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In this paper, methods for directly evaluating stress intensity factors using 
quadratic quarter-point crack-tip elements in two-dimensional Boundary Element 
analysis are reviewed. They include those for treating cracks which lie along the 
interface between dissimilar materials. Using these methods, stress intensity 
factors are obtained for three general crack problems, all involving an elastic 
elliptic inclusion in an infinite matrix. Numerical results are presented for a range 
of geometric parameters; the effects of the mismatch of the shear modulus of the 
inclusion and that of the matrix are also considered. 

INTRODUCTION 

In recent years, there has been increasing attention paid 
to the study of cracks approaching, terminating, 
crossing, or lying along bimaterial interfaces, see, e.g. 
Refs 1-14. Solutions to these problems have important 
applications in geomechanics, biomechanics, and, 
generally, the study of failure of multiphase (metallur- 
gic or composite) materials. The range of problems 
that may be encountered, even in two dimensional 
elasticity alone, which is the scope of the present paper, 
is very broad indeed. Among them is a class which 
features an inclusion or inclusions embedded in an 
elastic matrix with cracks present. Studies in this area 
include those by England, 15 Perlman & Sih, 16 Toya, 17' 18 
Sendeckyj, 19 Erdogan et al., 2° Selvadurai & Singh, 21 
Erdogan & Gupta, 4 Viola & Piva, 5 Hasebe et al., 12 

Steif, 11 and Liu & Erdogan. l° Most of these analytical 
studies are concerned with either a crack lodged in an 
inclusion or that occurring at the interface between the 
inclusion and the matrix. The method of analysis 
employed can generally be categorised into either 
mapping techniques using complex function theory, or 
the integral equation approach whereby a set of singular 
integral equations is derived and solved numerically in 
order to evaluate the stress intensity factors for the 
crack. 
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Numerical methods of stress analysis provide 
alternative means of examining this class of crack- 
inclusion problems. Among the computational meth- 
ods, the finite element method and the boundary 
element method (BEM), also often known as the 
boundary integral equation (BIE) method, have been 
well established for the stress analysis of cracked 
homogeneous bodies. The use of the former method 
has also been fairly extensive for treating crack 
problems in composite materials, see, e.g. Refs 22-28. 
On the other hand, the application of the BEM in this 
area has, to date, been extremely limited indeed, and it 
has been mainly confined to bimaterial interface crack 
problems. 29-35 For cracks with crack-tips located 
within piece-wise homogeneous and isotropic regions, 
the determination of the stress intensity factors, KI and 
KII, using BEM is a relatively straightforward 
procedure. To this end, the techniques which have 
been successfully established for treating cracked 
homogeneous bodies could equally be applied here 
since the stress singularity at the crack tip remains the 
conventional r -1/2 form. For cracks which lie along the 
interface between two dissimilar materials, the stress 
singularity, although also of the r -1/2 form, is highly 
oscillatory in manner as the crack-tip is approached. 
This presents some difficulties in conventional BEM 
modelling of the problem. Lee & Choi, 34 for example, 
resorted to using extremely refined meshes to obtain 
the stress intensity factors by the conventional BEM, 
while Yuuki et a/. 30-32 and Hasegawa 33 employed 
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special fundamental solutions in their BIE formulations 
for treating the problem. Tan & Gao 35 recently 
examined the use of the conventional BEM in 
conjunction with quarter-point crack-tip elements, 
similar to those used for analysing cracked homo- 
geneous bodies, for such problems. They derived 
expressions for evaluating the stress intensity factor 
directly from the displacement data for the crack-tip 
elements or from the computed traction at the crack 
tip, and found that good accuracy of the stress 
intensity factor solution could be obtained even with 
relatively coarse mesh discretisations. 

In this paper, the conventional multi-region boundary 
element method with quarter-point crack-tip elements is 
used to obtain stress intensity factors for a finite size 
crack in an elastic matrix which also spans partially 
around an elastic elliptical inclusion at the interface. The 
case of the crack having either partially or wholly 
penetrated the inclusion is also analysed in this study. A 
relatively wide range of geometric parameters is 
considered and the effects of the mismatch of material 
properties between the inclusion and the matrix are 
investigated. In the following section, the techniques for 
directly evaluating stress intensity factors using BEM 
are briefly reviewed. Numerical results for the problems 
treated are then presented and discussed. 

