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The penny-shaped crack at a bonded plane with localized elastic non-homogeneity
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Abstract – This paper examines the axisymmetric problem pertaining to a penny-shaped crack which is located at the bonded plane of two similar
elastic halfspace regions which exhibit localized axial variations in the linear elastic shear modulus, which has the formG(z)= G1 +G2e±ζz . The
equations of elasticity governing this type of non-homogeneity are solved by employing a Hankel transform technique. The resulting mixed boundary
value problem associated with the penny-shaped crack is reduced to a Fredholm integral equation of the second kind which is solved in a numerical
fashion to generate the crack opening mode stress intensity factor at the tip. 2000 Éditions scientifiques et médicales Elsevier SAS
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1. Introduction

The classical problem related to the penny-shaped crack embedded in a homogeneous isotropic elastic
medium was first investigated by Sneddon (1946) who employed dual integral equation techniques. The
problem was subsequently investigated by Sack (1946) who used a formulation based on spheroidal harmonic
function techniques. The investigations by Mossakovskii and Rybka (1964), Erdogan (1965), Kassir and
Bregman (1972), Lowengrub and Sneddon (1972), Willis (1972) and Erdogan and Arin (1972) extended these
studies to include penny-shaped cracks located at the interface of bi-material elastic regions. References to
related problems are also given by Kassir and Sih (1975), Atkinson (1979) and Sih and Chen (1981). The
present paper examines the problem related to a penny-shaped crack which is located at the bonded plane
of two similar elastic solids which exhibit a near interface elastic non-homogeneity. Crack problems related to
non-homogeneous elastic media have been examined by a number of investigators. Singh and Dhahliwal (1978)
have examined the problem of a Griffith crack in a non-homogeneous elastic medium where the shear modulus
varies according to an exponential law. Gerasoulis and Srivastav (1980) have examined the Griffith crack
problem for an isotropic elastic medium where the shear modulus varies and is a function of the distance
from the plane of the crack. The class of problems involving the internal pressurization of a plane crack located
at the boundary of non-homogeneous elastic medium was examined by Delale and Erdogan (1983). Delale and
Erdogan (1988a and b) have also extended these studies to include the problem of a crack embedded at the
interface between a homogeneous halfplane and a non-homogeneous elastic halfplane. Studies by Erdogan
et al. (1991a and b), Erdogan and Ozturk (1992), Ozturk and Erdogan (1993 and 1995) and Clements et
al. (1997) also deal with plane and axisymmetric crack problems related to non-homogeneous media. A detailed
account of the axisymmetric contact problem related to non-homogeneous media is given by Selvadurai (1996).
Selvadurai and Lan (1998) have examined problems related to non-homogeneous media where the non-
homogeneity has a harmonic variation. Spencer and Selvadurai (1998) have recently examined a class of
crack and dislocation problems related to anti-plane straining of a generalized non-homogeneous elastic solid.
Ozturk and Erdogan (1995) cite a number of situations where the elastic non-homogeneity in the vicinity of the
crack region is important to engineering applications; these include, chemical reaction zones or diffusion zones
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Figure 1. Penny-shaped crack at the bonded plane of two halfspace regions with localized elastic non-homogeneity.

which can be created in an otherwise homogeneous medium as a result of processing techniques such as ion
plating, sputtering or plasma spray coating. The interfacial non-homogeneity can also be purposely introduced
to minimize concentration of residual and thermal stresses and to increase bonding strength.

In the formulation of a majority of crack problems involving non-homogeneous elastic media, except
those involving a non-homogeneous interfacial zone of finite thickness, the variation in the shear modulus
is usually specified as an exponential function of the axial coordinate. If, as for most crack problems, the
non-homogeneous region is unbounded, the elastic constants can themselves be unbounded as the spatial
coordinate(s) approach infinity. Consequently, it is useful to examine the class of crack problems related to
non-homogeneous elastic media where the elastic non-homogeneity exhibits a variation but would be bounded
in relation to an elastic infinite space. This paper therefore examines a localized inhomogeneity which has an
exponential form with a bounded axial variation. The paper focuses on the specific problem related to a penny-
shaped crack which is located at the plane boundary between two identical halfspace regions where the shear
modulus varies in an exponential manner (figure 1). The problem is of particular interest to the examination
of the flaws located at the bonded boundary between identical porous elastic media. The changes in the elastic
properties, notably the linear elastic shear modulus, can occur as a result of diffusion of the adhesive material
into the porous medium, resulting in a localized alteration of the elastic constants. Similar considerations
can apply to changes in the elasticity properties in the vicinity of bonded surfaces which can result from
chemical changes and moisture-diffusion in the parent material which can be induced by the adhesive (see,
e.g., Plueddemann, 1974; Anderson et al., 1977; de Lollis, 1985; Pizzi and Mittal, 1994 and Mittal, 1995).

