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Over the last five years, wavelet transform based models have begun to be explored for hydrologic fore-
casting applications. In general, a particular wavelet transform (and a particular set of levels of decom-
position) is selected as the ‘optimal’ wavelet transform to be used for forecasting purposes. However,
different wavelets have different strengths in capturing the different characteristics of particular hydro-
logical processes. Therefore, relying on a single model based on a single wavelet often leads to predictions
that capture some phenomena at the expenses of others. Ensemble approaches based on the use of multi-
ple different wavelets, in conjunction with a multi model setup, could potentially improve model perfor-
mances and also allow for uncertainty estimation. In this study, a new multi-wavelet based ensemble
method was developed for the wavelet Volterra coupled model. Different wavelets, levels of decomposi-
tion, and model setups are used in this new approach to generate an ensemble of forecasts. These ensem-
bles are combined using Bayesian Model Averaging (BMA) to develop more skilful and reliable forecasts.
The new BMA based ensemble multi-wavelet Volterra approach was applied for forecasting stream flow
at different scales (daily, weekly and monthly) observed at two stations in the USA. The results of this
study reveal that the proposed BMA based ensemble multi-wavelet Volterra nonlinear model outper-
forms the single best wavelet Volterra model, as well as the mean averaged ensemble wavelet Volterra
model.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Wavelet transforms (WT) have begun to be used in several
hydrological applications, such as trend analysis (e.g., Kallache
et al., 2005; Partal and Küçük, 2006; Adamowski et al., 2009; Nal-
ley et al, 2012; Sang et al., 2012) forecasting (e.g, Wang and Ding,
2003; Nourani et al., 2008; Kisi, 2009; Partal, 2009; Tiwari and
Chatterjee, 2010; Adamowski and Sun, 2010; Adamowski and Fung
Chan, 2012), time frequency characterisation (e.g., Labat, 2005;
Neupauer et al., 2006; and Chen and Xie, 2007), multiscale correla-
tion (e.g., Labat, 2005; and Sang et al., 2010c), and minimizing
model parameters (Chou, 2007). In particular, the WT has been
shown to be a very useful tool for hydrologic forecasting purposes.
Recent publications (e.g., Adamowski and Karapataki, 2010; Kisi,
2011; and Maheswaran and Khosa, 2011c) have shown that the
coupling of traditional data driven (or machine learning) models
with the wavelet transform significantly increase the accuracy of
these models. This has led to the development of coupling
nonlinear models (e.g., neural networks, Support Vector Machines),
as well as linear regression techniques (e.g., multiple linear
regression), with the wavelet coefficients resulting from filter bank
decomposition. The majority of studies have found that the wave-
let neural network approach provides the most accurate hydrolog-
ical forecasts. More recently, Maheswaran and Khosa (2011c)
developed a new wavelet Volterra coupled model that overcomes
the limitations of the wavelet neural network model approach
and provides more accurate results than the wavelet neural net-
work approach.

Although significant progress has been made in the use of WTs
for hydrologic and other time series forecasting, the choice of
appropriate settings for the filter bank is still an open problem.
Such settings involve the selection of a wavelet family, such as
Daubechies (db), Symlet (sym) or Spline, an order (i.e. wavelet
length) within that family, and the number of decomposition levels
to be employed. Some authors have opted to test several wavelets,
and then select the most appropriate wavelet on the basis of the
performance of the resulting model. Maheswaran and Khosa
(2011b) tested different wavelets, order of wavelets and levels of
decomposition for various types of time series having diverse fea-
tures. They selected the best wavelet family for a given time series
having specific characteristics. For example, it was found that the
Haar wavelet can be recommended for time series having transient
features, whereas wavelets such as the db2 and Spline b3 can be
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recommended for time steps (e.g. monthly) that have long term
features. There are other studies where only a single wavelet was
used, such as db1, sym8 or db4 (e.g., Kisi (2009)).

Very little research has been published to date that is aimed at
establishing general guidelines regarding the choice of wavelet
family, in addition to the order of the wavelet for use in wavelet
based forecasting models. The general approach that has been
adopted to date is to test for different wavelet families and select
the best model based on calibration and validation results. How-
ever, the intrinsic problem with this approach is that the selected
wavelet may work well in capturing certain features of the input
time series, but this may not be the case for other features of the
input series. For example, a particular wavelet may capture the
high flows of a time series very well, but may not perform well
in capturing the low flows. Similarly, another wavelet may perform
well in capturing the low flow dynamics, but may not be in a posi-
tion to capture the high flows. This issue has not been investigated
in the literature despite its importance, and as such was investi-
gated in this study.

In addition, it is worth noting that the selection of a suitable
number of resolution/decomposition levels has also been an issue
that has not been resolved, as reported by Maheswaran and Khosa
(2011c). In general, the depth or level of decomposition depends on
the features of the time series and the nature of the wavelet used.
Therefore, it is recommended that instead of using a single best
model, one should use an ensemble of forecasts obtained using a
group of models developed using different wavelets and different
wavelet decompositions. This has also not been explored to date
in the literature, and as such was investigated in this study.

Given the necessity of addressing the above issues, this paper
proposes a new approach (i.e., the Bayesian Model Averaging based
ensemble multi-wavelet Volterra method) that consists of combin-
ing ensembles obtained by using different model settings. The
underlying idea is that each of these ensembles may account for
a particular set of features in the wavelet domain, and may also
be able to capture different features (peaks, low flows, time to
peak) at the same time. Therefore, by combining the individual
forecasts into an ensemble, a richer exploration of the wavelet do-
main may be achieved, in addition to increasing model
performance.