DIRECT EVALUATION OF STRESS INTENSITY 
FACTORS USING BEM 

The analytical and numerical formulation of the 
boundary element method is well documented in the 
literature, see, e.g. Refs 36 and 39. For a homogeneous 
and isotropic elastic domain, the direct boundary 
integral equation (BIE) relating the displacements ui 
and the tractions t i at the boundary S, in Cartesian 
coordinates xi, may be written, using indicial notation, 
a s :  

Cji( P )ui( P ) + J ui( Q ) Tji( e, Q)dS(Q) 

= [ti(Q)Uji(P,Q)dS(O) i , j= 1,2 (1) 

In eqn (1), uij(P, Q) and Tij(P, Q) are the fundamental 
solutions for the displacements and tractions, respec- 
tively, for the well-known Kelvin problem. Also, the 
value of Cij(P) depends on the local geometry of S at P 
and is equal to 1/2 6ij , where 6ij is the Kronecker delta, if 
P lies on the smooth part of S. 

To solve the BIE numerically, the boundary S is first 
discretised into a series of, say, M line elements. Over 
each of these elements, the geometry, displacements and 
tractions may be assumed to vary according to a simple 
polynomial. In this study, the quadratic isoparametric 
variation is assumed, thus, over each of the three-noded 

elements, 

3 

xi( ) = NC( )xf 
c=l 

3 

Ui(~) : E NC(~)u~" 
c=l 

3 

ti(~) = E NC(~)tc (2) 

c=l 

In eqn (2), the superscript c denotes the local node 
number, ~ is the intrinsic coordinate (-1 _< ~ _< +1 ), and 
NC(~) are the quadratic shape functions given by 

N1(~) = ½~(~- 1) 

N2(~)= 1 -~2  

U3(~) = 1~(~ + 1) (3) 

Substitution of eqn (2) into eqn (1) results in the 
discretised form of the BIE, namely, 

N 3 

Cji(Pa)uJ (Pa) + ~-~ E uJ (Pa(b'C)) J TJi(pa(b'c)' Q) 
b=l c=l Sh 

× NC(~)J(~) d~ 

M 3 

b=l c=l 

pa = 1, N (4) 

where N is the total number of distinct nodes on S, J(~) 
is the Jacobian of transformation from the global to 
local coordinates, and pa(b,c) denotes the cth node of the 
bth element. 

For problems in which there are piece-wise homo- 
geneous regions of different material properties, eqn (1) 
and (4) may be written for each sub-region in turn and 
the compatibility conditions applied at the sub-region 
interface boundaries. Equation (4), or its modified form 
for multi-regions, represent a set of N linear algebraic 
equations for the unknown nodal values of displace- 
ments or tractions at the boundary S. They may be 
solved using, for example, Gaussian elimination. 

When using the finite element method with quadratic 
isoparametric elements, it is well known that a simple 
way to represent the r 1/2 and r -1/2 displacement and 
traction variations, respectively, in the vicinity of the 
crack-tip is to place the mid-side nodes to the quarter- 
points, see Fig. I. 

Crack 

r ' ~ Tip N i r 

I i i _ t 

Fig. 1. Quadratic quarter-point crack-tip elements. 
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In BEM however, because the displacements and 
tractions are independently represented, their variations 
in such a quarter-point element, when using the shape 
functions given in eqn (3), are of the same form, namely, 

2 r 

where the A7 are constants for the element. To achieve 
the proper r -1/2 singularity for the traction variation, 
the right-hand-side of eqn (5) may be multiplied by 
(l/r), I being the length of the crack-tip element. Thus, 

i 2 3 r 
= ~ + B i  +Bi  (6) 

Vt  

In terms of the shape functions, (6) may be written as 

t i= t'ilN1 (~)V~ + I-i2N2(~)V~ + ti3N3(~) ~/~ 

= #~rl(~) +/i2~r2(~) + ~-i3~r 3(~) (7) 

where -ii n denotes the nodal values of ti divided by the 
nodal values of N"(~). It can be easily verified that for 
this quarter-point element, 

___ t? 

~-i 2 _____ lt2 

t i  I ~ -  !ir~ ti (8) 

To treat a general crack problem involving mixed 
mode deformation in a homogeneous body using the 
conventional BEM, the physical domain may be 
represented by two or more sub-regions such that the 
crack planes coincide wth the sub-region interface 
boundaries. 37 Using the quarter-point crack-tip ele- 
ments described above, the stress intensity factors can be 
obtained directly using either the computed values of the 
nodal displacements for the crack-tip elements on the 
crack faces, or from the computed value of t~ at the 
crack-tip for the traction singular quarter-point element 
ahead of the tip. Expressions for such direct evaluation 
of the stress intensity factor may be obtained 37'38 by 
equating the classical near-tip field solution to eqn (5) or 
eqn (6) respectively. With reference to Fig. 2, these 
expressions are given below: 

