
MECHANICS OF COHESIVE-FRICTIONAL MATERIALS

Mech. Cohes.-Frict. Mater. 2000; 5:325}339

Fracture evolution during indentation of a brittle elastic solid
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SUMMARY

This paper examines the problem of crack extension during the indentation of a brittle elastic half-space by
a cylindrical punch with a smooth #at contact surface. The paper develops a procedure for locating the point
of nucleation of the crack within the brittle elastic solid and employs a boundary element technique to locate
the progress of crack evolution as the force on the punch is increased. The numerical results illustrate the
in#uence of the extent of crack development on the load}displacement relationship for the indentor.
Copyright ( 2000 John Wiley & Sons, Ltd.

1. INTRODUCTION

The classical problem related to the indentation of the surface of an isotropic elastic half-space
region by a smooth rigid #at indentor with a circular plan form was "rst examined by
Boussinesq1 using the mathematical similarity between results of potential theory and the
analogous formulation of boundary value problems in classical elasticity theory. The problem
was re-examined in a celebrated paper by Harding and Sneddon,2 who reduced the mixed
boundary value problem to a system of dual integral equations and their further reduction to an
integral equation of the Abel-type. Harding and Sneddon2 also obtained the load}displacement
relationship for the rigid indentor in exact closed form. A number of distinguished
mathematicians and engineers including Hertz3 and Love4 have also developed solutions to the
problem of the indentation of half-space regions with anisotropic and non-homogeneous elastic
properties by indentors having arbitrary surface pro"les. The body of literature on classical
elastostatic problems on contact mechanics is quite extensive and references to important
developments covering mathematical, computational and experimental aspects are given by
Galin,5 U#iand,6 de Pater and Kalker,7 Selvadurai,8 Gladwell,9 Johnson10 and Kalker.11

In all classical studies involving indentation problems, it is implicitly assumed that the
originally intact half-space region will remain intact during the indentation process. Such an
assumption is likely to be valid for situations involving indentation of relatively #exible materials
which can maintain their elastic continuum character even in regions of high-stress concentra-
tions. With the classical linear elasticity formulation, the stress "eld at regions where there is
a discontinuity in the displacement "eld imposed by the indentation will exhibit singular
behaviour. When the mechanical behaviour of the indented material is predominantly brittle
elastic, regions of such high-stress concentrations are prone to brittle fracture.12}15 The
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occurrance of such brittle fracture phenomena during Hertzian indentation of brittle elastic solids
has been observed by a number of investigators including Tillett,16 Roesler,17,18 Frank and
Lawn,19 Lawn15 and Chen et al.20 The theory of the Hertzian indentational fracture problem was
investigated by Frank and Lawn,19 Chaudhri and Yo!e,21 and Keer et al.22 using analytical
procedures. Yingzhi and Hills (1991) and Chen et al.20 have used "nite element techniques to
examine the indentational fracture problem. In these studies, the role of surface #aws in initiating
the fracture is examined in detail. In a critical review of the indentational fracture problem Lawn
and Wilshaw,23 Ostojic and McPherson24 note that the types of fractures can be varied and to
a large extent in#uenced by surface defects that can either be present or introduced during the
preparation of the surface. It is also foreseeable that shrinkage e!ects and other thermo-
mechanical processes can also in#uence the development of surface defects which will in turn
in#uence both the type and growth of cracks during the indentation process. The fracture types
can include either semi-circular two-dimensional #at cracks, or cracks with a star-shaped plan
form or curved cracks with a conoidal surface.

In this paper we investigate the problem of fracture initiation and extension at the boundary of
a Boussinesq-type smooth #at indentor with a circular plan form. The analysis utilizes the results
for the stress state at the boundary of the rigid indentor to identify the location and orientation of
the crack initiation. The starter crack is allowed to extend in an axisymmetric conoidal form
(Figure 1) through speci"ed crack extension and orientation of crack extension criteria. The
analysis utilizes a boundary element technique to capture the quasistatic growth of the crack with

Figure 1. Surface fracture generation during indentation
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an increase in the resultant axial load applied to the rigid circular indentor. The results of the
analysis indicates that the pattern of axisymmetric conoidal crack growth is in#uenced by
Poisson's ratio of the brittle elastic solid and that the load}displacement behaviour of the
indentor can exhibit a non-linear response which can be attributed to the progressive extension of
the conoidal crack.

