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The modelling of axisymmetric basal crack 
evolution in a borehole indentation problem 
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The evaluation of the load-displacement behaviour of end bearing caisson-type 
founda.tions located in brittle elastic geomaterials is a problem of importance to 
geomechanics and geotechnical engineering. The conventional study of this problem 
ignores the possible influences of fracture of the brittle geomaterial which 
accompanies the indentation process. This paper presents a computational approach to 
the preblem of fracture extension from the edge of the basal plane of the borehole which 
is used to illustrate how the load-displacement exhibits a non-linear response due to the 
basal crack extension. © 1998 Published by Elsevier Science Ltd. All rights reserved 
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1 INTRODUCTION 

The classical theory of elasticity has been applied quite 
successfully to the study of geomechanics problems invol- 
ving geomaterials which exhibit a nearly elastic response in 
the working load range. These geomaterials can include soft 
rocks and over-consolidated clays where the geomaterial 
possesses sufficient strength to warrant the application of 
the theory of elasticity in the working load range. A signifi- 
cant body of literature on elasto-static problems in geo- 
mechanics now exists and references to these are given in 
the texts and articles by Poulos and Davis 1, Gibson 2, 
Selvadurai 3, Scott 4 and Davis and Selvadurai 5. To these 
could be added the classical studies on elasto-static contact 
mechanics problems (see e.g. Galin 6, Ufliand 7, de Pater and 
Kalker 8, GladweU 9, Johnson l°) which have found extensive 
applications in the study of elasto-static problems in geo- 
mechanics. In a majority of the applications of the classical 
theory of elasticity to problems in geomechanics, it is impli- 
citly assumed that the originally elastic geomaterial will 
remain intact during the application of external loadings. 
In most instances, this is a reasonable assumption, particu- 
larly when the tensile strength and fracture resistance of the 
brittle elastic geomaterial is s.ufficient to inhibit fracture of 
the geomaterial. There are, however, specific situations of 
geotechnical interest where either the mode of application 
of the loading or the configuration of the geotechnical 
problem is sufficient to initial;e fracture of the geomaterial. 
This initiation of fracture in the brittle geomaterial is 
assumed to be distinctly different from the initiation of 
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failure in the brittle material which is the result of the attain- 
ment of plastic failure. Here, attention is focussed on geo- 
material behaviour which can be characterized by brittle 
fracture in the absence of plastic failure. Many geo- 
materials, including sandstone, limestone, shale, heavily 
overconsolidated clays, etc., can exhibit such fracture gen- 
eration in the absence of plastic flow (see e.g. Jaeger 11, 
Jaeger and Cooke 12, Palmer and Rice 13, Hudsonl4). The 
initiation of such fracture in the absence of appreciable 
plastic flow can also be influenced by the specific config- 
uration of a soil-structure interaction problem. In the case 
of the indentation of brittle elastic geomaterials by structural 
foundations, the abrupt variations in either stiffness, or 
prescribed tractions or imposed displacements will be 
locations where brittle fracture can initiate and extend 
within the brittle solid. 

In this paper we focus attention on the indentation of the 
base of a borehole located in an isotropic elastic geomateriai 
by a smooth rigid circular punch which has the same dia- 
meter as the borehole. The problem is of geotechnical 
interest in the examination of the load-displacement 
characteristics of purely end-bearing piles located in soft 
rock masses (Pells 15) and in the determination of the in 
situ deformability characteristics of geomaterials by plate 
load tests conducted at the base of the borehole (Mars- 
land16). The problems related to the loading of the interior 
of a halfspace by concentrated and uniform loads were 
examined by Mindlin 17 and Fox TM. The problem was re- 
examined by others, including Janbu et al. 19, Budand and 
Lord 2°, Pells and Turner 21, Selvadurai and Nicholas 22 and 
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Selvadurai et al.23. In all of these articles, the investigators 
assume that the geomaterial in the vicinity of the base of the 
borehole remained intact despite the fact that the geomater- 
ials in the vicinity of the basal plane of the borehole are most 
susceptible to brittle fracture initiation and extension. Sel- 
vadurai and Au 24 examined a modification to the problem of 
the basal loading of a borehole where the horizontal plane at 
the base of the borehole was prefractured but subjected to a 
precompression as a result of the self weight of the geoma- 
terial above the basal plane. It was shown that the load- 
displacement relationship for the indentation problem is 
influenced by the extent of separation at the precompressed 
zone. 