The paper presents the integral equations governing the penny-shaped crack problem and the numerical
results for the stress intensity factor at the tip of the crack. It illustrates the manner in which the stress intensity
factor can be influenced by the localized elastic non-homogeneity.
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2. Governing equations

We consider axisymmetric deformations of an isotropic non-homogeneous elastic material such that the
linear elastic shear modulusG(r, z) and Poisson’s ratioν(r, z) have specific variations of the form

G(r, z)=G(z); ν(r, z)= ν = constant. (1)

For axisymmetric deformations of the linearly elastic material we have

ui = (ur,0, uz) (2)

and

σij = 2G(z)εij + 2G(z)

1− 2ν
εkkδij , (3)

whereσij is the stress tensor;εij is the strain tensor;δij is Kronecker’s delta function andεkk = εrr+εθθ+εzz =
e. In the absence of body forces, the equations of equilibrium can be expressed in the forms
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− ur
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where∇2 is the axisymmetric form of Laplace’s operator referred to the cylindrical polar coordinate system,
i.e.

∇2= ∂2

∂r2
+ 1

r

∂

∂r
+ ∂2

∂z2
. (6)

We now restrict our attention to the specific form of the axial variations inG(z) such that

G(z) = G1+G2e−ζz for 06 z <∞,
G(z) = G1+G2eζz for −∞< z6 0.

(7)

In order to ensure bounded variation inG(z) as|z| →∞ we requireζ > 0. The values ofG1 andG2 must be
prescribed in such a way that the thermodynamic constraints which ensure positive definiteness of the strain
energy in the medium is satisfied at every point in the medium; i.e.

G(z) > 0; G1> 0 for z ∈ (−∞,∞). (8)

It is also possible to interpretG1 andG2 in terms of the shear moduli that may be prescribed atz = 0 and
z→±∞. If we denote the shear modulus at the interface between the bonded halfspace region byGi and the
shear modulus atz→±∞ byG∞, then

G1=G∞; G2=Gi −G∞. (9)

In the ensuing we shall assume thatGi > 0; G∞ > 0 and that(Gi − G∞) 6= 0. For the examination of the
axisymmetric crack problem we consider Hankel transform representations of the displacement componentsur
anduz in the following forms (see, e.g., Sneddon, 1951):
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ur(r, z)=H1
[
ξ−1A(ξ)U(ξ, z); r], (10)

uz(r, z)=H0
[
ξ−1A(ξ)W(ξ, z); r], (11)

whereA(ξ) is an arbitrary function. The Hankel operator of orderν is given by

Hν
[
f (ξ, z); r]= ∫ ∞

0
ξf (ξ, z)Jν(ξr)dξ, (12)

whereJν , is theνth order Bessel function of the first kind. The representations (10) and (11) can be used to
reduce the displacement equations of equilibrium to the forms

d2U
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− 2(1− ν)

1− 2ν
ξU − ξ

1− 2ν
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+ q(z) ξν
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where

q(z)= 1

G(z)

dG(z)

dz
. (15)

In order to formulate the mixed boundary value problem associated with the crack problem we require
expressions similar to (10) and (11) for the stress componentsσzz and σrz. Considering (3), (10) and (11)
we have

σzz=H0

[
2G(z)(1− ν)

1− 2ν

{
dW

dz
+ νξU

1− ν
}
ξ−1A(ξ); r

]
, (16)

σrz=H1

[
−G(z)

{
−dU
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+ ξW

}
ξ−1A(ξ); r

]
. (17)

Expressions for the remaining stress components can also be obtained in a similar manner.