2. COMPUTATIONAL MODELLING OF FRACTURE DEVELOPMENT

We consider the axisymmetric indentation of the surface of an isotropic elastic half-space region
by a smooth #at rigid indentor of radius a. The objective of the computational modelling is to
develop a methodology which can predict the process of quasi-static crack extension from the
boundary of the indentor. The analysis of crack extension during indentation can be performed
via a variety of computational schemes. These can include either "nite element methods or
boundary integral equation methods or their combinations. The application of "nite element
techniques to fracture extension is well established; it requires the speci"cation of criteria both for
the initiation of crack extension and for the orientation of crack extension. These relationships
which are applicable to brittle elastic fracture initiation and extension are readily available in the
literature in fracture mechanics.25,26 In the modelling of crack extension via the "nite element
method, remeshing is an important feature that ensures accuracy of both local and global stress
"elds. In recent years adaptive remeshing techniques have been used quite e!ectively to examine
crack extension in brittle geomaterials such as concrete and rock.13,27,28 An alternative to
remeshing involves extensive irregular mesh re"nement in the vicinity of the singular crack tip
element and allows crack extension to take place at element boundaries.29 There are however
alternative schemes, such as the boundary element method which provides greater #exibility
when examining the process of crack extension. The primary advantage of integral
equation-based concepts such as the boundary element method or the displacement discontinuity
method, is that the domain rearrangement resulting from the crack extension process requires
only a nominal incremental change in the boundary element mesh or the displacement
discontinuity line along the crack extension path. For this reason, we shall adopt here the
boundary element scheme to examine the process of quasi-static conoidal crack extension during
the indentation process. The application of boundary element schemes to problems in fracture
mechanics originated with the work of Cruse and Wilson30 and extended by a number of other
investigators including Blandford et al.,31 Smith and Mason,32 Selvadurai and Au,33
Selvadurai34}36 and Selvadurai and ten Busschen37 to include a variety of problems including
cracks with frictional interfaces. A recent review article by Aliabadi38 gives a comprehensive
survey of research related to boundary element formulations in fracture mechanics conducted
over the past two decades.

We consider the axisymmetric indentational fracture of a brittle elastic isotropic half-space
region which satis"es Hooke's Law
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and k ("E/2(1#l)) where E is Young's modulus and l is Poisson's ratio; d
ij

is Kronecker's delta
function and +2 is Laplace's operator. The boundary integral equation governing axisymmetric
deformations can be written as
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appropriate expressions for the traction fundamental solution P*lk
can be obtained by

the manipulation of the results of type (4) and (5). If we consider a discretization of the boundary
!, the integral equation (3) can be expressed in the form of a boundary element matrix equation as
follows:
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where [D] and [T] are derived from the integration of the displacement and traction funda-
mental solutions, respectively.

When considering the discretization of the boundary ! of the domain, quadratic elements can
be employed quite successfully. The variations of the displacements and tractions within an
element can be described by
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where f is the local co-ordinate of the element and a
r

(r"0, 1, 2) are arbitrary constants of
interpolation. When modelling cracks which occur at the boundaries or within the interior of the

elastic medium, it is necessary to modify (8) to take into consideration the 1/Jf-type stress
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Figure 2. Crack tip geometry and node locations

singularity at the crack tip. In the "nite element method, quarter-point elements of the type

proposed by Henshell and Shaw40 and Barsoum41 can be used to model the required Jf-type
variation in the displacement. If the same type of element is implemented in a boundary element
scheme, i.e.
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where b
i
(i"0, 1, 2) are constants, the required stress singularity cannot be duplicated. Cruse and