Displacement formula 

# 2V~ B K,  : + l )  [4(u  - . f )  + ( u f  - . f ) ]  

# 2V~ B Kll - -  (t~ + 1-~ [4(Ul -- un) + (u• -- ulC)] (9) 

~ A 

(a) 

~v Co) 

Fig. 2. (a) Quarter-point elements on crack faces. (b) Quarter- 
point elements ahead of crack-tip. 

where 

3 - 4v for plane strain 
3 - - v  

- 1 + v forplane stress (10) 

In eqns (9) and (10), # and v are the shear modulus and 
Poisson's ratio, respectively. 

Traction formula 

KIi = [~ v ~ l  (11) 

where the superscripts denote the nodal points shown in 
Fig. 2. 

It has been demonstrated, see, e.g. Ref. 38, that even 
when using relatively coarse mesh discretisations, very 
accurate stress intensity factor solutions can be obtained 
with these formulas. 

To treat bimaterial interface crack problems using 
BEM, the multi-region approach for treating general 
crack problems in homogeneous bodies may be 
followed, with each sub-region in the BEM model 
representing each piece-wise homogeneous part of the 
physical problem. However, eqns (9) and (1 l) cannot be 
applied to determine the stress intensity factors for the 
interface crack. This is because the singular stress fields 
are oscillatory in form as the interface crack-tip is 
approached. 4° Associated with these stresses is the 
physically inadmissible feature of interpenetration of 
the crack faces. This issue was resolved by Comninou 41 
who showed this to be a consequence of not taking into 
consideration the contact conditions between the crack 
faces, albeit over only a very small zone, at the interface 
crack-tip. As pointed out again recently by Rice, 42 
although this implies that the oscillatory field solutions 
are not valid on the scale of the contact zone, they do 
still provide a proper characterising parameter for the 
near-tip state when, as in most typical circumstances, 
that zone is extremely small compared to the crack size. 

When treating bimaterial interface cracks, it is 
convenient then to introduce K, the complex stress 
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Fig. 3. Problem (I). 

intensity factor defined by: 

K = K~ + iKii (12) 

The stresses at distance r ahead of  the crack-tip are 
related to this complex stress intensity factor by 

1 Kr -i* 
coshTre (~r°° + i"rr°)l°=° = 2v/~r (13) 

In eqn (13), the stresses cr00 and "Cro are with respect to a 
local polar co-ordinate system with the origin at the 
crack-tip; the bonded interface corresponds to 0 = 0 and 
the free crack faces of material 1 and material 2 are 
defined by 0 = - r r  and 0 = 7r respectively. Also 

1 /~l + B;I~2 
= ~ In (14) 

# 2  + /~2#1 

is the bimaterial constant where the subscripts denote 
the material type number. It should be noted that 
because the tensile and shear effects are coupled near the 
interface crack-tip, Kt and KII here cannot be defined in 
the classical separate form as for homogeneous materi- 
als (see, e.g. Ref. 43). The complex stress intensity factor 
as defined above may also be written as 

K =  Ko ei~v (15) 

where K o and q are the modulus and argument, 

) o T 

2c 

Fig. 4. Problem (II). 

1 o l 
Fig. 5. Problem (III). 

respectively, of the complex stress intensity factor. Thus 

go = Igl = ~ / 2  + K~ (16) 

~0 = tan- l (Ki i /Ki)  (17) 

It can be shown (see, e.g. Ref. 44) that the maximum 
amplitude of  the singular stresses in the vicinity of the 
crack-tip is determined by K o, and unlike KI and Ktt, Ko 
is not oscillatory in form. It can further be shown that 
the strain energy release rate is directly proportional to 
K 2. The fact that Ko is not oscillatorily singular means 
that its determination is less likely to suffer numerical 
resolution difficulties as would be the case if KI and Kn 
are to be determined directly here. Knowledge of  Ko and 
tI, for a given cracked configuration and loading 
condition will however enable the near tip stress state 
to be related to some crack extension criterion. 