3. The penny-shaped crack problem

We examine the problem of a penny-shaped crack which is located at the interface between identical
halfspace regions in which the shear modulus varies axially according to the relationships (7). The elastic
medium is subjected to a uniform axial stressσ0. Due to the axial symmetry of the loading and the spatial
symmetry of the elastic non-homogeneity about the planez = 0, the crack problem can be formulated as a
mixed boundary value problem related to the halfspace region, say,z > 0. It can be shown that the mixed
boundary value problem governing the penny-shaped crack is equivalent to the following:

uz(r,0)= 0; a6 r <∞, (18)

σzz(r,0)=−σ0; 0< r < a, (19)

σrz(r,0)= 0; 06 r <∞. (20)

These boundary conditions in conjunction with the relationships (11), (16) and (17) lead to the following system
of dual integral equations:

H0
[
W(ξ,0)ξ−1A(ξ); r]= 0; a6 r <∞, (21)

H0

[
2Gi(1− ν)

1− 2ν
R(ξ)A(ξ); r

]
=−σ0; 06 r < a, (22)
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where

R(ξ)= 1

ξ

[
dW

dz
+ ν

1− ν ξU
]
z=0
. (23)

Introducing a new functionD(ξ) such that

D(ξ)=W(ξ,0)A(ξ) (24)

and the finite Fourier transform forD(ξ) as

D(ξ)=− σ0(1− 2ν)

Giπ(1− ν)
∫ a

0
ψ(t)sin(ξ t)dt (25)

it can be shown that (21) is automatically satisfied and (22) can be reduced to a single Fredholm, integral
equation of the second kind:

ψ(t)+ 2

π

∫ a

0
ψ(s)ds

∫ ∞
0
K(ξ)sin(ξs)sin(ξ t)dξ = t; 0< t < a, (26)

where the kernel function is defined by

K(ξ)= R(ξ)

W(ξ,0)
− 1. (27)

The solution of (26) can be used to evaluate the displacement and stress fields within the non-homogeneous
elastic medium. A result of primary importance to fracture mechanics of the bonded interface concerns the
stress intensity factor at the crack tip which is defined by

Ka
I = lim

r→a+
[
2(r − a)]1/2σzz(r,0). (28)

Using the result forσzz derived in terms ofψ(t), the stress intensity factor (28) can be expressed in the form

Ka
I =

2σ0

π

ψ(a)√
a
. (29)

4. Numerical analysis and results

The form of the kernel function of the Fredholm integral equation (26) is such that it is not amenable to
solution in an exact form. This is primarily due to the fact that the functionsR(ξ) andW(ξ,0) can only be
obtained from an approximate solution of the reduced differential equations (13) and (14). The differential
equations (13) and (14) are subject to boundary and regularity conditions

dU

dz
− ξW = 0; z = 0, (30)

U =W = 0; z→∞, (31)

U = 1; z = 0. (32)

The differential equations (13) and (14) subject to the boundary and regularity conditions (30)–(32) can be
solved by a trial and error or multiple shooting technique (Fox, 1962). The regularity condition (31) can be
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accommodated in the numerical scheme by adopting a special technique. The limitz→∞ can be replaced by
a finite limit z= L. If we consider the variation ofG(z) for z> 0 we can write

q(z)= 1

G(z)

dG(z)

dz
= −ηζe−ζz

1+ ηe−ζz
, (33)

whereη= (Gi−G∞)/G∞. Sinceq(z)→ 0 asz→∞,U andW will have solutions of order e−ξz. As a result,
we can chooseL, such that ∣∣e−ζL∣∣< ε; ∣∣e−ξL∣∣< ε (34)

and for eachζ andξ and a permissible errorε,

L=max
[
− logε

ξ
,− logε

ζ

]
. (35)

It is also convenient, for the purposes of the numerical evaluations, to represent the kernel functionK(ξ) in the
following form:

K(ξ)= −2(1− ν)2
1− 2ν

− 1+ B

1+ ξ2
+

N∑
j=1

Cje
−ξj , (36)

whereB andCj are constants which are determined via a least square technique, and the value ofj can be
assigned any integer order. Making use of (36) and the integrals∫ ∞