Wilson30 introduced the so-called &singular traction quarter-point boundary element', where the

tractions in (9) are multiplied by a non-dimensional Jl
0
/f, where l
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is the length of the crack-tip

element. The variations in the tractions can thus be expressed in the form
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where c
i
(i"0, 1, 2) are constants. Singular traction quarter-point boundary elements have been

extensively applied to the boundary element modelling of crack problems and their accurate
performance is well documented.33,36,38 In the context of the present paper, an objective of the
computational modelling is to determine both Modes I and II stress intensity factors which are
necessary to accurately establish the processes of both initiation of crack extension and
orientation of crack extension. For axial symmetry only Modes I and II stress intensity factors
can be present and these can be determined by applying a displacement correlation method which
makes use of the nodal displacements at four locations A B, E and D and the crack tip (Figure 2),
i.e.
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where k"(3!4l) and l
0

is the length of the crack tip element. In the current numerical
simulations, quarter-point elements are used to model the crack tip "elds and substructuring
techniques are used to model the region containing the crack.

3. MODELLING OF CRACK EXTENSION

The computational methodology described in the previous section can be applied to examine the
mechanics of crack extension during brittle fracture. To apply the computational scheme, it is
necessary to establish criteria which describe (i) the nucleation of cracks, (ii) the initiation of crack
extension and (iii) the orientation of crack extension.

3.1. Crack nucleation

The continuum idealization of the brittle material precludes the existence of micro-cracks or
defects of any size within the &continuum scale'. Therefore, the process of crack nucleation has to
be approached by specifying a stress condition which permits the development of a surface of
discontinuity within the material. As observed by Lawn,15 the accurate determination of crack
nucleation requires the consideration of processes at the microstructural level and the associated
criteria cannot be formulated with precision. In the context of the indentational fracture problem,
the stress state in an intact continuum region will be examined to determine the location of
nucleation of a precursor-crack. Such elementary crack initiation criteria have been used quite
extensively to introduce &crack nucleation1 in an otherwise defect-free continuum. With regard to
the Boussinesq-type indentation problem, in order to identify the location of crack nucleation it is
necessary to evaluate the local stress "eld within the half-space in the vicinity of the boundary of
the #at indentor.

We consider the problem of the axisymmetric indentation of the surface of an isotropic elastic
half-space by a smooth #at rigid indentor of radius a. The resulting mixed boundary value
problem is given by
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expressed in the following forms:
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The local stress "eld beneath the rigid circular indentor (Figure 3) can be obtained from the result
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The maximum local tensile stress within the elastic medium, in the vicinity of the boundary of the
indentor can be obtained by a computationally based search technique. The location of the point
of maximum tensile stress will be characterized by the local co-ordinates of g

0
and t

0
and will be

dependent only on Poisson's ratio of the brittle elastic material. Figure 4 illustrates the variation
of t

0
and g

0
/a as a function of l3 (0, 0)5). It is evident that the location of maximum tensile stress

is well de"ned except at values of lP1/2. The type of brittle elastic materials which are prone to
brittle fracture generation will generally have l(1/2; as a result, the elastic stress state in the
vicinity of the boundary of the rigid circular indentor could be used to determine the location of
maximum tensile stress in that region. It is assumed that the crack nucleates at the location
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Figure 3. Local stress "eld at the boundary of the rigid circular indentor

Figure 4. Location of the point of maximum tensile stress at the boundary of the rigid, smooth indentor (co-ordinates
(g

0
/a) and t are de"ned in Figure 3)
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Figure 5. Starter crack con"guration for the computational modelling of crack extension

(g
0
, t

0
) with an orientation normal to the direction of maximum tensile stress. The extension of

such a nucleated crack will be governed by appropriate criteria governing crack extension and
orientation of crack extension. In the present study we assume that, for the purposes of the study
of crack extension, the nucleated crack will migrate to the edge of the contact location to form
a &&starter crack'' (Figure 5). This methodology is certainly a proposal for the identi"cation of the
starter crack con"guration required for the computational modelling of fracture extension during
indentation. In situations where there is a priori knowledge of the orientation and length of
a starter crack (e.g. results of surface seams which detect surface defects) such information could
be directly used in the computational modelling procedure to specify the starter crack. The
orientation of the starter crack is particularly important to the accurate modelling of the path of
crack extension.