Using the quarter-point crack-tip elements described 
earlier and employing similar procedures for deriving 
eqns (9) and (11), expressions equivalent to these 
equations for directly obtaining Ko for the bimaterial 
interface crack may also be obtained. 35 They are, with 
reference to Fig. 2, given below: 

D i s p l a c e m e n t  formula  

K o ~ -  V @ [ W 2  -I - v 2 ]  1/2 ( 1 8 )  

t___a t ) I 

i 
I 

l._ 

Fig. 6. Typical BEM mesh for Problem (I). 
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T a b l e  1. N o r m a l i s e d  s tress  intens i ty  fac tors ,  K 1/[(, for P r o b l e m  
(I), g = ,~,/,~b 

c/a b//C #2 / / / .Z l  

5 10 20 100 

1"05 1"571 1-781 1"933 2'093 
1'10 1'534 1-741 1"889 2'045 
1'20 1'237 1"315 1"367 1'419 

1/3 1-40 1.112 1'149 1-173 1"197 
1.50 1'089 1.117 1"135 1"153 
1.60 1"068 1"089 1" 102 1' 116 
1'80 1'036 1"048 1"056 1"064 
1"05 1'402 1"547 1"651 1-760 
1"10 1"285 1"380 1.446 1'514 
1.20 1.159 1"211 1'247 1'283 

1/2 1 '40 1 '060 1 '082 1 "097 1' 112 
1"50 1'047 1"062 1"073 1'084 
1'60 1"033 1"044 1"052 1'060 
1"80 1"013 1-019 1'023 1'028 
1-05 1"261 1"363 1.442 1"530 
1-10 1"148 1'208 1-255 1"308 

1 1-20 1-058 1-088 1'112 1'139 
1'40 1'005 1'015 1.024 1"035 
1"50 1"002 1'012 1"018 1-026 
1"60 1"000 1"005 1'009 1"015 
1"05 1-111 1.180 1"259 1'409 
1"10 1-026 1"058 1'099 1'179 

2 1'20 0"995 1'008 1"027 1-066 
1-40 0"984 0-987 0"994 1"008 
1'60 0"995 0-996 0.999 1"006 
1'05 1'032 1"065 1-120 1'289 
1'10 0'989 1"002 1-028 1'113 

3 1"20 0'985 0'988 0"999 1-038 
1-40 0-993 0"992 0'995 1 '009 

where 

W =  D l [ - u ( + a u ~  9 -  3u{ ~] - D2[-u c + 4 u ~ -  3ufl] 

(19) 

V = D, [ - u f  + 4u#  - 3u2 A] - D2[-u c + 4u~ - 3u~] 

(20) 

(1 + 7)Ao #l 
D 1 = 

cosh (Tr~)  ,~le " + ? e  - ~ '  

(1 + 7)Ao #2 
D2 = cosh(Tre) t~27e - '~  + e "~ 

,% = (¼ + d )  '/2 

(21) 

(22) 

(23) 

In the above  equat ions,  l is the length o f  the crack-t ip  
elements  as shown in Fig. 2, and the superscripts  denote  
the nodal  points  shown in the same figure. 

T r a c t i o n  f o r m u l a  

2 ~  [(~-~)2 + {~)2]Uz (24) 
K0 --- cos h(Tre) 

where i~ denotes the B E M  compu ted  t ract ion at the 
crack-t ip  node. 

To  obta in  the phase  angle 9 f rom numerical  data,  use 
m a y  be made  of  its relat ionship with the crack-face 
opening displacements.  I t  can be shown,  (see, e.g. Ref. 
23), that  

~o = t a n - l ( A v , / A v o )  + ~ In r - tan-1(2e)  (25) 

where Avr  and AVo are the crack opening displacements  
between the crack faces in the r- and 0-directions at 
distance r f rom the interface crack-tip.  No te  however  
that  • is scale dependent .  42 Thus  for  its results to be 
generally applicable,  it should be presented in a scale- 
invar iant  form,  such as 

Kh -ie = Ko ei~* (26) 

where 

ffJ* = k O - e  l n h  

2 ,2  --  

2 . 0 - -  

1 . 8 - -  

1 . 6 - -  

. ~  1 . 4  - -  

1 . 2 - -  

1 . 0 ~  

/ %  u2/ul 

A 5 

/ ~  0 lo 

l I I I I I I I 1 
1 .0  1 .1  1 .2  1 .3  1 .4  1 . 5  1 . 6  1 . 7  1 .8  

b / c  

Fig.  7. Variation of Kl/c%/Trb with b/c for Problem (I);  
c/a = 1/3. 

