected to prolonged exposure to air results in a stiffer 
mechanical response (Figure 6e) when compared to the 
stress-strain responses of the chemically-treated PVC in the 
absence of exposure to air (Figure 1b). The constitutive 
model proposed in the paper together with the set of material 
parameters shown in Table 3 were used to examine the 
computational responses of the uniaxial test with oblique 
fixity. Since the plasticizer loss appears to stabilize after 5 
month of exposure (Table 1), it may be concluded that the 
material parameter α  is relatively uninfluenced by the 
duration of chemical exposure. The material parameter 

3≈α  is therefore considered to be applicable to PVC 
specimens exposed to pure ethanol for a period of 9 months. 
The particular value of 3≈α  is possibly indicative of equal 
contributions from the three principal stretch directions of the 
polymeric material in the definition of 0γ&  in (2.9). 

3 The indentation of the chemically-treated membrane 

The membrane indentation test facility shown in Figure 7a is 
designed to apply a controlled movement ( ∆ ) to a rigid 
spherical indentor (of diameter mm8.50 ) that interacts with a 
membrane fixed along a circular boundary. All tests were 
conducted on PVC specimens that were exposed to ethanol 
for a period of 9 months. The rate of indentation ∆&  is set 
constant during a test. The test facility has provisions for 
securing a plane membrane specimen in a fixed condition 
along a circular boundary of diameter mm250  (see Figure 
7b). The fixed boundary condition is achieved by clamping 
of the PVC specimen between two aluminum plates ( mm5  in 
thickness) using eight mm4  screws. To reduce the possibility 
of slippage at the clamped boundary, a rubber sheet of 
thickness mm3  with an opening of diameter mm250  was 
bonded to the PVC specimen, using a non-reactive instant 

adhesive. During axisymmetric indentation, the contacts were 
initiated at the center of the circular membrane (Figure 3a). 
The indentation response was prescribed through the 
application of the indentation displacement in an incremental 
manner up to a maximum displacement of mm8.50max =∆ . 
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Figure 5.   Model representations by MATLAB© software 
of the loading behaviour of the PVC subjected to different 
durations of exposure to pure ethanol 
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Figure 6.   Experimental determination of the material 
parameter α  

 

During axisymmetric loading of the chemically-treated PVC, 
the ratio of the maximum indentor displacement to the 
membrane diameter reached approximately 0.20. This 
corresponds to a maximum strain of 20% at the line of 
separation at the contact. The load (P)-indentor displacement 
(∆ ) response during axisymmetric indentation and the 
displaced profiles of the membrane are shown in Figure 8a. 
The results show a good repeatability between the sets of 
experiments. The visual images of the deflected shapes were 
recorded using a high precision (5 Mega pixels) digital 
camera, which was positioned m5.1  from the test specimen. 
The digital camera was mounted on the test frame in such a 
way that the image plane was parallel to the plane of the 

symmetry of the indentation of the membrane. The 
chemically-treated PVC material exhibits pronounced 
irreversible deformations after a loading-unloading cycle. 
During asymmetric indentation, the contacts were initiated at 
a distance of mm42  from the central axis of the circular 
membrane (Figure 3b). The indentation responses were 
examined up to a maximum displacement of 

mm1.38max =∆ , which gave rise to a maximum strain of 
approximately 27% at the line of separation of contact. In 
comparison to the case of the axisymmetric indentation, 
larger forces are needed to induce the same indentational 
displacement (Figure 8b).  

The frictional characteristics between the chemically-treated 
PVC and the brass indentor can influence the measured 
indentation responses. It was noted in the literature that the 
friction coefficient for the PVC materials varies with the 
plasticizer content (Masada et al., 1994). Since the chemical 
exposure leads to the leaching of the plasticizer from the 
PVC, it is therefore necessary to conduct an independent test 
to estimate the frictional properties that are appropriate for 
the PVC exposed to pure ethanol for a 9 month period. 
During the friction experiments, a polished bronze surface 
(with maximum asperity difference of m6105.0 −× ) 
measuring mmmm 127127 ×  (see Figure 9b) is made to move 
with a relative displacement ϕ , at a controlled speed, on the 
surface of a chemically-treated PVC membrane that is fixed 
at the base (Figure 9a). 
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Figure 7.    Membrane indentation facility 
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Figure 8.    Load-displacement responses of the treated PVC 
membrane exposed to pure ethanol for 9 months subjected to 
axisymmetric indentation and asymmetric indentation 
(symbols represent experimental scatter) 