The concept of combining different model setups into an
ensemble has been explored in contexts such as daily stream flow
forecasting, prediction of rainfall, and hydrological modelling using
physically based models (Shamseldin and O Connor, 1999; Georg-
akakos et al., 2004; Duan et al., 2007; Dhanya and Kumar, 2011;
Fundel and Zappa, 2011; Boucher et al., 2011; Zalachori et al.,
2012). The basic idea consists of using a set of individual model
forecasts instead of the forecasts derived from a single model se-
lected according to a given criterion. These multi model techniques
provide a forecast by linearly combining individual model predic-
tions according to different weighting methods. The general ap-
proach is to combine ensembles of forecasts that consist of
model mean averaging which results in a point forecast. Tech-
niques such as equal weight, Granger-Ramanathan averaging,
and Bates–Granger averaging linearly combine the deterministic
model outputs into another single point deterministic forecast
(Parrish et al., 2012). Shamseldin and O’Connor (1999) explored
the use of ANNs for estimating the weights of the different models.
However, Hoeting et al. (1999), Raftery et al. (2005), and Rings
et al. (2012)determined that these weights do not necessarily re-
flect the strength of a particular model’s performance, and that
these techniques are affected by the presence of outliers. Despite
this, the multi model ensemble forecasts from these methods were
still better than the single best model forecasts. Recently, Bayesian
Model Averaging (BMA) has been found to be useful in diverse
areas such as statistics, management, meteorology and hydrology.
Bayesian Model Averaging (BMA) is a technique that weighs a
model by its performance and likelihood of predicting the observa-
tion, resulting in a probabilistic forecast. BMA combines informa-
tion from a class of models to obtain a probability distribution
for a quantity of interest, and accounts for model uncertainty.

Raftery et al. (2005) used the BMA method on a set of meteoro-
logical models, while Vrugt and Robinson (2007), Duan et al.
(2007) used the BMA technique with hydrologic models. For exam-
ple, Duan et al. (2007) used BMA to combine different physically
based models for hydrologic modelling at a daily scale. The results
showed that the BMA based models performed better than the sin-
gle best model results. More recently, Parrish et al. (2012) used a
modified BMA approach that incorporates a sliding window of indi-
vidual model performances around the forecast. Rings et al. (2012)
combined the BMA method with Particle filter and Gaussian mix-
ture modelling with a flexible representation of the conditional
probability distribution function. And finally, Zhang and Zhao
(2012) improved BMA based Bayesian Neural Networks by combin-
ing it with Genetic Algorithms. The above studies demonstrated
that the BMA approach is a promising method to combine different
models to provide an accurate forecast using an ensemble of fore-
casts. To date, no research has been published in the literature that
explores the use of ensemble coupled wavelet models for short term
and long term stream flow forecasting using the Bayesian algorithm.
In addition, there are very few papers, if any, that also explore: (i)
the selection of the wavelet family; (ii) the order (or length) within
the wavelet family; and (iii) the number of wavelet decomposition
levels that are appropriate for streamflow forecasting applications.
All of these issues are explored in this study for the first time.

The new BMA based ensemble multi-wavelet Volterra method
that is proposed in this paper for the first time was tested for stream
flow forecasting at monthly, weekly and daily scales. Since the aim
of this study was not a comparison of different forecasting methods,
but rather to explore, in detail, the above mentioned issues, only the
wavelet-Volterra coupled (WVC) method was used as the base
model in this study. This particular method was selected since it
has already been shown by the first author, in Maheswaran and
Khosa (2011c), that the WVC outperforms other new methods that
have recently been proposed in the literature for streamflow fore-
casting (i.e., ANN, wavelet ANN, etc.). The WVC model is simple
and versatile and can be implemented in an adaptive mode
whereas, in contrast, WANN models are inherently complex and
opaque to scrutiny. Further, the proposed WVC based approach
yields an analytic form of the forecasting model leading to a better
insight into the underlying generating process.

The newly proposed BMA based ensemble multi-wavelet Vol-
terra method is based on the WVC method, but is very different
in that it introduces a multi-wavelet BMA based ensemble ap-
proach that is coupled with the regular WVC method. In this study,
the new BMA based ensemble multi-wavelet Volterra method is
compared with the results obtained by individual wavelet-Volterra
(WVC) based models that do not have the ensemble algorithm (i.e.,
the single best WVC model), and the mean averaged ensemble
WVC model. The paper is organized as follows. Section 2 provides
a brief description of wavelet analysis. The method used for fore-
casting is described in Section 3. Section 4 presents the BMA meth-
odology. Section 5 describes the study area and the model
application. Section 6 provides the validation results of the ensem-
ble models using the BMA technique. Section 7 provides a sum-
mary and the conclusions.
2. Wavelet analysis

Wavelet analysis is a powerful tool that is used for function
analysis similar to Fourier analysis. While Fourier analysis
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approximates any periodic function as the sum of sines and cosines
by addressing frequency alone, wavelet analysis represents any
arbitrary function as the sum of wavelets by addressing both space
and scale. The wavelet transform decomposes an arbitrary signal
into elementary contributions (or wavelets) which are constructed
from one single function called the mother wavelet by adjusting its
two parameters, dilation and translation.

For practical applications, the Discrete Wavelet Transform (DWT)
is usually preferred. The latter transform is an orthogonal function
which can be applied to a finite group of data. Functionally, the
DWT has similar attributes to the Discrete Fourier Transform,
namely: (i) the transforming function is orthogonal, (ii) a signal
passed twice through the transformation is unchanged, (iii) the input
signal is assumed to be a set of discrete time samples, and (iv) both
transforms are convolutions. However, while the basis function of
the Fourier transform is a sinusoid, the wavelet basis, in contrast, is
a set of functions that are defined by a localized wavelet function.

A typical discrete wavelet function can be represented as (Labat
et al., 2000).

wj;kðtÞ ¼ 2
j
2wð2jt � kÞ ð1Þ

where w(t) is the mother wavelet and j and k are the translation and
dilation indices. In the DWT, decimation is carried out so that only half
of the coefficients of the detailed component are left at the current level,
and half of the coefficients of the smooth version are recursively pro-
cessed using high pass and low pass filters for coarser resolution levels.
Due to the decimation, the number of wavelet coefficients is halved
with each move to a coarser level and, as a consequence, there is less
information available to train the forecasting model at the coarser level
that leads to a reduction in overall forecasting accuracy. This problem,
caused by decimation, may be overcome by introducing the stationary
or, alternatively, a trous wavelet transform proposed by Shensa (1992).
The basic idea of the a trous wavelet transform is to fill the resulting
gaps using redundant information obtained from the original series.

