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Abstract

The paper examines the problem of advective transport of a chemical, which is introduced
at the boundary of a spherical cavity contained in a fluid saturated non-deformable porous
medium of infinite extent. The advective Darcy flow is caused by a hydraulic potential,
maintained at a constant value at the boundary of the spherical cavity. Analytical results are

developed for the time- and position-dependent distribution of the chemical concentration in
the porous medium, in the presence of natural attenuation and time-dependent variability in
the boundary chemical concentration. The analytical results for advective transport problems

related to certain two-dimensional flows associated with an annular region are also presented.
The analytical solutions provide valuable benchmarks for calibration of computational codes
dealing with the advective transport problem. # 2002 Elsevier Science Ltd. All rights

reserved.

1. Introduction

The transport of chemicals and other contaminants in porous geological media is
a topic of fundamental importance to the general area of earth sciences and is of
particular interest to geo-environmental engineering. The basic mechanisms of
transport range from advective transport, which is dependent on an advective flow
velocity, to diffusive transport that depends on a concentration gradient. Although
the fundamental processes governing these basic modes of transport can be non-
linear and highly dependent on the micro-structural morphology of the porous
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medium, the linear theories associated with these basic transport processes provide
useful first approximations for the study of both advective and diffusive processes.
The advective transport is related to the flow velocity, which, in its linearized form,
is governed by Darcy flow and, similarly, the diffusive transport processes are gov-
erned by Fick’s law. The extent to which one process or the other dominates
depends primarily on the flow characteristics as opposed to the diffusive transport
characteristics of the system, which consists of the porous medium, the pore fluid
being transmitted and the chemical species that is being transported. There are,
however, situations where the advective flow velocities are sufficiently large enough
to transport the chemical species solely by advective transport. This paper investi-
gates some elementary advective transport problems resulting from such a situation.
The problem specifically focuses on transport from spherical cavities and annular
regions, the boundaries of which are subjected to a hydraulic potential to induce
steady flow through the porous medium. With this steady flow in place, the bound-
aries of the flow domains are subjected to a time-dependent chemical concentration
that induces the advective transport of the chemical. It is shown that the potential
flow resulting from a spherical cavity in an infinite space, an annular plane region
and an annular sector region the boundaries of which are maintained at a constant
potential can be evaluated in exact closed form. The advective transport problem is
then solved using a Laplace transform technique. Specific closed form results for
advective chemical migration from spherical and cylindrical cavities and annular
sector regions are presented and the utility of these solutions as they relate to cali-
bration of computational methodologies are also discussed.

2. Governing equations

The basic equation governing advective transport of a chemical species in a por-
ous medium has been presented in a number of textbooks dealing with geoenviron-
mental transport processes [1–12]. The mathematical similarity between the partial
differential equation governing advective transport of a chemical in a porous med-
ium and partial differential equations governing the flow of vehicular traffic, move-
ment of waves in shallow water, movement of charged particles such as electrons,
gas dynamics, biological processes, salt movement in oceans and heat flow in heat
exchangers is well documented [13–21]. For completeness, and for the sake of
clarity, we shall document here the derivation of the basic partial differential equa-
tion governing advective flow of a chemical species through a non-deformable por-
ous medium [21]. Consider an arbitrary region V of a porous medium with surface
S. The porosity of the medium, defined by the ratio of the volume of pore space to
the total volume, is denoted by n�. The concentration of the chemical species per unit
volume of the fluid contained in the pore space is defined by C x; tð Þ, where x is a
position vector and t is time. We can also define a concentration Ĉ x; tð Þ, which is
measured per unit total volume of the porous medium. At any given location at any
time
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Ĉ x; tð Þ ¼ n�C x; tð Þ: ð1Þ

The velocity vector defines the advective velocity averaged over the entire cross
section of the medium v̂ x; tð Þ. The flux is defined as the mass of the chemical species
either entering or leaving a unit area in unit time. The flux vector, or mass being
transported by advection, per unit total area per unit time is given by