 

Two LVDTs that were attached to the sliding plate showed 
that the rotation of the moving brass plate was negligible 
when the membrane was bonded (using a non-reactive instant 
adhesive) to a fixed flat Plexiglas plate. The experiment also 
indicated that the normal pressure and a relative velocity 
between the brass surface and the PVC membrane had a 
negligible influence on the load-displacement behaviour. 
Although the indentation of the membrane gave rise to an 
estimated maximum normal pressure of kPa450 , to avoid 
the influence of the vertical compression of the membrane 
during frictional test, a normal stresses nσ  as low as 

kPa14.6  was applied to the membrane using static weights. 
By estimating that the asymmetric indentation of the 
membrane can involve a maximum relative velocity of 

secmm /5.0  between the indentor and PVC membrane, the 
friction test was conducted at this displacement rate. 
Considering the low sliding rates, the inertial effects of the 
applied weight can be neglected. Figure 9c shows the 
variation in the applied friction force for the chemically-
treated PVC with respect to the normalized relative shear 
displacement. For purposes of comparison, the results for 
frictional behaviour of the untreated PVC are also presented 
in Figure 9c. The difference between the static and dynamic 
values of friction coefficients is found to be less than the 
experimental error for both cases. In the experiment 
conducted by Pooley and Tabor (1972), these two values 
were also close for experiments involving contact between an 
untreated PVC polymer and metal surfaces. The average 
value of the friction coefficient during three sets of tests was 
estimated to be 08.0 . In view of the fact that the friction was 
measured at a much lower normal stress than that 
experienced by the membrane during indentation, in the 
computational modelling, the value of the coefficient of 
friction is assigned a range of ]0.1,0[∈µ , where the lower 
limit corresponds to frictionless contact between the indentor 
and PVC membrane and the upper limit corresponds to a 
coefficient of friction an order of magnitude higher than that 
determined from experiments. 
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Figure 9.     Determination of the friction coefficient between 
a brass plate and PVC (ϕ : relative displacement between 
brass plate and PVC membrane; H : thickness of the PVC 
membrane; F : friction force; A : contact area; nσ : normal 
stress at the contact plane) 



 

The research program dealing with the membrane indentation 
problem also examined the axisymmetric indentation 
responses conducted on PVC samples exposed to ethanol 
concentrations of 50% and 80%. At these concentrations the 
PVC exhibited a slower rate of leaching of the plasticizer 
(Table 1) and generally maintained their hyperelastic large 
strain deformability characteristics (Figure 1c). In particular, 
the PVC material exposed to a 50% ethanol solution 
‘softened’ after a prolonged exposure indicating better 
flexibility in resisting the localized loading compared to 
those exposed to pure ethanol. The possible cause of the 
“softening” behaviour could be attributed to the swelling of 
the PVC due to moisture absorption over a prolonged 
exposure. The membrane indentation tests conducted on the 
chemically-treated PVC membranes subjected to a maximum 
displacement of mm2.76max =∆  gave rise to a maximum 
strain of 40% at the line of separation of contact. Figure 10 
shows the load-indentor displacement responses during the 
indentation of the chemically-treated PVC membranes 
subjected to lower levels of ethanol concentrations. As the 
ethanol concentration is reduced, much lower indentational 
loads are required to attain the same indentational 
displacement. 
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Figure 10.   Load-displacement responses of chemically-
treated PVC membrane exposed to lower concentrations of 
ethanol subjected to axisymmetric indentation (symbols 
represent experimental scatter) 

4 Computational results 

The computational modelling of the indentation of the 
chemically-treated PVC was performed using the general-
purpose finite element code ABAQUS (ABAQUS/Standard, 
2004). The nonlinear problem in the ABAQUS software is 
solved using a Newton-Raphson algorithm. The 
computational procedure used in the ABAQUS program is 
indicated in the flow chart shown in Figure 11. The 
computational implementation of the constitutive model 
proposed in Figure 4 was conducted through the use of the 
subroutine UMAT, which evaluated the Cauchy stress tensor 

T  and a fourth-order tensor of a tangential stiffness C  
defined by 
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Figure 11.    Computational procedures used in ABAQUS 

 