In this approach, the wavelet decomposition is derived by pass-
ing the given time series through a low pass filter and, subse-
quently, from this the derivation of details and the smoothed
version becomes possible. For example, consider the original time
series x(t) which may also be denoted by co, or

c0ðtÞ ¼ xðtÞ ð2Þ

Further smoother versions of x(t) may be derived using (Renaud
et al., 2005)

ciðtÞ ¼
X1

l¼�1
hðlÞcj�1ðt þ 2i�1lÞ ð3Þ

In the preceding Eq. (3), i takes values from 1 to J (level of
decomposition) and ‘h’ is a low pass filter with compact support.
The length and characteristics of the low pass filter will depend
on the type of wavelet used. The simplest wavelet is the Haar
wavelet with a low pass filter specification given by (½, ½). Simi-
larly, the filter values for the B3 Spline wavelet are defined as
(1/16, 1/4, 3/8, 1/4, 1/16). Using the smoother versions of x(t) at le-
vel i and i � 1, the detail component of x(t) at level i is defined as

diðtÞ ¼ ci�1ðtÞ � ciðtÞ ð4Þ

The set {d1,d2, . . .dp,cp} represents the additive wavelet decom-
positions of data up to the resolution level of p, and the term cp in
this set denotes the residual component, which is also called the
approximation. Accordingly, for reconstruction, the inverse trans-
form is given by (Renaud et al., 2005)

xðtÞ ¼ cpðtÞ þ
Xp

i¼1

diðtÞ ð5Þ
Here, unlike the classical DWT, the decimation is avoided,
resulting in components at different scales that are of the same
length. It should be noted that in this study, the boundary correc-
tion was done using the method proposed by Maheswaran and
Khosa (2011c).

3. Model used for forecasting – Wavelet Volterra Coupled (WVC)
Model

As mentioned earlier, all the models used in this study (i.e., sin-
gle WVC models, mean average ensemble WVC models, and the
newly proposed BMA based ensemble WVC models) are based on
the wavelet-Volterra coupled model (WVC) developed by Mahesw-
aran and Khosa (2011a,d). The single WVC model was very recently
proposed as a new method for hydrological forecasting by the first
author of this paper (Maheswaran and Khosa, 2011a, c) for differ-
ent hydrological forecasting problems such as streamflow forecast-
ing and groundwater level forecasting, and the results showed that
the single WVC method is more accurate than other newly devel-
oped machine learning methods such as wavelet neural networks,
neural networks, and wavelet linear regression. As such, since the
WVC method has already been shown to be more accurate than
other new methods for hydrological forecasting, this paper focused
on improving the WVC method, in addition to exploring several
additional important issues that have not been addressed in the lit-
erature regarding the use of wavelet transform based models in
hydrological forecasting applications. Since the aim of this study
was not to compare different forecasting methods, a common ref-
erence model was considered (the single WVC model), and the per-
formance of the newly proposed Bayesian Model Averaging based
ensemble multi-wavelet Volterra method was compared with the
base model (i.e., single WVC model), as well as the mean average
ensemble WVC model.

Fig. 1 presents a general schematic of the structure of the WVC
forecast model design. As depicted in the figure, an input signal,
Y = (y1, . . .yn�1), is decomposed to obtain wavelet coefficients at dif-
ferent scales using the á trous wavelet transform, and the resulting
wavelet decomposition at various levels are then appropriately
integrated using the second order Multiple Input Single Output
(MISO) Volterra formulation. The Volterra series representation of
a nonlinear time-invariant system with memory is based on a sim-
ple extension of the Taylor series expansion for nonlinear autono-
mous causal systems with memory. Studies such as Diskin and
Boneh (1972), Amorocho (1973), and Labat and Ababou (2001),
have led to the general understanding that a second order represen-
tation (or, a second order nonlinear Volterra kernel) is usually suf-
ficient for most hydrologic systems. For additional mathematical
details, reference may be made to the accompanying appendix.

To understand the formulation, let u1,u2, . . .uJ denote the wavelet
coefficients at each scale, and let the scaling coefficients be denoted
as uJ+1, where J is the coarsest level of decomposition. The wavelet
coefficients and scaling coefficients of the original series are nonlin-
early convolved using the second order Volterra representation
within a multiple inputs-single output framework. If J denotes the
level of decomposition, N is the number of inputs, m denotes the
memory length at each level, nt represents the model noise (includ-
ing modelling errors and the unobservable disturbances), and the
multiscale nonlinear relationship may be written as

yðtÞ ¼
XJþ1

n¼1

Xm

s¼1

hðnÞ1 ðsÞunðt � sÞ þ
XJþ1

n¼1

Xm

s1¼1

Xm

s2¼1

hðnÞ2s ðs1; s2Þunðt � s1Þ

unðt � s2Þ þ
XJþ1

n1¼1

Xn1�1

n2¼1

Xm

s1¼1

Xm

s2¼1

hðn1 ;n2Þ
2x ðs1; s2Þun1 ðt � s1Þ

un2 ðt � s2Þ þ nt ð6Þ



Fig. 1. Wavelet Volterra Coupled (WVC) model.
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In Eq. (6), the first order kernels hðnÞ1 describe the linear relation-
ship between the nth input un and the output signal y. The second
order self-kernels hðnÞ2s describe the 2nd order nonlinear relation be-
tween the nth input un and y, respectively, and the second order
cross-kernels hðn1 ;n2Þ