Fa ¼ v̂Ĉ x; tð Þ ¼ n�v̂C x; tð Þ: ð2Þ

The total mass of the chemical species transported into the volume V of surface S
is given by

mi ¼ �

ð ð
S

FandS ð3Þ

where n is the outward unit normal to the elemental surface area dS. Applying the
divergence theorem, we can rewrite (3) as

mi ¼ �

ð ð ð
V

r: n�v̂C
� �

dV: ð4Þ

The species is assumed to accumulate in the fluid within the void space of the
porous medium. The rate of accumulation of the species is given by

ma ¼
d

dt

ð ð ð
V

n�CdV ¼

ð ð ð
V

n�
@C

@t
dV: ð5Þ

The rate of production/loss of the chemical species due to either generation (+) or
decay (�) processes within the porous medium is given by

mp ¼ �

ð ð ð
V

n��CdV ð6Þ

where � is a specific generation/decay rate referred to the fluid volume (i.e. measured
per unit time). For conservation of mass of the species we require ma ¼ mi þmp,
which, when combined with the Dubois-Reymond Lemma for the existence of a local
equation, gives the following first-order, linear partial differential equation of the
hyperbolic-type, governing advective transport of a chemical species:

@C

@t
þ r: v̂Cð Þ ¼ ��C: ð7Þ

In this paper we restrict attention to flow fields characterized by Darcy flow. The
flow velocities are governed by Darcy’s law, which for a hydraulically isotropic
medium is given by
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v̂ ¼ �kr� ð8Þ

where k is the hydraulic conductivity and � xð Þ is the reduced Bernoulli potential
governing fluid flow through the porous medium, which includes only the datum
potential and the pressure potential. For incompressible flow of the pore fluid and
for non-deformability of the porous solid,

r:v̂ ¼ 0 ð9Þ

and the elliptic partial differential equation governing the flow potential is Laplace’s
equation

r2� xð Þ ¼ 0: ð10Þ

The partial differential equations governing the advective transport problem are
therefore (7) and (10) respectively for the time-dependent chemical concentration
C x; tð Þ and for the flow potential � xð Þ. The initial boundary value problem govern-
ing C x; tð Þ is subject to an initial condition and usually a Dirichlet type boundary
condition are also prescribed on a given surface. The boundary value problem
governing � xð Þ is subject to Dirichlet type boundary conditions on SD, Neumann
type boundary conditions on SN and/or Robin type mixed boundary conditions
on SM, where the three separate surfaces are complementary sub-sets of S; i.e.
S ¼ SD

S
SN

S
SM.

3. Advective transport from a spherical cavity

We first consider the problem of a non-deformable porous medium of infinite
extent, which is bounded internally by a spherical cavity of radius a. The steady
fluid flow into the porous medium is caused by a flow potential that is constant at
the boundary of the prolate cavity and reduces uniformly to zero at large distances
from the cavity. When steady flow is maintained, the boundary of the cavity is
subjected to a chemical concentration C0F tð Þ, where C0 is a constant and F tð Þ is
some arbitrary function (Fig. 1). Since the flow potential is constant �0ð Þ at the
boundary of the spherical cavity, the flow problem is radially symmetric and the
flow potential is governed by Laplace’s equation in its spherically symmetric form;
i.e.

r2� Rð Þ ¼
d2�

dR2
þ

2

R

d�

dR
¼ 0 ð11Þ

with the single boundary condition � að Þ ¼ �0 and the regularity condition � Rð Þ ! 0
as R ! 1. The exact solutions for the distribution of potential and the radial flow
velocity are given by

528 A.P.S. Selvadurai / Computers and Geotechnics 29 (2002) 525–546



� Rð Þ ¼
�0a

R
; vR ¼

ka�0

R 2
: ð12Þ

Assuming that the porous medium contributes to the decay of the chemical with a
constant decay rate �, the appropriate form of the governing partial differential Eq.
(7) now reduces to

@C

@t
þ
�0ka

R2

@C

@R
¼ ��C: ð13Þ

The partial differential Eq. (13) needs to be solved, subject to a single boundary
condition and a single initial condition. Although the boundary conditions can vary
depending on the nature of the problem that is being discussed, we shall, throughout
this presentation, implicitly assume that the porous medium is initially at zero
chemical concentration; i.e.