The ABAQUS/Standard further utilizes backward-Euler 
finite difference scheme to update variables. Those variables 
that are determined from the previous iteration and those that 
do not change during the iteration between [ ]dttt +,  can be 
defined as state variables. The state variables adopted in the 
analysis include, the components of irreversible deformation 
gradient uF  and stress tensors in the visco-plastic responses 
including model A and B, respectively, at time t . The rate-
dependent material parameters of the chemically-treated PVC 
require updated information for 0γ& . In previous computations 
conducted in connection with the modelling of the 



 

indentation of an untreated PVC membrane, the field of 0γ&  is 
updated after each iteration during the computation. Such an 
approach shows extremely slow convergence, when applied 
to the modelling of the behaviour of the chemically-treated 
PVC. Especially beyond the yield point, there is an abrupt 
alteration in the elastic parameter of the sub-model A of the 
constitutive model and this gives rise to a slow convergence 
process. In this study, we first obtain an approximate estimate 
of the time-history of 0γ&  while considering the material to be 
fully elastic. When the time-history of 0γ&  for a particular 
element is estimated at a number of displacement increments, 
the value of 0γ&  for that element at a particular displacement 
can be then interpolated. This approach showed stable 
numerical results and was adopted for the model 
representations of the uniaxial test data for the chemically-
treated PVC material subjected to a 9-month exposure to pure 
ethanol. The modelling was conducted up to failure using the 
constitutive equations proposed in Table 1 and material 
parameters given in Table 2. Both a quadratic triangular 
membrane element 3M6 and a linear solid triangular prism 
element C3D6 were used in the computational modelling. 
The results indicated no noticeable differences in the 
performance of the two types of elements. The computational 
results shown in Figure 12 were obtained using the solid 
element. The computational results shown in Figure 12 at 
two different peak strains %60%,100 =ε  are the predicted 
responses. Although the time history of 0γ&  is estimated, the 
computations show a good correlation with the experimental 
results. The computational approach is then adopted for the 
modelling of both the axisymmetric and the asymmetric 
indentation of the chemically-treated circular membrane. 

The geometry of the axisymmetric membrane indentation 
problem is illustrated in Figure 13a. The boundary conditions 
and finite element discretization used in the computational 
modelling are indicated in Figure 13b. In the axisymmetric 
indentation problem, a rigid spherical indentor is centrally 
positioned to move normal to the plane of the edge supported 
circular membrane. The contact conditions between the 
indentor and the membrane have been chosen as the standard 
hard contact option available in the ABAQUS/Standard code. 
The computational modelling of the axisymmetric 
indentation is performed for a loading rate of 

secmm /318.0=∆& . The computation first considers the case 
where the contact between the indentor and the chemically-
treated PVC membrane is frictionless.  

Figure 14 shows the comparison of the load-displacement 
response determined from the computational modelling with 
equivalent results derived from the axisymmetric indentation 
with a specified loading rate. For purposes of comparison, 
results are also presented for the unloading mode. The 
computations were also carried out to include the case where 
the friction coefficient was determined from experiment (i.e. 

08.0=µ ) and the case where friction coefficient was an 
order of magnitude higher than that determined from 
experiment (i.e. 0.1=µ ). As observed, the computational 
results at 08.0=µ  tends to match the experimental data 
more accurately. 
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Figure 12.   Model representation by ABAQUS software of 
the stress-strain responses involving loading and unloading of 
treated PVC exposed to pure ethanol for 9 months  
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Figure 13.    Computational results of axisymmetric 
indentation on a chemically-treated PVC membrane. 
 

The computations also attempt to correlate the predicted 
deflected shapes with those recorded in the experiments. The 
computational estimates for the deflected profiles at different 
loading-unloading stages are presented in Figure 15. The 

),( zx  coordinates of the deflected profile shown in Figure 8a 
were determined using an image analysis procedure (Klette, 
et al., 1998). In this procedure, the physical dimensions of the 
coordinates, measured in terms of pixels in the image plane, 
can be obtained from a calibration against two scales of 
known dimensions that are located equidistant from the 
center of the membrane. The centers of both scales were 
aligned on a plane whose normal was parallel to the optical 
axis of the camera. Figure 15a presents results for three 
indentational displacements mm7.12=∆ , mm4.25  and 