2x describe the 2nd order nonlinear interactions
between each unique pair of inputs (un1 and un2) as they affect y.
Eq. (6) can be simplified by combining the last two terms to yield
Eq. (7) (it now remains to estimate kernels h1 and h2)

yðtÞ ¼
XJþ1

n¼1

Xm

s¼1

hðnÞ1 ðsÞunðt � sÞ

þ
XJþ1

n1¼1

XJþ1

n2¼1

Xm

s1¼1

Xm

s2¼1

hðn1 ;n2Þ
2 ðs1; s2Þun1 ðt � s1Þun2 ðt � s2Þ þ nt ð7Þ

The representation of Eq. (7) can be further simplified by consider-
ing each of the lagged variables u1(t � 1),u1(t � s), . . .,u2(t � 1),
u2(t � s), . . . as separate variables d1(t),d2(t),d3(t), . . .,dNl(t). Eq. (7)
can then be written as (Maheswaran and Khosa 2011c)

yðtÞ ¼
XNl

l¼1

h1ðlÞdlðtÞ þ
XNl

l1¼1

XNl

l2¼1

h2ðl1; l2Þdl1 ðtÞdl2 ðtÞ ð8Þ

More clearly

dlðtÞ ¼ xkðtÞ1 6 k 6 J þ 1; 1 6 l 6 J þ 1f

dlðtÞ ¼ xkðt � sÞ;1 6 k 6 J þ 1; J þ 1 < l 6 Nl; s ¼ 1;2;3 . . . mf

s ¼ sth lagged value:

J ¼ level of decomposition:

Nl ¼ total number of lagged variables

In the preceding Eq. (8), h1 and h2 represent the Volterra kernels
to be estimated, and it can be seen that the number of parameters
to be estimated increases proportionately as the number of inputs
and/or the process memory increases, leading to an increased com-
putational burden and severely compromised estimation. In order
to handle these computational difficulties, Chen et al. (1989) and,
later, Wei and Billings (2004) proposed the use of the Orthogonal
least squares technique as a preferred estimation approach as it
is better, in comparison with the Ordinary Least Squares technique,
at handling modelling situations where there is a possibility of
multi-collinearity amongst vectors that constitute the coefficient
matrix.

In addition to the above, as shown in Fig. 1, the proposed formu-
lation is recursively updated in real time using the well known
Kalman Filter formulation. For further derivation of the single
WVC model formulation (which forms the basis of both the mean
average WVC ensemble method, as well as the new BMA based
ensemble WVC method, described in subsequent sections), readers
are referred to Maheswaran and Khosa (2011c).
4. Ensemble combination

There are different models that researchers can use in data
based hydrological forecasting and the choice between them is of-
ten not obvious. Thus, the uncertainty over which model to use is
an important issue in forecasting. Since model uncertainty criti-
cally affects forecasts (and forecast uncertainty), the ‘pooling’ or
combination of forecasts using different models is one approach
to address this issue. This pooling can be done in a variety of differ-
ent ways. The simplest method is the mean averaging of the
ensembles (in our study this is the average ensemble WVC model),
wherein the weights in combining different forecasts is uniform.
Further, advanced techniques can be based on historical perfor-
mance (Hendry and Clements, 2002). A related methodology for
dealing with large numbers of regressors used in macroeconomic
forecasting is based on principal components or factors (e.g., Stock
and Watson, 2002). Alternatively, the weights used in combining
forecasts can be based on posterior model probabilities within a
Bayesian framework. This procedure, which is typically referred
to as Bayesian Model Averaging (BMA), is the standard approach
to model uncertainty within the Bayesian paradigm, where it is
natural to reflect uncertainty through probability (Steel, 2011).
Thus, it follows from the direct application of Baye’s theorem, as
is explained in Leamer (1978), Min and Zellner (1993), Raftery
et al. (1997), Fernandez et al. (2001) and Ley and Steel (2009), that
pooling or combining models using BMA minimizes the expected
predictive squared error loss, provided that the set of models under
consideration is exhaustive.

This study explored the use of two ensemble methods, namely:
the mean average ensemble WVC method, and the newly proposed
BMA based ensemble WVC method, and compared these two ap-
proaches to the single WVC method.
4.1. Bayesian Model Averaging

Statistical analysis usually assumes that there is a ‘‘single best’’
model, often selected from a class of several possible models. It is
typically not the case that the selected model is always the best,
and the analysis ignores model uncertainty and assumes that the
data obtained from the selected model has no uncertainty. This ap-
proach results in overconfident inference and forecasts, especially
when substantially different scientific results may be obtained
from alternative models (see Hoeting et al., 1999). Bayesian Model
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Averaging reduces the potential overconfidence by conditioning
not on a single model, but on a class of models. Bayesian Model
Averaging (BMA) is a statistical approach for post-processing
ensemble forecasts from multiple competing models (Leamer,
1978). It has been widely used in a variety of areas, as mentioned
earlier, such as dynamical weather forecasting models (Raftery
et al., 2005) and hydrology. For example, in hydrology, Ajami
et al. (2007) and Duan et al. (2007) used the BMA approach to pro-
vide an ensemble of three different hydrologic models. In their
work, they used BMA to combine the model results from three dif-
ferent physically based lumped hydrologic models. They showed
that combining the model results via BMA provided better results
than the individual models.

The basic principle of the BMA method is to generate an overall
forecast probability distribution function (PDF) by taking a
weighted average of the individual model forecast PDFs. The
weights represent the model performance, or more specifically,
the probability that a model will produce the correct forecast. The
BMA method assumes that the probability of an observation yobs(t)
at time t is given by a weighted sum over a number of probability
distributions g(yf(k,t)) from the k different forecasting models