= tan- l (Avr /AVo)  + e In (r/h) - t an - l (2e )  (27) 

The  pa rame te r  h in the above  equat ions  may  be any 
characterist ic d imension of  the problem.  It  is evident 
here that  O* cannot  be evaluated numerical ly  at the 
crack- t ip  itself, that  is at r = 0. Numer ica l  exper iments  

i i I 

I x l  

' i . . . . .  i"'  , - \  

i i : ¢ - ~ x !  i 
¢. . . . . .  J 

Fig. 8. Typical BEM mesh for Problem (II). 
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Table 2a. Normalised stress intensity factors, K A = (KI)A/K, 
for point A in Problem ( I I ) , / (  = ax/Tr(b + d) 

c/a b/2c #2/#1 
5 10 20 100 

0.02 0.565 0.463 0.400 0.341 
0.35 0'590 0-481 0"407 0.324 

1/3 0.50 0.634 0.526 0.445 0.333 
0'65 0.665 0'559 0.480 0.357 
0'80 0.718 0'619 0.544 0'435 

0.20 0.639 0.556 0.504 0.454 
0"35 0-662 0.569 0.504 0.426 

1/2 0'50 0-711 0'617 0.543 0-429 
0'65 0-738 0'656 0.587 0.450 
0.80 0.791 0.721 0'666 0.547 
0.20 0-771 0.717 0.681 0.644 
0.35 0-783 0.717 0.665 0'598 

1 0.50 0"826 0.759 0'695 0.587 
0.65 0-841 0'786 0"728 0.589 
0.80 0.882 0.844 0.806 0'678 

0.20 0-873 0"837 0.807 0.766 
0.35 0.882 0.841 0'800 0.722 

2 0.50 0-915 0.874 0.831 0.722 
0'65 0.911 0'879 0.842 0.724 
0"80 0"935 0.911 0.884 0'785 

0.20 0'909 0.882 0.857 0.811 
0'35 0.919 0.891 0.861 0.782 

3 0"50 0.947 0.921 0'891 0'798 
0.65 0.937 0.915 0.891 0.805 
0.80 0.954 0.935 0.915 0.843 

Table 2b. Normalised stress intensity factors, K n = (Kl)s/[(, 
for point B in Problem (II), R = av/Tr(b + d) 

c/a b/2c #2/#1 
5 10 20 100 

0-20 1.697 1.945 2.144 2.418 
0.35 1-984 2.424 2.859 3.673 

1/3 0.50 2.223 2.844 3.563 5.425 
0.65 2.364 3.112 4.052 7.443 
0.80 2.675 3.582 4.700 10.026 

0.20 1.706 1.962 2.163 2.406 
0.35 1.990 2.457 2.910 3.613 

1/2 0.50 2.219 2.905 3.713 5.443 
0.65 2.366 3.206 4.348 7.975 
0.80 2.645 3.607 4.948 11.283 

0.20 1.684 1.961 2.179 2.432 
0.35 1.945 2.431 2.888 3.534 

1 0.50 2.155 2.867 3-677 5.186 
0.65 2.279 3.169 4.380 7.698 
0.80 2.483 3.486 5.008 11.784 

0.20 1.846 2.323 2.799 3.528 
0.35 2.008 2-646 3.399 4.958 

2 0.50 2.138 2.890 3.867 6.533 
0.65 2.212 3.046 4.189 8.190 
0.80 2.413 3.398 4.789 10.862 

0.20 1.944 2.551 3.263 4.690 
0.35 2.049 2.757 3.686 6.370 

3 0.50 2.150 2.934 3.990 7.720 
0.65 2.175 2.991 4.097 8.494 
0.80 2.364 3.330 4.664 10.179 

using BEM on several different well-known test 
problems have shown however that to obtain accurate 
estimates of ~*, a very good position to apply eqn (27) 
is at the mid-point of the crack-tip elements. This is true 
for a wide range of  relative crack-tip element sizes, from 
l/a = 0"02 to 0' 15, where a is the modelled crack length. 

N U M E R I C A L  R E S U L T S  

The BEM results presented here are for an infinite 
elastic matrix of material (1) which has an embedded 
elliptic inclusion of material (2), with semi-axes a and c. 
Three different situations of crack occurrence were 
considered in this study; they are shown in Figs 3-5 as 
Problems (I), (II) and (III), respectively. In each of 
these main set of  problems, five different geometries of 
the elliptic inclusion were treated. They are c/a = 1/3, 
1/2, 1, 2 and 3, with a range of  crack sizes analysed for 
each. For a given crack configuration, the effects of the 
mismatch of  material properties between the inclusion 
and the matrix were also investigated. To this end, four 
different values of  the shear modulus ratios #2/#1 were 
treated, namely, 5, 10, 20 and 100; the Poisson's ratio of 
both materials were taken to be the same, however, as 
0"3. Plane strain conditions were assumed throughout. 