In this paper we examine the problem of the basal inden- 
tation of a borehole in the presence of fracture extension 
from the boundary of the borehole. The occurrence of brittle 
fracture at sharp discontinuities in the loaded zone has been 
observed in connection with indentation of materials such as 
brittle ceramics and concrete (Lawn 25, Elfgren 26, Shah et 
al.27, Chen et al.28). The fracture configurations which occur 
in three-dimensional indentation of brittle elastic solids, can 
be quite varied and complex. These can include semi-circu- 
lar two-dimensional flat cracks, cracks with star-shaped 
planforms or conoidal fractures. It is also noted that the 
development of these fractures can also be influenced by 
local defects that can be present in the indentation zone. 
Furthermore, completely axisymmetric problem configura- 
tions can give rise to non-axisymmetric fracture configura- 
tions. Attention in this paper is, however, restricted to the 
consideration of the basal indentation problem where the 
initiation and evolution of the fracture in the vicinity of 
the indentation zone is axisymmetric. The location of the 
starter crack in the basal plane boundary is specified and the 
crack extension pattern is determined through a boundary 
element modelling of the problem. The computational 
modelling is used to determine the load-displacement 
response of the indenting circular foundation (Fig. 1). 

2 BOUNDARY ELEMENT MODELLING 

The study of crack extension during loading of a brittle 
elastic material can be approached by adopting a variety 
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Fig. 1. Basal indentation of a deep borehole located in a brittle 
elastic geomaterial. 

of computational schemes. These can include either finite 
element schemes or boundary integral equation methods or 
their combinations. The finite element approach to fracture 
extension has been extensively examined in the literature; it 
requires the specification of criteria for the initiation of 
crack extension and for the orientation of crack extension. 
These relationships are documented in the literature in frac- 
ture mechanics (see e.g. Erdogan and Sih 29, Atluri 3°, Sih31). 
A notable requirement for the successful application of 
finite element techniques for the study of crack extension 
is that the computational scheme must account for adaptive 
mesh refinement. Such a provision is necessary to rigorously 
examine the crack extension process. This usually requires 
re-mapping of the problem domain where the crack tip sin- 
gularity is embedded at each stage of the crack extension, in 
order to accommodate quasistatic extension of the crack in 
an arbitrary orientation. An alternative procedure is to incor- 
porate a highly refined mesh with provision for inter- 
element crack generation. While these techniques have 
provided useful results, in the context of this paper, it is 
more convenient to utilize a boundary element method 
which provides greater flexibility when requirements for 
crack extension in an arbitrary orientation are needed. The 
main advantage of the integral equation-based concepts, 
such as the boundary element method or the displacement 
discontinuity scheme, is that the domain rearrangement 
resulting from the crack extension process requires only a 
nominal incremental change in the boundary element mesh 
along a crack extension line. Considering these advantages, 
it is prudent to apply the boundary element scheme to exam- 
ine the extension of a three-dimensional conoidal fracture 
from the boundary of the basal plane of the borehole. In 
general, the orientation of the crack initiation from the 
boundary of the borehole needs to be examined by solving 
the analytical problem for the basal indentation. In this 
paper the analysis is restricted to prescribed axisymmetric 
orientations of the starter cracks which ultimately results in 
the development of a conoidal fracture. The prescription of 
conoidal fracture generation maintains the axial symmetry 
in the problem and allows the analysis in a straightforward 
fashion. 

We consider the basal indentation of a borehole located in 
an isotropic elastic brittle solid and the governing constitu- 
tive equation is 

Gij ~-- )k~ijUk, k 71- G { ui,j + uj, i } (1) 

The Navier displacement equations of equilibrium take the 
forms 

G~2ui  + (~  -~- G)Uk, ki = 0 (2) 

where G and 9~ are Lamr's constants and ui and uij are, 
respectively, the displacement components and the stress 
tensor referred to the rectangular Cartesian coordinates sys- 
tem x,y,z,; X = 2G/(1-2:,);G = E/2(1 + ~,), where E is 
Young's modulus, ~,, is Poisson's ratio; ~t~j is Kronecker's 
delta function and V 2 is Laplace's operator. The boundary 
integral equations governing axisymmetric deformations 
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can be written as (Brebbia e t  al.32) 