mm8.50  obtained during the loading stage and Figure 15b 

shows the profile of the deflected shape in the completely 
unloaded state. Due to the visco-plastic effects in the 
polymeric material, the membrane experiences irreversible 
deformations after a complete loading-unloading cycle. As a 
result, the deflected profiles during loading differ from those 
determined during the unloading stage. When the indentation 
displacement ∆  reduces to zero after a complete loading-
unloading cycle, the membrane exhibits a pronounced 
permanent deformation. The computational results show an 
accurate prediction of the deflected profile during the loading 
stage, whereas the procedure slightly overestimates 
magnitude of these irreversible deflections. The 
overestimation of the irreversible deformation is also visible 
in the load-displacement response shown Figure 14.  
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Figure 14.    Load-displacement responses of the chemically-
treated PVC membrane subjected to axisymmetric 
indentation (symbols represent experimental data). 
 

We now focus on the problem involving the asymmetric 
indentation of a chemically-treated polymeric membrane. 
Figure 16a illustrates the geometry of the membrane, the 
location of the asymmetric indentation and the boundary 
conditions. The mesh discretization is shown in Figure 16b. 
During asymmetric indentation, contact is established at a 
distance mm42=Ω  from the center of the circular 
membrane. The asymmetric indentation is also performed at 
a loading rate of secmm /318.0=∆& . The computations first 
consider the case involving frictionless contact between the 
indentor and the chemically-treated PVC membrane (Figure 
17). The discrepancy between the experimentally derived 
load-displacement responses and the computational 
equivalents is more pronounced for the case involving 
asymmetric indentation. The asymmetric indentation of the 
chemically-treated PVC membrane can involve greater 
relative slip between the indentor and PVC membrane than in 
the case of axisymmetric indentation. Therefore the influence 
of the variation in the friction coefficient is more noticeable. 



 

Figure 18 presents a comparison between the deflected 
profiles derived from computational modelling and 
experimental results derived for the case involving a friction 
coefficient 08.0=µ . The results are presented for three 
indentation displacements mm4.25=∆ , mm8.31  and 

mm1.38 . As with the situation involving axisymmetric 
indentation, the computations provide an accurate 
representation for the deflected profiles during the loading 
stage, whereas the modelling slightly overestimates the 
irreversible deformation during complete unloading of the 
membrane. The overestimation of the irreversible 
deformation is also evident in the load-displacement response 
presented in Figure 17. 
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Figure 15.   Deflected shapes of a chemically-treated PVC 
membrane during axisymmetric indentation ( 08.0=µ ; 

secmm /318.0=∆& ; symbols represent experimental data) 
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Figure 16.    Computational results of axisymmetric 
indentation on a chemically-treated PVC membrane 
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Figure 17.    Load-displacement responses of the chemically-
treated PVC membrane subjected to axisymmetric 
indentation (symbols represent experimental data) 
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Figure 18.    Computational results of axisymmetric 
indentation on a chemically-treated PVC membrane 
( 08.0=µ ; secmm /318.0=∆& ; symbols represent 
experimental data) 

5 Conclusions 

The mechanical behaviour of a PVC membrane subjected to 
various levels of exposure to ethanol was examined via an 
indentation test. The experimental research examines the 
problem of a chemically-treated flat circular PVC membrane 
that is fixed at its boundary and subjected to both 
axisymmetric and asymmetric indentation. The indentation 
problem provides a useful technique for assessing the loss of 
the flexibility of the PVC material subjected to various levels 
of exposure to ethanol. The response of the PVC membrane 
subjected to pure ethanol exposure indicates a stiffness 
increase and a loss of flexibility and these effects diminish as 
the level of concentration decreases. In particular, a 
constitutive model, which incorporates yield-type 
phenomena, large strain deformability, irreversible effects 
and strain-rate sensitivity, is proposed for describing the 

mechanical behaviour of a PVC membrane subjected to a 9-
month exposure to pure ethanol. The material parameters 
determined through the uniaxial tensile testing have been 
used to characterize the constitutive behaviour of the 
chemically-treated PVC. The constitutive model is 
implemented in a computational code to predict the response 
of the membrane indentation tests. The results show that the 
computations can reasonably duplicate the trends in the 
experimental responses for the cases involving axisymmetric 
and asymmetric indentation of the clamped circular 
membrane. The deflected shapes predicted from the 
computational approach correlate well with the experimental 
data particularly in the loading stage. An overestimation of 
the irreversible deformation is observed during the unloading 
stage. 
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