C x; 0ð Þ � 0 ð14Þ

While there are a number of procedures that have been proposed in the literature
[2,21–23] for the solution of first-order partial differential equations of the type (13),
we shall adopt a procedure, which involves the use of Laplace transforms [24,25].
The use of Laplace transforms is both convenient and adequate. We define the
Laplace transform of C R; tð Þ with respect to the time variable as

Fig. 1. Advective chemical transport from a spherical cavity.
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c� R; sð Þ ¼ L C R; tð Þ
� �

¼

ð1
0

exp �stð ÞC R; tð Þdt ð15Þ

and since the initial chemical concentration in the porous medium is zero [see e.g.
(14)], we have

L
@C

@t

� �
¼ sc� R; sð Þ ð16Þ

Applying the Laplace transform to (13) we obtain an ordinary differential equa-
tion for the transformed dependent variable c� R; sð Þ, the solution of which is

c� R; sð Þ ¼ Aexp �
sþ �ð ÞR3

3k�0a

� �
ð17Þ

where A is an arbitrary constant that needs to be determined by considering the time
dependent chemical dosage at the boundary of the spherical cavity. i.e.

C a; tð Þ ¼ C0F tð Þ ð18Þ

the Laplace transforms of which gives

c� a; sð Þ ¼ C0 f sð Þ ð19Þ

where f sð Þ is the Laplace transform of F tð Þ. The exact form of F tð Þ is not important
to the discussion that follows; it is only sufficient to require that the Laplace trans-
form of F tð Þ exists. Using (19) we can solve for the arbitrary constant A, and by the
inverting the resulting expression for c� R; sð Þ, we obtain the following expression for
the time-dependent spatial distribution of the chemical from the spherical source:

C R; tð Þ

C0
¼ L�1 f sð Þexp �

sþ �ð Þ R3 � a3
	 


3�0ka

� �� �
ð20Þ

where L�1 refers to the inverse Laplace transform. The general result (20) for the
advective transport involving spherical symmetry can be evaluated by specifying
plausible time variations defined by F tð Þ along with the use of the convolution the-
orem for Laplace transforms defined by

L�1 f sð Þg sð Þ
� �

¼ F � G ¼

ðt
0

F uð ÞG t� uð Þdu: ð21Þ

Alternatively, the inversion can be carried out by appeal to Tables of Integral
Transforms [24], or through the use of symbolic mathematical manipulation soft-
ware such as MAPLE1 or MATHEMATICA1 [26] or through the use of numerical
inversion techniques. In the ensuing we shall present some analytical results for three
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specific forms of chemical dosage histories at the boundary of the spherical cavity.
We consider the case where the boundary of the spherical cavity is subjected to a

chemical concentration, which is in the form of a Heaviside step function: i.e.

F tð Þ ¼
0 ; �1 > t5 0
1 ; 04 t < 1

�
ð22Þ

In this case the result (20) gives

C R; tð Þ

C0
¼ exp ��l �ð Þð ÞH t� l �ð Þ½ 
 ð23Þ

where H t� l �ð Þ½ 
 is the Heaviside step function with the time shift

l �ð Þ ¼
a2

3�0k

R

a

� �3

�1

( )
; � ¼

R

a
: ð24Þ

The relevant solutions for situations involving no natural attenuation of the che-
mical concentration during its migration through the porous medium can be
obtained by setting � ¼ 0, in (23).
Next consider the case where the boundary of the spherical cavity is subjected to a

chemical concentration with a time-dependent decay of the form

C a; tð Þ ¼ C0exp �	tð Þ ð25Þ

where 	 is a non-negative constant. In this case, the time-dependent spatial variation
in the chemical concentration in the porous medium is given by

C R; tð Þ

C0
¼ exp �	t� � � 	ð Þl �ð Þð ÞH t� l �ð Þ½ 
 ð26Þ

We also consider the case where the boundary of the spherical cavity is subjected
to a time-dependent chemical concentration of the form

F tð Þ ¼ C0 1þ sin !tð Þ½ 
 ð27Þ

where ! is a circular frequency. The relevant solution for the time and position
dependent variation of chemical concentration within the porous medium is given
by