CtkUk + a [ r  {P~iuk + u~kPk} ~tF = 0 (3) 
ri 

where F is the boundary of the modelled region, uk and Pk 
are, respectively, displacements and tractions on I" and ui*k 
are fundamental solutions (see e.g. Kermanidis 33, Cruse 
and Wilson34). In eqn (3), cik is a constant ( = 0 if the point 
is inside the body; = hi/2 if the point is located at a smooth 
boundary) and is a function 01" discontinuity at a comer and 
of Poisson's ratio. For axial symmetry, the components of 
the displacement fundamental[ solution take the forms 

U*r=Cl{4(1-v)(/92+Z2)-/92 I 
2r~ K(~) 

{ (7 - 8v)/~ (e 4 -- 2 4) } _ 
T ~r~31~ jE(m) (4) 

/ (eE-~E)E(Tn) - 1 } Urr=C  [ (5) 

etc., where 

= (Z -- Zi); t" = (r + ri);/9 2 = (r 2 + r 2) (6) 

1 
e2 = ,tr2 ---- r2~;i, ~2 = ~2 .q_ ~2; C1 _ 47rG(1 - v) 

2rri 
t h=  -~T; ml = 1 -- if/ 

and K(rh) and E(th) are, respectively, complete elliptic inte- 
grals of the first and second kind. The corresponding 
expressions for the traction fundamental solution Pl*k can 
be obtained by the manipulation of the results of the type 
eqn (4) and eqn (5). Considering a discretization of the 
boundary I', the integral equation eqn (3) can be repre- 
sented in the form of a boundary element matrix equation 
as follows: 

[H] [ U] = [m] [P] (7) 

where the elements of [H] and [M] are derived, respec- 
tively, from the integration of the displacement and traction 
fundamental solutions, respectively. 

For the boundary element modelling of the domain, quad- 
ratic elements can be employed quite successfully along the 
boundary regions. The variatiions of the displacements and 
tractions within an element can be described by 

.~i i } = a 0 + a 1 ~" + a2~ "2 (8) 

where ~" is the local coordinate of the element and ar (r = 
0,1,2) are arbitrary constants of interpolation. For the mod- 
elling of cracks which can occur at either the boundaries or 
within the interior of the elastic medium, it is necessary to 
modify eqn (8) to take into consideration the l/x/~-type 
stress singularity at the crack tip. In the finite element 
method, the quarter point ei[ement of the type proposed 
by Henshell and Shaw 35 and Barsoum 36 can be used to 

model the required V/~-type variation in the displacement. 
If the same type of element is implemented in a boundary 
element scheme, i.e., 

"~i } = b0 + bl X/~ + b2~ "2 (9) 

where bi (i = 0,1,2) are constants, the stress singularity is 
not duplicated. Cruse and Wilson 34 developed the so-called 
'singular traction quarter point boundary element', where 
the traction variations in (9) are multiplied by a non- 
dimensional ~ where 10 is the length of the crack-tip 
element. The variations in the tractions can be expressed in 
the form 

Pi = cO + Cl + c2~/r (10) 
,/r 

where ci (i = 0,1,2) are constants. The performance of both 
types of quarter-point elements have been extensively 
investigated (see e.g. Selvadurai and A u  37, Selvadurai 3s, 
Aliabadi 39) and their accuracy established by comparison 
with known exact solutions. An objective of the computa- 
tional modelling is to determine both the Mode I and Mode 
II stress intensity factors which can be used to establish 
accurately the processes of crack extension and the orienta- 
tion of crack extension. For axial symmetry, only Mode I 
and Mode II stress intensity factors can be present and these 
can be determined by applying a displacement correlation 
method which makes use of the nodal displacements at four 
locations A,B,E and D and the crack tip (Fig. 2), i.e. 

G 2/~ 4 B 
K I -- (k--ff-~V ~-o { [un( ) - un(D)] + [u~(E) - u~(A)l} 

/ 

(11) 

glI --  (k -]- ~ {4[u~(B) - u~(D)] + [u~(E) - u~(A)] } 

(12) 

where k = (3-4v), 10 is the length of the crack tip element 
and ~ and 7/are the local coordinates at the crack tip. The 
primary objective of the evaluation of K I and Kn is to use 
them in the estimations of the strain energy release rates 
during crack extension. In this study, the quarter-point 

Fig. 2. Crack tip configuration; node arrangement for the compu- 
tation of stress intensity factors. 
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technique is advocated for the estimation of KI and Kn. It 
is, however, recognized that the strain energy release rates 
can be estimated via alternative techniques which do not 
employ such singular elements 4°. 

and the influence on the indentational fracture evolution and 
the stiffness of the indentor is examined. 