In the numerical models employed, the infinite matrix 
was represented as a square domain with side lengths 
twenty times the length of  the major axis of the elliptic 

inclusion. Quarter-point crack-tip elements were used in 
all the analyses. For evaluating the stress intensity 
factors, both the displacement formulas and the traction 
formulas presented above were used. It was found that 
the deviations of  the stress intensity factor results 
obtained from these formulas were generally less than 
two percent. The traction formulas have been shown to 
yield solutions which are less sensitive to crack-tip 
element size however, 37' 38 thus only this set of results are 
presented below. Also, for Problems (I) and (II), when 
materials 1 and 2 are taken to be identical, the problems 
reduce to that of  a crack in an infinite homogeneous 
body. The accuracy of the numerical stress intensity 
factor solutions obtained with every mesh employed in 
Problems (I) and (II) was checked for this case and 
found to be indeed excellent, with error of less than one 
percent in general. Although this level of accuracy is 
unlikely to be maintained for the non-homogeneous 
cracked bodies, particularly those involving interfacial 
cracks in Problem (III), as experience in Ref. 35 has 
shown, the errors in the numerical solutions are 
expected to be within 5 percent of the true values. 

Problem (I) 

In this problem, see Fig. 3, a crack of length 2b has 
completely penetrated the elliptic inclusion along one of 
its axes and the two crack-tips are located in the matrix 
symmetric about the inclusion. The matrix is subjected 
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Table 3a. Normalised stress intensity factors, /CA = (Kt)A/[(, 
for point A in Problem (III), i~" = a~/Trd 

c/a 0 #2/#1 
5 10 20 100 

30 ° 0.599 0.562 0.541 0.521 
60 ° 0.553 0.522 0.509 0.503 

1/3 90 ° 0.665 0.634 0.610 0.583 
120 ° 0.798 0.794 0.793 0.790 

30 ° 0.633 0.607 0.593 0.581 
60 ° 0.669 0.648 0.639 0.634 

1/2 90 ° 0.881 0.856 0.841 0-825 
120 ° 1.034 1.028 1.024 1.020 

30 ° 0.711 0.696 0.689 0.683 
60 ° 0.844 0.829 0.821 0.815 

1 90 ° 0.996 0.982 0.974 0.967 
120 ° 1-128 1.119 1-113 1.109 

30 ° 0.803 0.794 0.789 0.785 
60 ° 0.925 0.917 0.912 0.908 

2 90 ° 1.004 0.996 0-992 0.988 
120 ° 1.081 1-074 1.070 1.067 

30 ° 0.854 0.848 0.844 0.841 
60 ° 0.949 0-942 0.939 0.936 

3 90 ° 1.002 0.996 0.993 0.990 
120 ° 1.054 1.049 1-046 1.044 

to un i fo rm tens ion  ~ at  the r emote  ends  in the d i rec t ion  
pe rpend icu la r  to the p lane  o f  the crack.  F igure  6 shows a 
typical  B E M  mesh used for  the analysis  o f  this  p rob lem.  
Only  one -qua r t e r  o f  the phys ica l  so lu t ion  d o m a i n  was 
model led ,  a d v a n t a g e  being t aken  o f  the p lanes  o f  
symmetry .  Tab le  1 lists the no rma l i sed  stress in tens i ty  
factors ,  KI/I(, where  K = t r x / ~  for  the range  o f  c rack  
sizes and  inclusion geometr ies  cons idered .  F o r  ell iptic 

semi-axes ra t io  c/a grea ter  than  uni ty ,  the Kt  so lu t ions  
are  only  p resen ted  for  up  to cer ta in  relat ive crack  sizes 
as it was found  tha t  b e y o n d  those  sizes, the presence o f  
the inclusion has,  to  all in tents  and  purposes ,  no  effect 
on the stress in tensi ty  factor .  The  typical  var ia t ions  o f  
the stress in tensi ty  fac tor  with crack  size for  a given 
inclusion shape  is also shown p lo t t ed  in Fig.  7. 