PðyobsðtÞÞ ¼
X

k

wðkÞgðyf ðk; tÞÞ ð8Þ

The forecast distribution of each individual model is assumed to
be a normal distribution with variance r(k)

gðyf ðk; tÞjyobsðtÞ;rðkÞÞ ¼
1

rðkÞ
ffiffiffiffiffiffiffi
2p
p

� exp �
ðyobsðtÞ � yf ðk; tÞÞ

2

2rðkÞ2

 !
ð9Þ

The BMA algorithm finds the optimal values for w(k) and r(k),
such that the likelihood of the overall PDF (Eq. (9)) is maximal, gi-
ven a set of historical forecasts and observations. The method does
so by optimizing w(k) and r(k) consecutively in an iterative
scheme. The first step of the iteration starts with an initial guess
for the weights w(k) and r(k) for each of the individual models
and estimates the matrix z(k,t) using Eq. (10), which represents
the probability that model k gives the best forecast for station s
at time t

z k; tð Þ ¼
gðyobsðtÞjyf ðk; tÞ;rðkÞÞP

kgðyobsðtÞjyf ðk; tÞ;rðkÞÞ
ð10Þ

The second step in the iterative algorithm is to determine the
weights w(k) and variances r(k) of each of the model’s k, based
on the values of z(k,s,t). The weights are estimated using

wðkÞ ¼ 1
n

X
t

zðk; tÞ ð11Þ

where n is the number of observations in the training period (t). The
variance r(k) is estimated using

r2ðkÞ ¼
P

tzðtÞðyobsðtÞ � yf ðk; tÞÞ
2P

tzðk; tÞ
ð12Þ

The two steps are alternated to convergence; that is, when w(k)
and r(k) no longer change after a recalculation of z(k). One can use
a convergence criterion or alternatively use a fixed number of iter-
ation cycles that should guarantee convergence. In this study, the
Expectation-Maximization (EM) algorithm (Raftery et al., 2005)
was used for the purpose of optimization. For further details on
the EM algorithm, readers are referred to Raftery et al. (2005).
For dynamical model applications, one can use the weights and
variances from the previous time step as a starting point for the
new iteration.

4.2. Performance evaluation of ensemble forecasts

The performance of forecasting models can be evaluated in
terms of goodness of fit after each of the model structures is cali-
brated. The coefficient of determination (R2) measures the degree
of correlation among the observed and predicted values. R2 values
range from 0 to 1, with 1 indicating a perfect relationship between
the data and the line drawn through them, and 0 representing no
statistical correlation between the data and a line. The Root Mean
Square Error (RMSE) evaluates the variance of errors independently
of the sample size. RMSE indicates the discrepancy between the ob-
served and forecasted values. A perfect fit between observed and
forecasted values would have a RMSE of 0. The Nash–Sutcliffe mod-
el efficiency coefficient (NSC) can also be used to assess the fore-
casting power of hydrological models. An efficiency of one
(NSC = 1) corresponds to a perfect match of forecasted data to the
observed data. An efficiency of zero (NSC = 0) indicates that the
model predictions are as accurate as the mean of the observed data.

In order to evaluate the quality of ensemble forecasts, the rank
histogram (or Talagrand diagram (Talagrand et al., 1999)), can be
used. It is a useful tool that allows one to assess the calibration of
the predictive distribution. To construct it, the observed time series
xt value is added to the ensemble forecast. That is, if the forecast
has n members the new set consists of n + 1 values. Then, the rank
associated with the observed value is determined. This operation is
repeated for all N forecasts and corresponding observations in the ar-
chive. The rank histogram is obtained by constructing the resulting N
ranks. If the predictive distribution is well calibrated, then the rank
histogram should be close to flat (Boucher et al., 2009). An asymmet-
rical histogram is usually an indication of a bias in the mean of the
forecasts. If the rank histogram is symmetric and U shaped, it may
indicate that the predictive distribution is under dispersed. If it has
an arch form the predictive distribution may be over dispersed.

5. Model application

5.1. Study area

The river flow data used in this study were obtained from the US
Geological Survey (USGS). The time series of daily stage data from
two stations were used: (i) 12414500 Selway River Nr Lowell ID,
USA; and (ii) 13336500 ST Joe River at Calder ID, USA. The above
two stations were selected because the flow regimes in both rivers
are highly varied, and are therefore useful in testing the capability
of the models in a rigorous manner (low flows, high flows).
The catchment areas and also the flow statistics are provided in
Table 1.

Further information on these two stations can be found on the
USGS web server (http://www.usgs.gov). Since the forecasting in
this study had three different lead times (daily, weekly and
monthly), the observed data (half hourly sampled data) for a period
of 45 years was used and the daily, weekly and the monthly mean
for these stations were accordingly estimated. 60% of the entire
data sets were used for calibration and the remaining data was
used for validation purposes.

5.2. Model development – proposed BMA based ensemble multi-
wavelet Volterra model

5.2.1. Generation of ensembles
For the purpose of creating an ensemble of forecasts, several

WVC models were run by varying the inputs. This was done by

http://www.usgs.gov


Table 1
Statistics of streamflow data observed at the two stations.

Station no USGS ID State Area (sq km) Ele (m) Mean (m3/s) SD (m3/s) Max. (m3/s) Min. (m3/s)

I 12414500 ID 2668 1283 66.8 76 393.6 6.7
II 13336500 ID 4947 1719 106.2 135.6 690.1 9.2
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varying the mother wavelets, length (order) of wavelet within that
wavelet family, number of decomposition levels, and the choice of
the combination of input wavelet coefficients. The wavelet trans-
form of the flow series were calculated with different filters of
the Daubechies (db1,db2, db4,db5, db6,db7), Symlet (sym2,
sym4) and Spline (b3-Spline) wavelet families, which are com-
monly used in wavelet based forecasting (e.g., Nourani et al.,
2009; Kisi 2009 and Maheswaran and Khosa 2011c). Overall, 10 fil-
ters were employed. In each case, the number of decomposition
levels was varied from one to a maximum of J. It is worth noting
that the maximum number of decomposition levels depends on
the filter length and the time series length. However, the upper
limit for the number of decomposition levels was set as 6 for
monthly time series, 8 for weekly time series and 10 for daily time
series based on previous research (Maheswaran and Khosa, 2011c),
where it was observed that increasing the level of decomposition
beyond a certain limit deteriorates model performance. The initial
set of input wavelet coefficients to be used as the inputs for the
models were determined using correlation analysis. The correla-
tion analysis shows the influence of the different decompositions
on the original signal. Only wavelet coefficients with correlation
coefficients above 0.6 were selected for modelling. The selected in-
puts were then used to form different combinations of the wavelet
coefficients from the different levels of decomposition (note: only
within the decomposition from the same wavelet).