3.2 Onset of crack extension 

3 MODELLING OF CRACK EXTENSION 

The computational procedures described previously can be 
applied to examine the development of crack extension dur- 
ing brittle fracture. In order to apply the computational 
approach for this analysis, it is necessary to postulate a 
crack extension criterion applicable for the brittle geomaterial. 
The subject of crack extension in brittle elastic solids has been 
extensively investigated over the past two decades. Theories 
developed in this context have been motivated by the potential 
application of the results to both metallic materials, such as 
steel and non-metallic materials such as concrete, geological 
media, ceramics, polymeric materials at low temperature and 
ice. Detailed accounts of developments in brittle fracture in 
solids can be found in the texts by Lawn 25 and Sih 31. In the 
investigation of crack extension during basal indentation of a 
borehole located in a geomaterial, it is necessary to postulate 
the following three criteria. The first relates to the crack 
nucleation criterion which establishes the stress conditions 
which permit the nucleation of a crack in the brittle material; 
the second relates to the conditions necessary for the onset of 
crack extension and the third relates to the detelminadon of 
the orientation of the crack extension path. 

3.1 Crack nucleation 

In a continuum idealization of the brittle geomaterial it is 
implicitly assumed that the material is free of cracks or 
defects of any size. The process of crack nucleation there- 
fore has to be approached via a stress condition which per- 
mits the development of a surface of discontinuity within 
the intact material. As remarked by Lawn 25, the accurate 
determination of crack nucleation requires consideration of 
processes at the microstructural level and the associated 
criteria cannot be formulated with precision. In the context 
of this paper, we shall assume that microscopic defects are 
present at the indentation zone and the starter crack with a 
conical form extends from the boundary of the rigid inden- 
tor where the stress singularity exists. This, however, leaves 
the orientation of the starter crack undefined. It could be 
assumed that the surface of the basal region of the borehole 
contains a distribution of microscopic cracks which could be 
initiated due to construction and other environmental 
effects. The specification of this orientation is important; 
in certain cases, the orientation of the starter crack can 
influence the crack extension path as the crack continues 
to extend into the brittle elastic solid. In the context of 
this paper, the orientation of the starter crack at the basal 
plane is varied to ascertain its influence on the crack exten- 
sion process. In the present paper, the nucleated starter crack 
is specified at an orientations of 45 ° to the axial direction 

Once a crack is formed in a brittle elastic solid, its extension 
is governed by energy input to the crack tip. The criterion 
for the onset of crack extension, therefore, refers to the 
attainment of an energy level at the crack tip which will 
permit the extension of the crack tip. The onset of crack 
extension can be evaluated by a variety of criteria which 
are largely based on theoretical and experimental investiga- 
tions conducted on materials such as concrete, mortar, geo- 
logical media, glass and brittle ceramics. A simple form of a 
criterion for the onset of crack extension can be expressed in 
terms of the critical fracture toughness of the material in the 
crack opening mode. Accordingly, it can be assumed that 
the crack extension can commence when 

KI = KIc (13) 

where Kic is the critical value of the stress intensity factor 
in the crack opening mode. 

This result can be recovered from the more general rela- 
tionship which can include the influence of both Mode I and 
Mode II stress intensity factors. The simplest generalization, 
due to Hellan 41 is given by 

r i  2 a l ( ~ i c )  + [ K I ' ~  t/ KII "~ 2 a2~-~iC)-l-a3~g--~HC) +a4(ff-~C ) =ala2  

(14) 

where KII C is the critical value of the stress intensity factor 
in the crack sheafing mode and ai (i = 1, 2, 3 and 4) are 
experimentally derived constants. 

Examples of other criteria, including the strain energy 
density function (S) based criteria, are given by Sih 31. 