0
sin(xξ)sin(xs)dx = π

2
δ(ξ − s), (37)∫ ∞

0

sin(xξ)sin(xs)dx

1+ x2
= π

4

[−e−(ξ+s) + e−(|ξ−s|)
]
, (38)∫ ∞

0
e−jx sin(xξ)sin(xs)dx = 1

2

[ −j
j2+ (ξ + s)2 +

j

j2+ (ξ − s)2
]
, (39)

whereδ(ξ − s) is the Dirac delta function, the integral equation (26) can be transformed into

(1+A∗)ψ(t)+
∫ a

0
ψ(s)K∗(s, t)ds = t; 0< t < a, (40)

where

A∗ = −
{

1+ 2(1− ν)2
1− 2ν

}
(41)

and

K∗(s, t)= B
2

{−e−(t+s)+ e−(|t−s|)
}+ 1

π

N∑
j=1

Cj

[ −j
j2+ (t + s)2 +

j

j2+ (t − s)2
]
. (42)

The solution of the transformed integral equation (40) can be achieved by employing standard techniques
outlined by Baker (1977), and Delves and Mohamed (1985), which involves a matrix representation of the
form

[Aij ]{ψ(tj )}= {�i}, (43)
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where

Aij = (1+A∗)δij +K∗(ti, tj )h (44)

and for the interval[0, a], withM segments,h= a/M; ti = (i − 1
2)h with i = 1,2, . . . ,M .

5. Numerical results

The numerical procedure outlined in the previous section was used to develop results for the stress intensity
factor at the crack tip. The choice of the discretization integerN used in the representation (36) for the kernel
function needs to be specified by comparing the accuracy of numerical estimates for increasing values of the
integer. It is observed thatN = 4 gives results which are sufficiently accurate for the graphical presentation of
the results. A further parameter which governs the accuracy of the solution is the valueL which prescribes in
the numerical scheme, the numerical limit asz→∞. It is found that the solution converges whenL> 40a. The
localized non-homogeneity associated with two bonded regions can be characterized by two non-dimensional
parameters. The parameterGi/G∞which describes either a bonded interface which is stiffer than the parent
material (Gi > G∞) or a bonded interface which has experienced softening(Gi < G∞). The parameter
ζ (= ζa) describes the axial variation (either growth or decay) of the shear modulus from the interface. In
order to present the numerical results it is also convenient to normalize them in relation to the stress intensity
factor for a penny-shaped crack which is located in a homogeneous elastic medium which is given by

Ka
I0=

2σ0
√
a

π
. (45)

The stress intensity factor for the penny-shaped crack can be obtained from the solution of the integral
equation (40) and the result (29).Figures 2–4illustrate the variation of the stress intensity factor at the crack
tip due to variations in the localized elastic non-homogeneity. In the particular instance whenζ is large, the
stress intensity factorKa

I can be obtained by an application of theJ -integral. This limiting case has similarities
to the problem of crack path selection in brittle adhesives presented by Fleck et al. (1991). Asζa→∞, the
stress field at the vicinity of the crack tip corresponds to a state of plane strain. Considering a plane normal to
the crack front, letr be the distance from the crack tipζ r � 1, the stress field scales with the stress intensity

Figure 2. Penny-shaped crack at a bounded interface: effects of the localized non-homogeneity on the non-dimensional stress intensity factorKa
I
/Ka

I0
for ν = 0 and for values ofζ = (0,0.1,1.0,2.0, and 3.0).
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Figure 3. Penny-shaped crack at a bounded interface: effects of the localized non-homogeneity in the shear modulus on the non-dimensional stress
intensity factorKa

I
/Ka

I0 for ν = 0.25 and for values ofζ = (0,0.01,0.1,1.0,2.0, and 3.0).

Figure 4. Penny-shaped crack at a bounded interface: effects of the localized non-homogeneity in the shear modulus on the non-dimensional stress
intensity factorKa

I
/Ka

I0 for ν = 0.49 and for values ofζ = (0,0.01,0.1,1.0,2.0, and 3.0).

factorKa
I which is to be determined. At distances remote from the crack tip(1� ζ r � ζa) the stress field is

the same as that for a penny-shaped crack in a homogeneous material with the stress intensity factor defined
by (45). The two stress intensity factors are connected by the conservationJ -integral

(1− νi)(Ka
I )

2

Gi

= (1− ν∞)(K
a
I0)