3.2. Onset of crack extension

The onset of crack extension refers to the attainment of an energy level at the crack tip which
will permit the extension of the crack tip. The conditions necessary for the onset of crack
extension can be speci"ed by a variety of criteria which are based on theoretical concepts and
experimental investigations conducted on brittle materials such as glass, concrete, mortar, rock
and ceramics. A simple form of a criterion for the onset of crack extension can be expressed in
terms of the fracture toughness of the brittle material in the crack opening mode. According to
such a criterion, crack extension can be initiated when

K
I
"K

IC
(25)

where K
IC

is the critical value of the stress intensity factor in the crack opening mode. References
to other criteria, including strain energy density function-based criteria, are given by Sih.26

3.3. Orientation of quasi-static crack growth

If we consider the development of a conoidal fracture during the indentation, in general both
stress intensity factors will be present. Hence a generalized crack extension criterion should
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incorporate the in#uence of both stress intensity factors. In the current study, the orientation of
quasi-static crack growth is determined by employing the criteria postulated by Erdogan and
Sih.25 The maximum stress criterion assumes that the crack will extend in the plane which
is normal to the maximum circumferential stress ptt, referred to the local coordinate system
(Figure 3), in accordance with the condition

K
I
sint#K

II
(3 cost!1)"0 (26)

The criterion (26) for determining the orientation of crack growth has been used quite extensively,
and successfully, to determine crack extension paths in brittle elastic materials.26,37

As suggested by a reviewer, an alternative to the procedures utilized in this paper would be to
utilize a condition of local symmetry for the determination of crack orientation. This implies that
the crack will grow along a direction where, locally, K

II
vanishes.43 A calculation of K

II
at certain

discrete points along the crack extension paths indicates that the value of K
II
is, within limitations

of a numerical scheme, reasonably close to zero. It must, however, be pointed out that in this
study the orientation path is determined from (26) as opposed to using the condition K

II
,0, for

the calculation of orientation. The results are encouraging enough to adopt a local condition as
a useful criterion for the estimation of crack path orientation.

4. NUMERICAL RESULTS

The computational methodology described in the previous sections was used to examine the
problem of indentation fracture development at the boundary of the rigid circular indentor with
a smooth contact surface. The fracture development during indentation will be governed by the
deformability characteristics k and l of the brittle elastic material and the critical stress intensity
factor K

IC
which permits the extension of the crack according to criteria speci"ed in Section 3.

Figure 6 illustrates the pattern of conoidal-type axisymmetric crack extension from the boundary
of the rigid circular indentor. It can be observed that the path of crack extension is considerably
in#uenced by the Poisson's ratio of brittle elastic solid. The steepest orientation of the crack
extension occurs when l"0 and the crack extension path exhibits a noticeable curvature as
lP1/2. As noted previously, in the limit as lP1/2, the theoretical formulations do not permit
starter cracks to be initiated within the brittle elastic solid (i.e. g

0
PR; t

0
P0 as lP1/2). Hence

brittle fracture extension in an axisymmetric form is suppressed for l"1/2. This, however, does
not preclude the cases where axisymmetric starter crack con"gurations can exist at the surface of
the half-space region due to either initial stress or shrinkage or residual stress e!ects. Such initial
surface crack con"gurations are bound to be non-axisymmetric and the indentational fracture
created is bound to follow a complex three-dimensional pattern. For the purposes of illustration,
however, we examine the problem of the case where a ring crack is present at the boundary of the
rigid smooth indentor with g