C R; tð Þ

C0
¼ exp ��l �ð Þ

� �
H t� l �ð Þ½ 
 1þ sin $ t� l �ð Þ½ 
ð Þ

� �
: ð28Þ

Solutions for other forms of time variations in the boundary concentration C0F tð Þ
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can be obtained by considering the basic procedures outlined in the preceding
equations. It is worth noting that approximate solutions to any arbitrary time var-
iation in the chemical concentration at the boundary of the spherical cavity can also
be obtained by considering the time variation as a summation of solutions, over
discrete time intervals, of the solution involving constant boundary concentrations
applied over a finite time interval. Other spectral methods can also be used for this
purpose but this does not add any new fundamental developments. For example,
consider the case where the boundary is subjected to a constant chemical dosage
over a finite time interval t 2 0; t�ð Þ such that the time-dependent chemical con-
centration in the porous medium

F tð Þ ¼
0
1
0

;
;
;

�1 > t5 0
04 t < t�

t > t�

8<
: ð29Þ

In this case the result (20) gives

C R; tð Þ

C0
¼ exp ��l �ð Þð Þ H t� l �ð Þ½ 
 �H t� t� � l �ð Þ½ 
½ 
 ð30Þ

with the Heaviside step functions being interpreted appropriately.

4. Advective transport in a plane circular region

We now focus attention on certain problems related to advective transport of a
chemical in a plane, with specific reference to an annular region. The in-plane
advective transport can be visualized as being a suitable model for contaminant
migration in either fractures with narrow aperture or thin porous seams contained
between relatively impermeable media, and the hydraulic conductivity is related to
the either the aperture of the fracture or the hydraulic conductivity of the seam
[27,28].
We first consider the problem of an annular porous region with internal radius a

and external radius b. The inner boundary of the annular region is maintained at a
constant hydraulic potential �0, and the outer boundary is maintained at zero
hydraulic potential (Fig. 2). This induces radially symmetric in-plane flow, governed
by

d2�

dr2
þ
1

r

d�

dr
¼ 0 ð31Þ

and the resulting solution for the velocity field is given by
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vr ¼
k�0

rln b=að Þ
: ð32Þ

Since the velocity field is singular at the origin, the location r ¼ 0 is excluded from
the solution domain. The velocity field is thus valid for 0 < r < 1 and 0 < 
 < 2�.
When this steady in-plane radial flow is established, the inner boundary of the
annular region is maintained at a chemical concentration C0F tð Þ, where F tð Þ is an
arbitrary function, but again with the proviso that its Laplace transform, f sð Þ, exists.
We shall also assume that the natural attenuation of the chemical as it migrates
through the porous medium has a decay rate � per unit time. Following (7), the
advective transport in the annular region is now governed by the partial differential
equation

@C

@t
þ

k�0

rln b=að Þ

@C

@r
¼ ��C: ð33Þ

We can proceed to solve the above equation, using the basic procedures outlined
previously. The time-dependent movement of the chemical within the porous med-
ium is now given by

Fig. 2. Advective chemical transport from a cylindrical cavity.
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C r; tð Þ

C0
¼ exp ��� �ð Þð ÞL�1 f sð Þexp �s� �ð Þð Þ

� �
ð34Þ

where

� �ð Þ ¼
a2 �2 � 1
	 


ln b=að Þ

2k�0
; � ¼

r

a
: ð35Þ

The specific solutions for the time-dependent chemical concentration within the
porous medium can now be obtained by prescribing the variation F tð Þ. For the spe-
cific case when the function has a time dependency in the form of a Heaviside step
function defined by (22), the time and spatial distribution of the chemical con-
centration is given by a result similar to (23) obtained for the problem involving
spherically symmetric migration from a spherical cavity: i.e.

C r; tð Þ

C0
¼ exp ��� �ð Þð ÞH t� � �ð Þ½ 
: ð36Þ

Results for other time-dependent variations of chemical concentration at the
boundary of the cavity can be obtained in a similar manner.

Fig. 3. Advective chemical transport in porous medium due to circular flow.
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We now focus on the problem of advective transport of a chemical resulting from
circular flow in an annular domain r 2 a; bð Þ and 
 2 0þ "; 2�� "ð Þ, where " is a
small parameter. Consider the flow problem where the circular boundaries r ¼ a and
r ¼ b of the annular domain are subjected to Neumann-type no flow boundary
conditions and the plane boundaries 
 ¼ 0þ " and 
 ¼ 2�� " are maintained at
constant potentials �0 and 0 respectively (Fig. 3). The boundary value problem
resulting from flow in the porous medium is governed by the partial differential
equation