2

G∞
. (46)

When the two Poisson’s ratios are identical, (46) gives

Ka
I

Ka
I0
=
(
Gi

G∞

)1/2

. (47)

This result can be regarded as a limiting result for a bonded interface with a highly localized alteration in the
elastic modulus at the bonded plane. The results corresponding to (47) closely resemble the numerical results
given infigures 2–4corresponding toζa = 3.
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6. Concluding remarks

The study of the mechanics of bonded surfaces invariably require the evaluation of their resistance to fracture.
In previous studies involving the modelling of bonded regions, the junction surface has been modelled either as
a distinct zone of differing but constant elastic properties or as a distinct zone with variable elastic properties.
The non-homogeneities have largely been restricted to axial variations in the linear elastic shear modulus
while the Poisson’s ratio is assumed to be constant. In this study an alternative model for the mechanics of
a penny-shaped crack at the bonded plane between identical elastic half-spaces is considered. The elastic non-
homogeneity allows for the gradual alteration in the elastic characteristics of the halfspace regions, ranging
from, softened behaviour(Gi < G∞) to stiffer behaviour(Gi > G∞). Both variations are plausible situations
which can address alterations in the elasticity parameters which can be induced by long term chemical reaction
effects and, most notably, the influence of adhesive migration due to suction and diffusion phenomena in porous
elastic materials. In these situations the elastic properties are expected to vary gradually with distance from the
bonded plane. The exponential form of the shear modulus has sufficient flexibility to represent near surface
variations and to maintain the spatial variations which are bounded within the infinite medium. The results
derived from the analysis of the penny-shaped crack problem indicate that in the limit asGi/G∞→ 1 or when
ζ → 0, the result reduces to the classical result for a penny-shaped crack which is located in a homogeneous
elastic solid. As the elastic modulus in the vicinity of the bonded plane increases, and providedζ > 0, the stress
intensity factor is amplified. Similarly, as the modulus at the bonded plane region decreases in relation to the
far field elastic modulus, the stress intensity factor is attenuated for all choices ofζ > 0. In the limiting case
when the non-homogeneity is highly localized to the vicinity of the bonded plane, the stress intensity factor
can be estimated from the conservationJ-integral approach which indicates that the normalized stress intensity
factor varies as

√
Gi/G∞.

Acknowledgement

The work described in this paper was supported in part by an Operating research grant awarded by the Natural
Sciences and Engineering Research Council of Canada. The author acknowledges the assistance of Dr Q. Lan in
checking the numerical computations. The author is grateful to a referee for comments concerning the limiting
solutions corresponding to the localized elastic non-homogeneity.

References

Anderson G.P., Bennett S.J., de Vries K.L., 1977. Analysis and Testing of Adhesive Bonds. Academic Press, New York.
Arin K., Erdogan F., 1971. Penny-shaped crack in an elastic layer bonded to dissimilar halfspaces. Int. J. Engrg. Sci. 9, 213–232.
Atkinson C., 1979. Stress singularities and fracture mechanics. Appl. Mech. Rev. 32, 123–130.
Baker C.T.H., 1977. The Numerical Treatment of Integral Equations. Clarendon Press, Oxford.
Clements D.L., Ang W.T., Kusuma J., 1997. A note on anti-plane deformations of inhomogeneous elastic materials. Int. J. Engrg. Sci. 35, 593–601.
de Lollis N.J., 1985. Adhesives, Adherends and Adhesion. R.E. Krieger Publ. Co., Malabar, Fla.
Delale F., Erdogan F., 1983. The crack problem for a nonhomogeneous plane. J. Appl. Mech. 50, 609–614.
Delale F., Erdogan F., 1988a. Interface crack in a non-homogeneous elastic medium. Int. J. Engrg. Sci. 26, 559–568.
Delale F., Erdogan F., 1988b. On the mechanical modelling of the interfacial region in bonded half-planes. J. Appl. Mech. 55, 317–324.
Delves L.M., Mohamed J.L., 1985. Computational Methods for Integral Equations. Cambridge University Press, Cambridge.
Erdogan F., 1965. Stress distribution in bonded dissimilar materials containing circular or ring shaped cavities. J. Appl. Mech. 32, 829–836.
Erdogan F., Kaya A.C., Joseph P.F., 1991a. The crack problem in bonded nonhomogeneous materials. J. Appl. Mech. 58, 410–418.
Erdogan F., Kaya A.C., Joseph P.F., 1991b. The mode III crack problems in bonded materials with a nonhomogeneous interfacial zone. J. Appl.