0
"0)1 and t

0
"903. Figure 7 illustrates the crack extension pattern

within the half-space region resulting from the indentation by a smooth rigid circular indentor. It
is noted that crack extension into the half-space region has a similar pattern to that obtained
through consideration of a starter crack con"guration derived from developments given in
Section 3.1. In this case, however, the crack extension within the half-space region is less
pronounced and results in a conoidal crack con"guration even for l"1/2. The estimation of the
load}displacement relationship of the indentor in the presence of a boundary fracture is of
importance in connection with the application of the results to materials engineering. The
sti!ness of the indentor is utilized as a quality control measure in material characterization
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Figure 6. Pattern of conoidal crack development at the boundary of the rigid smooth indentor. (Starter crack orientation
determined from Figure 4)

Figure 7. Pattern of conoidal crack development at the boundary of the rigid smooth indentor. (Starter crack normal to
the plane boundary)

exercises. If boundary fracture e!ects are neglected, the interpretation of the load-displacement
relationship purely by appeal to the results for an intact half-space region will be open to error.
Figure 8 presents results for the load}displacement relationship for the rigid circular indentor
which experiences axisymmetric boundary fracture in a conoidal shape. The load}displacement
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Figure 8. In#uence of conoidal cracks development on the displacement behaviour of the rigid smooth indentor. [Starter
crack orientation determined from considertaion of stress state (see Figure 4)]

relationship is in#uenced by the non-dimensional parameter K
IC
/kJa, the Poisson's ratio and the

orientation of the starter crack t
0
, which itself is a function of the Poisson's ratio. The results are

presented only for a speci"c value of the parameter K
IC
/kJa ("10~2) but are su$cient to

illustrate the in#uence of the conoidal boundary fracture development on the indentational
sti!ness of the rigid circular indentor. The departure between the results for the cracked and
uncracked half-space regions becomes more prominent as l increases. Figure 9 presents the
results for the load}displacement relationship for the rigid circular indentor for the special case
when the starter crack is oriented normal to the surface of the half-space region. In this case
boundary fracture extension in a conoidal form results in a slightly greater reduction in the axial

sti!ness of the rigid indentor. As the magnitude of parameter K
IC
/kJa increases, axisymmetric

crack development can be suppressed and the result for the load}displacement behaviour
converges to that of the intact half-space region; Figure 9 illustrates such a typical
result.
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Figure 9. In#uence of conoidal crack development on the rigid smooth indentor. (Starter crack normal to the plane
boundary)

5. CONCLUDING REMARKS

Brittle elastic materials are susceptible to fracture during indentation by either blunt or sharp
indentors. This paper focuses on the evaluation of axisymmetric quasi-static fracture evolution
during indentation by a Boussinesq-type #at indentor. In general, the fracture evolution can be
strongly in#uenced by surface defects that can be present at the surface of the half-space region.
Such pre-existing surface defects will invariably result in the development of complex
three-dimensional indentational fracture topography. In this paper attention is focussed on the
evolution of axisymmetric indentational fracture at the boundary of a rigid #at indentor in
smooth contact with a brittle elastic half-space region. When dealing with a defect free half-space
region it is necessary to postulate a procedure which can be used to identify the starter crack
emanating from the boundary of the indentor. The classical elasticity solution for the stress state
in the vicinity of the indentor can be used to determine the location of maximum tensile stress,
which in turn is used to position the starter crack for the study of fracture extension during
indentation. The boundary element technique coupled with criteria for initiation of crack
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extension and orientation of crack extension can be conveniently adopted to examine the
development of conoidal cracks at the indentor boundary. The con"guration of the conoidal
crack is governed by the Poisson's ratio of the brittle material and the critical stress intensity
factor in the crack opening mode. These in turn in#uence the load}displacement response of the
rigid indentor. The computational methodologies can be extended to examine the evolution of
semi-circular and star-shaped three-dimensional cracks which can be initiated by pre-existing
surface defects in the vicinity of the indentor.
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