@2�

@r2
þ
1

r

@�

@r
þ

1

r2
@2�

@
2
¼ 0 ð37Þ

subject to the boundary conditions

� r; 0ð Þ ¼ �0;� r; 2�ð Þ ¼ 0 ð38Þ

@�

@r

� �
r¼a

¼ 0;
@�

@r

� �
r¼b

¼ 0: ð39Þ

Considering the complete general solution for Laplace’s equation [21], given by

� r; 
ð Þ ¼ Alnrþ B
lnrþ C
 þDþ
X1
n¼1;2;

Anr
n þ

Bn

rn

� �
Cnsinn
 þDncosn
½ 
 ð40Þ

where A;B;C;D;An;Bn, etc., are arbitrary constants, it can be shown that the
solution to the boundary value problem is given by

� r; 
ð Þ ¼ �0 1�



2�

� �
: ð41Þ

The circular flow in the annular region is given by the velocity vector

v ¼
k�0

2�r
i
: ð42Þ

Since the velocity field is singular at the origin, the location r ¼ 0 can be excluded
from the solution domain. The velocity field is thus valid for 0 < r < 1 and
04 
 < 2�. The advective transport in the annular domain is governed by the par-
tial differential equation

@C

@t
þ

k�0

2�r2
@C

@

¼ ��C ð43Þ

The partial differential Eq. (43) can be solved using a Laplace transform technique
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and employing the boundary condition

C r; 0; tð Þ ¼ C0F tð Þ: ð44Þ

Avoiding details, it can be shown that the time-dependent distribution of chemical
concentration in the porous domain is given by

C r; 
; tð Þ

C0
¼ exp ��� �ð Þð ÞL�1 f sð Þexp �s� �ð Þð Þ

� �
ð45Þ

where

� �ð Þ ¼
2�a2

k�0
�2
; � ¼

r

a
: ð46Þ

In the particular instance when the boundary of the region 
 ¼ 0 is subjected to a
chemical dosage in the form of a Heaviside step function of time, (45) gives

C r; 
; tð Þ

C0
¼ exp ��� �ð Þð ÞH t� � �ð Þ½ 
: ð47Þ

Again, specific expressions for situations involving other forms of time-dependent
variations in the chemical concentration at the boundary 
 ¼ 0; r 2 a; bð Þ can be
obtained by specifying the appropriate variations for the function F tð Þ. It is also
worth noting that since the flow in the region corresponds to circular flow and the
chemical concentration is maintained constant on the plane 0 < x < 1; y ¼ þ" and
zero along 0 < x < 1; y ¼ �", where " is a small parameter, the solution is applic-
able to the entire domain but which excludes the origin.

5. Numerical results

Since the final results for the time-dependent variation of chemical concentration
in the porous medium induced by the advective flow process can be evaluated in
exact closed form it is not necessary to provide extensive numerical results. It is
nonetheless instructive to present some typical numerical results to illustrate the
pattern of migration of the chemical mainly for the case involving a boundary che-
mical dosage in the form of a Heaviside step function of constant intensity
C tð Þ ¼ C0. In all cases, the general form of the time- and position-dependent che-
mical concentration can be evaluated in the form

C R; tð Þ

C0
¼ exp �	t� � � 	ð Þ� �ð Þð ÞH t�� �ð Þ½ 
 ð48Þ

where � is the attenuation factor associated with the porous medium, 	 is the decay
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factor associated with the boundary chemical flux and � �ð Þ is a function which
depends on the hydraulic conductivity of the porous medium, the radius of the
cavity, the hydraulic potential inducing Darcy flow and the normalized radial dis-
tance �.
For purposes of illustration, we first consider the problem of a spherical cavity of

radius a ¼ 3 m, which is located in a porous medium of hydraulic conductivity k ¼

Fig. 5. Spherically symmetric advective chemical transport from a spherical cavity. Location of the

chemical front C R; tð Þ=C0 in the presence of attenuation effects in the porous medium.

Fig. 4. Spherically symmetric advective chemical transport from a spherical cavity. Location of the

chemical front C R; tð Þ=C0 in the absence of attenuation effects in the porous medium.
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Fig. 7. Spherically symmetric advective chemical transport from a spherical cavity, due to a pulse of

constant concentration. Location of the chemical front C R; tð Þ=C0 in the presence of attenuation effects in

the porous medium.