Mech. 58, 419–427.
Erdogan F., Ozturk M., 1992. Diffusion problems in bonded nonhomogeneous materials with an interface cut. Int. J. Engrg. Sci. 30, 1570–1523.



534 A.P.S. Selvadurai

Erdogan F., Arin K., 1972. Penny-shaped interface crack between an elastic layer and a halfspace. Int. J. Engrg. Sci. 10, 115–125.
Fleck N.A., Hutchinson J.W., Suo Z., 1991. Crack plate selection in brittle adhesives. Int. J. Solids and Struct. 27, 1683–1703.
Fox L. (Ed.), 1962. Numerical Solution of Ordinary and Partial Differential Equations. Pergamon Press, Oxford.
Gerasoulis A., Srivastav R.P., 1980. A Griffith crack problem for a non-homogeneous medium. Int. J. Engrg. Sci. 18, 239–247.
Kassir M.K., Bregman A.M., 1972. The stress intensity factor for a penny-shaped crack between two-dissimilar media. J. Appl. Mech., Trans. ASME

94, 308–310.
Kassir M.K., Sih G.C., 1975. Three-Dimensional Crack Problems; Mechanics of Fracture 2. Noordhoff Int. Publ., Leyden.
Lowengrub M., Sneddon I.N., 1972. The effect of shear on a penny-shaped crack at the interface of an elastic halfspace and a rigid foundation. Int.

J. Engrg. Sci. 10, 899–913.
Mittal K. (Ed.), 1995. Adhesion Measurements of Films and Coatings. VSP BV, Utrecht, The Netherlands.
Mossakovskii V.I., Rybka M.T., 1964. Generalization of the Griffith–Sneddon criterion for the case of a non-homogeneous body. J. Appl. Math.

Mech. 28, 1277–1286.
Ozturk M., Erdogan F., 1993. The axisymmetric crack problem in a nonhomogeneous medium. J. Appl. Mech. 60, 406–413.
Ozturk M., Erdogan F., 1995. An axisymmetric crack in bonded materials with a nonhomogeneous, interfacial zone under torsion. J. Appl. Mech.

62, 116–125.
Plueddemann E.P. (Ed.), 1974. Interfaces in Polymer Matrix Composites, Vol. 6. Composite Materials. (L.J. Broutman and R.H. Krock, Eds.),

Academic Press, New York.
Pizzi A., Mittal K.L. (Eds.), 1994. Handbook of Adhesive Technology. Marcel Dekker, New York.
Sack R.A., 1946. Extension of Griffith’s theory of rupture to three dimensions. Proc. Phys. Soc. Lond. 58, 729–736.
Selvadurai, A.P.S., 1996. The settlement of a rigid circular foundation resting on a halfspace exhibiting a near surface elastic non-homogeneity, Int.

J. Num. Analytical Meth. Geomechanics 20, 351–364.
Selvadurai A.P.S., Lan Q., 1998. Axisymmetric mixed boundary value problems for an elastic halfspace with periodic nonhomogeneity. Int. J. Solids

Structures 35, 1813–1826.
Sih G.C., Chen E.P., 1981. Cracks in Composite Materials, Mechanics of Fracture 6. Martinus Nijhoff Publ., The Hague.
Singh B.M., Dhahwal R.S., 1978. Griffith crack in an infinite nonhomogeneous elastic medium under shear. Appl. Sci. Res. 34, 17–24.
Sneddon I.N., 1946. The distribution of stress in the neighbourhood of a crack in an elastic solid. Proc. Roy. Soc., Ser. A 187, 229–260.
Sneddon I.N., 1951. Fourier Transforms. McGraw-Hill, New York.
Spencer A.J.M., Selvadurai A.P.S., 1998. Some generalized anti-plane strain problems for an inhomogeneous elastic halfspace. J. Engrg. Math. 34,

403–416.
Willis J.R., 1972. The penny-shaped crack on an interface. Q. J. Mech. Appl. 25, 367–385.