3.3 Orientation of quasistatic crack growth 

In general, when conoidal crack extension takes place from 
the basal plane boundary of the borehole, both stress inten- 
sity factors will be present at the crack tip. A generalized 
crack extension criterion should therefore incorporate the 
influence of both stress intensity factors. In this paper, the 
orientation of quasi-static crack growth is examined by 
employing the criterion postulated by Erdogan and Sih 29. 
The maximum stress criterion assumes that the crack will 
extend in the plane which is normal to the maximum cir- 
cumferential stress a ~  (i.e. stress state referred to the local 
coordinate system; Fig. 2) in accordance with the condition 

Kisin¢ + Kn(3cos~ - 1) = 0 (15) 

for determining the orientation of the angle of crack growth 
¢. The criterion defined by eqn (15) has been used quite 
extensively, and successfully, to determine crack extension 
paths in brittle elastic materials 42. The Erdogan-Sih 
criterion is adopted in this investigation and references to 
other mixed mode criteria are given by Sih 31. 
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4 NUMERICAL RESULTS', 

The computational procedures outlined in the previous 
section were used to examine the evolution of basal 
fractures at the boundary of the borehole which is subjected 
to indentation by a smooth rigid foundation. In this paper we 
shall focus attention primarily on results of interest to the 
evaluation of the compliance of the rigid indentor. The Fig. 
3 illustrates the manner in which the normalized load- 
displacement behaviour of the rigid circular foundation is 
influenced by basal crack evolution at the borehole bound- 
ary. The results are applicable to the case where the initial 
starter crack corresponds to a conical crack located at the 
boundary and oriented at 45°to the interface between the 
foundation and the brittle elastic geomaterial. It is evident 
that the load-displacement relIationship for the foundation is 
influenced by the conoidal crack development during the 
indentation. Despite the c, rack extension, the load- 
displacement relationship remains largely linear for 
relatively small values of the indentational displacement 
(A/a). Further computational studies also indicate that, as 
the Mode I fracture toughness of the medium increases, 
crack extension is suppressed. For low values of KIc/G~a, 
the load-displacement relationship tends to exhibit a mark- 
edly non-linear response, although the halfspace region 
exhibits a linear elastic response. Fig. 4 illustrates, for the 
purposes of comparison, equivalent results derived from the 
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Fig. 3. Load-displacement behaviour of a rigid foundation indent- 
ing the base of a borehole: influence of basal fracture. 

case where a brittle elastic halfspace region is subjected to 

indentation by a smooth rigid circular foundation. Also, in 
this case, the conical starter crack is assumed to be oriented 
at 45 ° to the interface between the foundation and the brittle 
elastic geomaterial. It is evident that the trends observed for 
the load-displacement behaviour are non-linear at large 
values of A/a. Also, the influence of the stiffness character- 
istics of the geomaterial above the basal plane becomes 
evident upon a comparison of the results given in Figs 3 
and 4. 

5 CONCLUSIONS 

The topic of indentational fracture is important to the accu- 
rate assessment of the behaviour of geotechnical structures 
such as surface foundations and deep end bearing piles 
located in soft rocks and heavily overconsolidated soils. In 
a majority of classical studies which are currently used to 
evaluate the working load-elastic range behaviour, the frac- 
ture extension aspects are ignored. The omission of such 
fracture extensions can, in certain circumstances, lead to 
inaccurate modelling of the response of such foundations. 
In this paper it is shown that the problem of basal conoidal 
crack extension from the boundary of a borehole can be 
conveniently examined by adopting a boundary element 
scheme, which accommodates axisymmetric stress analysis 
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Fig. 4. Load-displacement behaviour of a rigid foundation indent- 
ing the surface of a halfspace: influence of boundary fracture. 
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and quasistatic growth of  conoidal cracks which initiate at 
the basal plane. It is found that the stiffness of  the founda- 
tion can be considerably influenced by the development of  
basal fractures. The reductions in the foundation stiffness 
becomes more prominent when the normalized Mode I 
critical stress intensity factor, Kic/Gga decreases. Such 
reductions are also a function of  the magnitude of  the 
indentation as measured by A/a, where a is the radius of  
the indentor. The modelling of  the problem is greatly facili- 
tated by the use of  a boundary element scheme which can 
ascertain the process of  crack extension in a computation- 
ally effective manner. The methodology adopted for the 
prescription of  the location and orientation of  the starter 
crack at the borehole boundary can be further refined by 
utilizing an analytical result for the detailed stress distribu- 
tion in the vicinity of  the borehole boundary which is also 
subjected to indentation. A mathematical solution of  the 
associated elasticity problem involving an uncracked basal 
region could be used to estimate the location and orientation 
of  the starter crack. The general methodology advocated in 
this paper can also be extended to examine non- 
axisymmetric crack extension configurations associated 
with planar cracks which can originate at the indentation 
zone. 
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