Fig. 6. Spherically symmetric advective chemical transport from a spherical cavity, due to a pulse of

constant concentration. Location of the chemical front C R; tð Þ=C0 in the absence of attenuation effects in

the porous medium.
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Fig. 9. Spherically symmetric advective chemical transport from a spherical cavity; influence of a time-

dependent boundary flux. Location of the chemical front C R; tð Þ=C0 in the presence of attenuation effects

in the porous medium.

Fig. 8. Spherically symmetric advective chemical transport from a spherical cavity; influence of a time-

dependent boundary flux. Location of the chemical front C R; tð Þ=C0 in the absence of attenuation effects

in the porous medium.
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Fig. 11. Radially symmetric in-plane advective chemical transport from a cylindrical cavity. Location of

the chemical front C r; tð Þ=C0 in the presence of attenuation effects in the porous medium (b=a ¼ 100Þ.

Fig. 10. Radially symmetric in-plane advective chemical transport from a cylindrical cavity. Location of

the chemical front C r; tð Þ=C0 in the absence of attenuation effects in the porous medium (b=a ¼ 100Þ.
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3� 10�2 m/day. The advective flow is induced under a boundary hydraulic potential
of �0 ¼ 100 m and the natural attenuation factor for the chemical in the porous
medium is taken as � ¼ 0:005/day. The analytical results have been evaluated by
using the symbolic mathematical manipulation software MATHEMATICA1.
Other software with similar capabilities can also be used to display the results. Fig. 4
illustrates the time- and position-dependent variation of the chemical concentration
within the porous medium for the simple case involving migration without the nat-
ural attenuation. It is evident that, unlike for the case of purely one-dimensional
column reactor-type problem [21], the spatial position of the migration front is not a
linear function of the independent variables. Fig. 5 shows the case when the porous
medium exhibits natural attenuation � ¼ 0:005/day. As a further illustration we
consider the problem where the surface of the spherical cavity is subjected to a
constant chemical concentration of finite strength for a limited duration. The solu-
tion to this problem is given by the result (30), and the duration of the chemical
dosage is set at t� ¼ 500 h. The dimensions of the cavity, the hydraulic conductivity
of the porous medium, the hydraulic potential �0 and the attenuation factor � are
exactly the same as those used previously. Figs. 6 and 7 illustrate, respectively, the
time- and position-dependent variation in the chemical concentration within the

Fig. 12. Advective chemical transport in a quarter-plane region of a porous medium, which exhibits no

attenuation effects. (The visual presentation of the results is limited to the region r > 2, x < 10 and

y < 10:)
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porous medium either in the absence or presence of attenuation. We next consider
the case where the chemical dosage at the boundary of the spherical cavity exhibits a
decay rate 	 ¼ 0:001/day. Fig. 8 presents results for the case where advective che-
mical transport takes place in the absence of attenuation effects in the porous med-
ium and Fig. 9 presents results for the case where attenuation effects are present.
Figs. 10 and 11 relate to the problem of advective in-plane transport of a chemical

that is induced by radially symmetric flow in an annular region. The inner radius of
the annular region is taken as 2 m and the radii ratio b=a ¼ 100. For the purposes of
illustration, the attenuation factor for the porous medium is set equal to � ¼ 0:0005/
day, which is an order of magnitude lower than that used previously in connection
with the numerical evaluation of the results applicable to the case of the spherical
cavity. Fig. 10 is applicable to the case involving no natural attenuation in the por-
ous medium and Fig. 11 gives results that account for the attenuation.
Finally we consider the problem of the advective chemical transport induced by

circular flow in a plane region. Since the result is applicable to the complete plane,
which excludes the origin, it is possible to display the results in relation to the
quadrant of the quarter-plane, occupying the entire region r5 0. Also, for purposes
of visual presentation, only the quadrant region where r > 2, x < 10 and y < 10 is
considered. [Also, in this case, the factor 2� occurring in the first equation of (46)