It can be seen f rom the results  tha t  the shape o f  the 
inc lus ion as well as the misma tch  o f  its shear  modu lus  
with tha t  o f  the mat r ix  ma te r i a l  has a very p r o n o u n c e d  
effect on  the stress intensi ty  fac tor  for  the crack.  O f  
interest  to note  is tha t  for  a given relat ive c rack  size 
b/c, the stress intensi ty  fac tor  increases as the semi- 
axes ra t io  o f  the el l ipt ical  inclusion decreases.  Also ,  
given the geomet ry  o f  the inclusion and  the size o f  the 
crack,  the value o f  K I increases as the ra t io  o f  the 
inclusion to mat r ix  shear  modu l i  increases,  the rate  o f  
increase o f  K1 with #2/#1 being greater  the smal ler  the 
value o f  c/a. 

Problem (II) 

In  this p rob lem,  the el l ipt ical  inclusion is pa r t i a l ly  
c racked  a long  one o f  its axes and  the c rack  also extends  
in to  the mat r ix  a long  the p lane  o f  this axis, see Fig.  4. 
The  pa r t - l eng th  o f  the c rack  in the inclusion is b while 
tha t  in the ma t r ix  is d. In  this s tudy,  the length  d was 
taken  to be equal  to c while the length b was var ied  f rom 
b/2c = 0.2 to 0.8. The  body ,  as before,  is subjected to 
uniaxia l  tens ion ~r a t  the r emote  ends in the d i rec t ion  
pe rpend icu la r  to the p lane  o f  the crack.  A typical  BEM 
mesh used for  solving this p r o b l e m  is shown in Fig. 8; 

Table 3b. Normafised modulus of the complex stress intensity factor , /C o = Ko/[( , and. the phase angle ~* (degrees) for point B in 
problem (III), A" = a~/Trd; ~* = Arg (Kd -'~) 

~2/~1 
c/a 0 5 10 20 100 

30 ° 0.842 -20.2 0'855 -20.9 0'860 -21.3 0.845 -21.5 
60 ° 1"528 -5 .2  1.568 -6 .0  1.574 -6 .4  1.551 -6 .5  

1/3 90 ° 1.627 58.2 1.825 60.6 1.983 63.7 2' 165 68.3 
120 ° 0.398 -53.2 0"470 -54-2 0.517 -55.4 0'553 -57.3 

30 ° 0.881 -19.2 0.907 -20-3 0.917 -21.0 0.913 -21.6 
60 ° 1.486 -1.1 1"526 -2 .3  1.537 -2 .9  1.538 -3 .4  

1/2 90 ° 1.427 48.5 1 '570 49.5 1 "658 50.5 1 '741 51.5 
120 ° 0.608 -80 '6  0"701 -81.2 0.759 -81.7 0.807 -82.0 

30 ° 0.963 -10-8 1.005 -12.6 1.028 -13.6 1.058 -14.5 
60 ° 1.214 13.1 1"281 11.8 1'320 11.0 1'382 10.4 

1 90 ° 1' 195 33" 1 1"280 32.0 1.329 31.4 1.377 31.1 
120 ° 1.014 50.5 1"104 49.3 1.157 48.7 1.218 48.1 

30 ° 0.947 7.0 1"003 5'3 1'035 4.3 1'063 3.5 
60 ° 1.026 16.2 1-086 14.3 1.120 13.3 1.134 12.4 

2 90 ° 1.059 20.1 1-125 18.2 1.163 17.1 1'196 16.3 
120 ° 1.083 23.3 1" 152 21.3 1.191 20.1 1.223 19.2 

30 ° 0.920 10.7 0"975 8.8 1.006 7.7 1.019 6.9 
60 ° 0.986 13.6 1.043 11.5 1.073 10.3 1.066 9.3 

3 90 ° 1.009 15.1 1-069 12.8 1.104 11.4 1.135 10.6 
120 ° 1.053 16-2 1-116 13.9 1.152 12.5 1.176 11.4 
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Fig. 9. (a) Variation of (Kj)A/K with c/a; /~ = av/[vr(b + d)]; 
b/2c = 0"8. (b) Variation of (K1)B/R with c/a; 

K = a~/[~-(b + d)]; b/2c = 0"8. 

only one-half of the physical problem needs to be 
modelled as there is a plane of symmetry. 

The numerical results from the BEM analysis for 
the stress intensity factors at the two crack tips, A and 
B in Fig. 4, are listed in Table 2. The values are 
normalised with respect to /~, where k = ~ + d), 
and are denoted by (K1)A and (/(1)8 for the two 
points, respectively. Examining first the effects of the 
inclusion geometry and its material property on the 
stress intensity factor at the crack-tip A in the matrix, 
it can be seen that (K/)A/K decreases as the ratio 
#2/#1 increases. Also as c/a increases from 1/3 to 3, 

I i * 

I 

L. 