The above approach results in a number of input combinations
which are then used as inputs for the WVC models used to produce
the ensemble of forecasts. In this study, for all the WVC model
based approaches (i.e. single, mean average, and BMA WVC mod-
els), the stream flow time series is decomposed into wavelet (Di,
Di+1. . .DN) and scaling (AN) coefficients at different scales. The
approximation and the detail components represent the slow and
fast components that make up the integrated history of the time
series of observed flows. These components are combined through
the Volterra framework to forecast future flows followed by a Kal-
man Filter based updating procedure that uses the newest (cur-
rent) observation to update the model for use at the next time
step for further forecasts. Once the WVC models are calibrated
for the different input variable combinations, these models are
used to produce an ensemble of forecast values.

5.2.2. Single best WVC model
From the set of numerous model runs, the model having the

best performance in terms of NSC and Root Mean Square Error
(RMSE) was selected and used for forecasting during the validation
period.

5.2.3. Ensemble combination by mean averaging
The ensembles of forecasts obtained from the different WVC

model setups were combined using mean averaging, and a single
point forecast was produced. This was the mean average WVC
ensemble model.

5.2.4. BMA WVC approach
From these ensembles of forecasts, only those forecasts that had

a certain Nash Sutcliffe Criteria (NSC above 0.75) were selected to
form the final set of ensembles. Then the forecast results from
these selected models were combined using the BMA technique.
The BMA algorithm assigns suitable weights to each of the model
setups based on the a priori performance of these models in the
calibration or training stage. These weights are then assigned for
the corresponding model forecasts during the validation stage to
obtain the BMA based forecasts.

Fig. 2 shows the entire schematic of the proposed BMA based
ensemble multi-wavelet Volterra method. This approach was
adopted for developing models at the different temporal scales
(monthly, weekly and daily).
6. Results and discussion

In this section, the results of the different models for forecasting
stream flow at monthly, weekly and daily time scales using the sin-
gle WVC models, the average WVC ensemble models, and the BMA
WVC ensemble models are reported.

6.1. Model results at a monthly scale

Varying the wavelets, order of wavelets, decomposition levels,
and the input variables resulted in numerous WVC models which
were in turn used for producing the ensemble of forecasts. Table 2
provides a detailed report on the sensitivity analysis of the differ-
ent wavelets, decompositions and input combinations across dif-
ferent scales for the single WVC model.

The analysis of the results from these different WVC model set-
ups provided some interesting findings.

1. It seems that not all of the wavelet filters were able to provide
good forecasts. For example, it was observed that higher order
wavelets such as db5 and sym4 decreased model performance
when compared to models based on lower order wavelets such
as Haar, db2 and sym2.

2. It was found that increasing the depth of decomposition (i.e.,
number of decomposition levels) in some cases (using the
‘Daubechies’ wavelet and ‘Haar’ wavelets) increased perfor-
mance but only to a certain level. For example, in the case of
the Haar wavelet the model performance using 4 levels of
decomposition was better than that of the model using 3 and
5 levels of decomposition. However, in cases with ‘Symlet’ and
higher order ‘Daubechies’ wavelets, the performance of the
model decreased significantly when the level of decomposition
was increased.

3. It was also observed that the different wavelets captured differ-
ent features of the time series. Fig. 3 shows the hydrograph of
the results from the Haar wavelet based WVC model. It can be
seen that the model captured the low flows very well, whereas
it could not capture the peak flow. However, the model results
from the Symlet and Spline wavelet based WVC model (Figs. 4
and 5, respectively) show that the Symlet wavelet captures
the peaks (over estimation), whereas it does not perform well
for low flows.

The above analysis shows that the performance of the single
WVC model depends on the choice of the wavelet, and also on
the level of decomposition. It can also be seen that a ‘one best
choice’ of the model set up is not ideal, and instead a combination
of the forecasts from different models would improve the overall



Fig. 2. Proposed BMA WVC algorithm.

Table 2
Summary of model results from various single WVC models for one step ahead forecasting at a monthly scale.

Wavelet used Level of decomposition Memory (m) at each level {DWi’s, C} RMSE (m3/s) MAE (m3/s) NSC

Station I
B3-Spline 4 {2,2,2,2,1} 58.82 33.42 0.57
Db4 4 {2,2,1,1,2} 56.6882 32.43 0.73
Db5 3 {1,1,1,2} 56.53 32.85 0.74
Haar 3 {2,2,2,1} 51.30 30.24 0.78
Db2 4 {1,2,2,2,1} 54.93 32.78 0.75
Sym4 5 {1,1,1,2,2,2} 62.27 30.47 0.64
Sym4 6 {1,2,1,1,2,2,2} 84.99 46.5 0.54
Haar 4 {2,2,2,2,1} 57.35 33.43 0.74

Station II
B3-Spline 3 {2,2,2,1} 37.88 19.88 0.85
Sym4 4 {3,2,2,2,1} 37.01 19.00 0.88
Db2 3 {1,1,1, 2,1} 36.88 18.78 0.89
Haar 3 {1,2,2,2} 37.85 19.7 0.87
Haar 4 {1,1,2,2,2} 36.54 18.35 0.90
Haar 5 {1,1,1,2,2,2} 40.45 21.78 0.54
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performance of the model. Therefore, in order to improve the fore-
casts, instead of taking one best model, the ensembles from differ-
ent models were combined using: (i) the mean averaging approach
and (ii) the newly proposed methodology based on BMA. The BMA
technique provides the weights to be assigned to the forecasts
from each model setup according to the overall performance of
the model during the training stage. For both the stations, a total
of 140 model runs were performed, and the best 45 models were
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selected after applying the threshold of 0.75 (for NSC). The rank
histogram for these ensembles is shown in Fig. 6. It can be seen
that the histogram for Station I is neither flat nor U shaped, indicat-
ing that there is a possible under dispersion of the predictive dis-
tributions. However, for Station II, the histogram is relatively flat,
indicating that the predictive distribution is properly calibrated.