Fig. 13. Advective chemical transport in a quarter-plane region of a porous medium, which exhibits

attenuation effects. (The visual presentation of the results is limited to the region r > 2; x < 10 and

y < 10.)
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should be replaced by �=2]. The requirement is that any boundary that is placed to
define a specific domain should satisfy the requirement for the existence of circular
flow within the region. Two concentric circles of arbitrary radii will always satisfy
this condition. In this sense, the solution developed has wider applicability for
description of the in-plane transport processes. Also for the purposes of illustration,
the length parameter a ¼ 2 m, the hydraulic conductivity k ¼ 3� 10�2 m/day, the
hydraulic potential �0 ¼ 100 m and the attenuation parameter for the porous med-
ium is taken as � ¼ 0:01/day. The boundary y ¼ 0 is subjected to a constant chemi-

Fig. 14. Advective chemical transport in a quarter-plane region of a porous medium: an illustration of the

influence of attenuation. (The visual presentation of the results is limited to the region 0:001 < x < 100

and 0:001 < y < 100.)
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cal concentration with a time dependency in the form of a Heaviside step function.
The appropriate solution is given by (47). Fig. 12 illustrates the spatial variation of
the chemical concentration, for selected times as indicated, for the case where there
is no attenuation of the chemical as it migrates through the quarter-plane region (i.e.
� ¼ 0). Similarly, the results shown in Fig. 13, account for effects of attenuation in
the porous medium. Finally, Fig. 14 illustrates the significant influences of the effects
of attenuation on the spatial distribution of chemical concentration over an exten-
sive region, where a ¼ 0:01 m, 0:01 < x < 100 and 0:01 < y < 100, and for a rela-
tively long duration of 4000 h. In the case a medium with no attenuation, a
significant part of the region of interest is occupied by the chemical.

6. Concluding remarks

The modelling of transport processes by appeal to purely advective processes is, of
course, a highly idealized theoretical framework for examining very complex phe-
nomena involving the movement of chemicals in porous media. The primary pur-
pose of this paper is to illustrate the basic features of the advective transport process
by appeal to some elementary problems for which exact closed form solutions are
possible. It is shown that, owing to the closed form nature of the potential flow
problem in the situations considered, the solutions for the advective transport
problem can also be obtained in explicit closed form. The analytical solutions pre-
sented here have several important attributes; first, from an educational perspective,
they form ideal vehicles for introducing the subject in terms of the study of a well-
posed initial boundary value problem in mathematical modelling, albeit, for the
linearized problem in advective transport in a porous medium. An appreciation of
fundamental aspects of the advective transport problem is better gained by examin-
ing relatively elementary problems rather than complex ones that are burdened by
numerical rigour. Second, the treatment of the chemical source as, say, a spherical
cavity, gives the problem an all-important physical dimension of length which is
absent if one were to consider the problem simply as a point source of prescribed
strength. In this sense the problems are multi-dimensional. Third, despite their sim-
plicity, the solutions can be used to significant advantage to conduct preliminary
scoping calculations for advective transport problems that can be encountered in
geoenvironmental engineering practice; the advective flow problem essentially gives
plausible times for the arrival of the chemical and its most concentrated form,
without the benefits of diffusive processes, which will invariably ‘‘smear out’’ the
concentration profile without a definable discontinuous ‘‘migrating front’’. Fourth,
as the spatial dimensions of the region of transport increases and as the time of the
chemical dosing persists, the solution for, say, the spherical cavity problem will
closely approximate the chemical transport pattern that could be applicable to a
cavity source of arbitrary shape, the boundary of which is maintained at a constant,
but time-variable concentration. Finally, analytical solutions, however elementary
they may be, serve as all important benchmarks for the calibration of computational
procedures that are increasingly being used, somewhat unhesitatingly, to model
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practical engineering problems involving both linear and non-linear advective
chemical transport in porous media. Although the analytical solutions presented in
the paper are deceptively simple, they have associated with them solutions that dis-
play discontinuities. Furthermore these discontinuities are ‘‘propagating dis-
continuities’’ or from a mathematical perspective they are ‘‘shock structures ’’ in the
solution. These aspects are difficult to handle numerically, and the robustness of a
computational scheme, in terms of the competing influences of accurate modelling
of a discontinuous front, numerical damping and stability of time-integration
schemes [19,29–31] can be adequately assessed through the use of analytical solu-
tions of the type described in this paper. The methodologies presented in the paper
can be further extended to include effects such as non-classical time variations in the
boundary chemical concentration and time-dependency in both the hydraulic
conductivity and the attenuation coefficient. Such extensions are left for further
exercises.
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