X 

t \ 
r . . . . .  I : / ~ x , ,  

I I ' ,  ' , !  ,.. . . . . .  .i 

Fig. 10. Typical BEM mesh for Problem (llI). 

(KI)A/K increases for a given relative crack length 
b/2c. 

These trends are exactly opposite from what was 
observed earlier in Problem (I) where the crack-tips are 
also in the matrix. Figures 9(a) and (b) show. as 
examples, the variations of these stress intensity factors 
with the inclusion geometry ratio c/a for a given relative 
crack size b/2c, in this case b/2c = 0.8. It is worth 
noting too that the stress intensity factor at A, for all the 
cases treated here, is always less than that for a crack in 
an infinite homogeneous body. In contrast, for point B 
in the inclusion, the values of (K1)B/[f are all 
significantly greater than unity, suggesting that crack 
extension in such cracked configurations will occur there 
first. Also, the variations of (KI)~/R with the ratios 
#2/#1 and c/a are opposite in trends from those for 
point A. 

A special case of  this problem, namely, that when the 
inclusion is circular, has been considered analytically by 
Erdogan & Gupta. 4 In their treatment, the total length 
of the crack was kept constant while the proportion of it 
in the inclusion was varied. Numerical results were 
presented by them for only one #2/#1 ratio, namely, 
23.077, which corresponds to that for an aluminium 
inclusion in an epoxy matrix. Although no direct 
comparison between their results and those presented 
here can be made, a close comparison is possible for the 
case c/a = 1, b/2c = 0"50 and ~ 2 / # 1  = 20 considered in 
this study. Values of (KI)A/R and (K~)8/K interpolated 
from those presented in Ref. 4, are found to be equal to 
0.691 and 3.905, respectively, while those obtained from 
the present BEM analysis are 0.695 and 3-677, as shown 
in Table 2. Agreement between the BEM and the 
analytical results is thus very good indeed, the small 
deviations being attributable to the slightly higher #2/#J 
ratio considered in the analytical study and they are in 
the right directions as observed earlier on the effects of 
#2/#1 changes. The feature of (K~)8 being significantly 
greater than (K1)A for a given cracked geometry was 
also seen in the study by Erdogan & Gupta. 4 

P r o b l e m  (III)  

Finally, the last problem considered in this study 
involves a debonded crack at the interface between the 
elliptical inclusion and the matrix which is subjected to 
remote biaxial tension or. It spans an angle 20 as shown 
in Fig. 5 and is symmetric about one of the elliptical 
axes, continuing into the matrix along the plane of  this 
axis. For the analysis, the length of the straight part of 
the crack in the matrix, d, was taken to be equal to the 
length of the semi-axis c and stress intensity factors were 
calculated for four different values of  0, namely 30 °, 60 °, 
90 ° and 120 °. A typical BEM mesh used here is shown in 
Fig. 10; it represents one-half of the physical problem. 
For the crack-tips B at the interface between the two 
different materials (see Fig. 5), the values Ko and the 
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phase angle kv* are obtained for the various geometric 
and material property parameters considered. Tables 3a 
and 3b present the normalised results of  KI /K  for the 
point A and Ko/[( for the point B from the BEM 
analysis, respectively; here ~ ' =  ~rv/-~-d. Also listed in 
Table 3a are the corresponding computed values of  the 
non-dimensionalised phase angle tp*, where ko*= 
Argument(  Kd-i" ). 

It can be seen from the results that given the cracked 
configuration, increasing the value of #2/#1 appears to 
have the effect of decreasing the stress intensity at point 
A while generally increasing that at the interface crack- 
tip B. However this decrease of KI at crack-tip A 
becomes relatively small when c/a > 1. It is also evident 
from the numerical results in Table 3b that at the 
crack-tip B, the values of Ko/K and ~P* are relatively 
more sensitive to the inclusion geometry and the extent 
of the debond at its interface with the matrix than to the 
mismatch between their material properties. Of  perhaps 
interest to note too is that there are certain sizes of the 
interface crack, given the geometry of the inclusion, 
where tg* = 0. The value of 0, which is the measure of 
the size of  the interface debond here, at which this 
occurs is smaller the larger the value of  c/a. Although 
• * = 0 implies that Ku = 0 in such situations, it should 
be remarked again that this does not mean that only the 
opening mode is present in the vicinity of  the crack-tip. 
As has been mentioned earlier, when the material 
properties are different from one another at the 
interface crack-tip, the tensile and shear effects are 
coupled, and KI and Ktz do not represent the opening 
and shear modes as for homogeneous materials. 
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