The weights of the corresponding models obtained via the BMA
technique for the two stations are shown in Fig. 7a and b. The
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Fig. 4. Model results for single WVC model using Symlet wavelet at Station I.
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Fig. 5. Model results for single WVC model using Spline wavelet at Station I.
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corresponding wavelets and the decomposition levels used in the
BMA based ensemble multi-WVC model are also shown in Fig. 7a
and b. It can be seen that the Haar wavelet, db2, db4 wavelets
and sym4 wavelets contribute significantly to the forecast accu-
racy. The model results are also plotted in the form of a hydrograph
in Figs. 8a and b. It can be seen that the ensemble model based on
BMA outperforms the single best WVC model, as well as the aver-
age ensemble WVC model. The BMA based ensemble model is able
to capture the low and high flows more closely than the other
models. The results for Station 2 are also shown in Fig. 8b. Table 3
compares the one month ahead forecast statistics from the best
single model, the average ensemble WVC model and the BMA
based ensemble WVC model. The results show that using the
BMA ensemble method results in higher model accuracy and also
higher reliability in the forecast compared to that of the single best
model and the mean average ensemble WVC model.

6.2. Model results at a weekly scale

Table 4 shows the results of a few of the single WVC models.
Fig. 9a shows the hydrograph of the results from the Haar wave-
let (at level 3 decomposition) based single WVC model. It can be
seen that the model captured the low flows very well, whereas it
could not capture the peak flow. However, the model results from
the Symlet and Spline single WVC model (Fig. 9b and c, respec-
tively) show that the Symlet wavelet captures the peaks (over
estimation), whereas it does not perform well for low flows. It
can be seen that the single WVC models based on Symlet wave-
lets do not perform well in comparison with the Haar, db2 and
db4 based models.

Also, it is to be noted that if the decomposition is performed to a
level of 3, the single WVC model is able to pick up the low flows
better (see Fig. 9a and d). However, when a 4th or 5th level
decomposition is applied, the model is able to capture the underly-
ing seasonality and high flows whereas the low flows are over esti-
mated (see Fig. 9b and c). From these set of models (the best single
WVC models), the average WVC ensemble models were formed.

For the BMA WVC models, from the total set of 75 models which
were evaluated, those having a NSC P 0.75, (i.e. only 39) were se-
lected for ensemble formation. The rank histogram of these ensem-
bles is shown in Fig. 10. It can be seen that for Station I, the
histogram is more or less flat indicating the good calibration of
the predictive distribution (Boucher et al., 2009), whereas for Sta-
tion II, the rank histogram is U-shaped, indicating the under dis-
persive nature of the predictive distribution. However, Hamil
(2001) argues that the U-shaped behaviour may be due to selecting
ensemble members with equal prediction probabilities.

The corresponding weights of the BMA WVC models are shown
in Fig. 11a (for Station I). Similarly, for Station II the same approach
was repeated and the weights of the models were obtained from
the BMA algorithm as shown in Fig. 11. The results of the BMA
based WVC model, along with the best single WVC model, and
the mean average ensemble WVC model, are shown in Table 5.
For both the stations, it can be seen that the BMA based WVC mod-
el performs better than the best single WVC model, as well as the
mean average ensemble WVC model. Figs. 12a and b show the
model results of the validation data set for these three models,
and it can be observed that the BMA based WVC ensemble model
performs better in capturing the peaks as well as the low flows.
6.3. Model results at a daily scale

At the daily scale, a similar approach was used as in the
monthly and weekly time scales to develop the single WVC mod-
els, the mean average WVC ensemble models, and the BMA WVC
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Fig. 6. Rank Histogram of the ensembles obtained from WVC models for (a) Station
I and (b) Station II.

Fig. 7. A single set of BMA weights comp
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ensemble models. Table 6 shows the results of the various single
WVC models.

Analysis of these single WVC model results and the correspond-
ing model set ups revealed the following information:

1. It was observed that the lower order wavelet filters such as
Haar and db2 provided better forecasts than those obtained
using the higher order wavelet filters in the case of daily time
scale forecasting. This observation is in congruence with the
results of Nourani et al. (2009), who showed that lower order
filters performed better than higher order filters and longer
wavelets. In our study, it was observed that the db4 and Symlet
wavelets performed poorly in comparison with the Haar wave-
let. This may be attributed to the fact that the db4, sym4 and
sym8 wavelets have broader length (higher order), and are
therefore not able to capture the peak flows accurately.

2. With regards to the depth of decomposition (i.e., decomposition
level), it was observed that increasing the depth drastically
reduced the model performance. It was determined that the
maximum depth of decomposition is 2.

A total of 40 different single WVC models were run and 22 mod-
els having a threshold of NSC P 0.90 were selected for combining
the forecasts using the BMA WVC model. Figs. 12a and b show
the weights that were applied to the model. It can be seen that
the Haar wavelet model’s contribution is very significant in com-
parison with the other models. The model results for Station I are
in the form of a scatter plot for better clarity (Fig. 13). It can be seen
that the BMA algorithm significantly improved WVC model perfor-
mance when compared to the single WVC model and the mean
average WVC ensemble model. Similar analysis was done for Sta-
tion II and the summary of results obtained is provided for both
the stations in Table 7.

It can be seen from the summary of the results that there was a
significant improvement in the model performance when the BMA
WVC model was used in the case of Station I, compared to using
the best single WVC model. However, in the case of Station II, the
improvement in model performance was not very significant. This
uted over the entire training period.



Fig. 8a. Validation results for Station I at a monthly scale.

Fig. 8b. Validation results for Station II at a monthly scale.

Table 3
Results for the different models for Stations I and II.

Performance measures Best single wavelet Volterra (WVC) Average WVC ensemble BMA based WVC ensemble

Station I
RMSE (m3/s) 51.30 53.69 42.54
MAE (m3/s) 30.24 28.92 24.56
Correlation coefficient 0.89 0.88 0.92
NSC 0.78 0.77 0.85

Station II
RMSE (m3/s) 36.54 34.56 26.56
MAE (m3/s) 18.35 19.26 13.56
Correlation coefficient 0.94 0.96 0.98
NSC 0.90 0.91 0.95
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may be due to the fact that all the models in the ensemble formation
may be having the same prediction probabilities. Overall, it can be
seen that using the BMA technique increased WVC model perfor-
mance and reduced the uncertainty in the predictions (see Fig. 14).

7. Summary and conclusions

Different wavelets have unique properties and thus possess dif-
ferent strengths to capture specific aspects of streamflow time ser-
ies. Therefore, it is highly desirable to have a combined forecasting
model that possesses the advantages of different wavelets. In this
study, a new wavelet ensemble forecasting approach (i.e., the
BMA based ensemble multi-wavelet Volterra approach) that takes
advantage of different properties of multiple wavelets was pro-
posed and tested for the first time. This was accomplished through
a weighting strategy based on Bayesian Model Averaging. The ma-
jor findings of this study are:

1. Different wavelets having unique properties possess the ability
to capture specific features of real world processes such as
streamflows. In this study, it was seen that in the monthly time
series, the Haar wavelet and the db wavelet performed well in
capturing the low flows, whereas the Symlet wavelet captured
the high flows and time to peaks more accurately. It was
observed that at a weekly time scale, the Haar, db2, and db4
wavelet based models produced better results than the Symlet
wavelet based models. However, in the case of the daily scale,
the Haar and db2 wavelet based models outperformed the other
wavelet based models for both high and low flows. This issue
has not really been explored to date in the literature in any



Table 4
Different single wavelet Volterra models for one step ahead forecasting at a weekly scale.

Wavelet used Level of decomposition Memory (m) at each level {DWi’s, C} RMSE (m3/s) MAE (m3/s) NSC

Station II
B3-Spline 3 {2,2,2,1} 55.08 16.89 0.75
B3-Spline 4 {1,2,2,2,1} 58.82 29.91 0.68
B3-Spline 5 {2,2,2,2,2,1} 65.85 32.54 0.58
db2 4 {2,2,1,1,2} 56.4 29.45 0.72
db2 3 {1,1,1,2} 53.15 26.54 0.76
db2 4 {1,2,2,2,1} 56.45 29.04 0.70
Haar 3 {1,1,1,2} 54.56 26.95 0.75
Haar 3 {2,2,2,1} 52.14 26.43 0.79
Sym4 4 {2,2,2,22} 57.45 27.45 0.74
Sym4 5 {1,1,1,2,2,2} 58.45 29.82 0.69

Station I
B3-Spline 3 {2,2,2,1} 35.08 18.97 0.77
Db5 4 {3,2,2,2,1} 39.02 20.56 0.65
Sym4 3 {1,1,2,1} 34.65 16.7 0.78
Haar 3 {1,2,2,2} 33.78 16.07 0.79
Db4 4 {1,1,2,3,3} 38.2 18.69 0.68
Db2 3 {1,2,2,2} 34.35 16.73 0.79

Fig. 9. Model results for WVC model using (a) Haar wavelet, (b) Sym 4, (c) Spline and (d) db2 wavelet at Station I.
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Fig. 10. Rank Histogram of the BMA–WVC ensembles for (a) Station I and (b)
Station II.

(a)

(b)
Fig. 11. A single set of BMA weights computed over the entire training period for
the BMA WVC models at a weekly scale at (a) Station I and (b) Station II.
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detail, so the results of this study should prove to be very useful
in helping to select appropriate wavelets for different time
scales in streamflow forecasting.

2. It was found that simply averaging the model results by assign-
ing equal weights to the model (i.e. the mean average ensemble
WVC approach) does not improve the results in comparison
with the best single model. In some cases, averaging decreases
the performance of the model. However, weighted averaging
based on the BMA technique improved model performance sig-
nificantly. In the case of monthly forecasting, the BMA based
WVC model improved the forecasting performance by 9% and
20% with respect to the best single WVC model for Stations I
and II, respectively. Similarly, in the case of the weekly fore-
casts, the BMA based WVC model improved the forecasting per-
formance by 3.85% and 14% for Stations I and II, respectively. In
the case of daily forecasts, the BMA based WVC model produced
slightly better results than the best single WVC model. From
these results, it appears that the BMA approach is particularly
useful for longer lead times.

3. The proposed algorithm combining the BMA technique with
the WVC model helped in combining model results from the
multiple wavelet model setups and thereby helped in improv-
ing the model performance overall. By using the BMA based
multiple wavelet ensemble WVC model, different flow regimes
were captured properly. Also, it was observed that the weights
from the BMA based WVC model provided insights into the
type of multi-wavelet combination model that is suitable for
a specific time scale. For example, the Haar and db2 wavelets
were found to be suitable for daily forecasting, whereas for
monthly forecasting, a combination of Haar, db2 and sym2
wavelets provided better forecasts. In the case of weekly fore-
casting, the model using db2, db4 and Haar wavelets per-
formed the best.

Recommended future research stemming from this study could
include:

1. Exploring multi-step ahead forecasting (for example 1, 2, and
3 day ahead; 1, 2, and 3 week ahead; and 1, 2 and 3 month
ahead forecasting) using the newly proposed BMA based
ensemble multi-wavelet Volterra model.

2. Using different weighting strategies for different flow regimes.
3. Applying the method in other study areas and for different

applications (for example groundwater level forecasting, water
demand forecasting, etc.) to assess the new BMA WVC approach
for different hydrological forecasting applications.



Table 5
Summary results for the different models for Stations I and II at a weekly scale.

Performance measures Best single wavelet Volterra (WVC) Average WVC ensemble BMA based WVC ensemble

Station I
RMSE (m3/s) 52.14 54.5 46.58
MAE (m3/s) 26.43 26.43 25.01
Correlation coefficient 0.901 0.878 0.92
NSC 0.79 0.75 0.81

Station II
RMSE (m3/s) 33.18 33.35 26.45
MAE (m3/s) 16.07 18.28 13.44
Correlation coefficient 0.89 0.87 0.950
NSC 0.81 0.80 0.87

Fig. 12a. Validation results for different models at Station I.

Fig. 12b. Validation results for different models at Station II.

Table 6
Different single wavelet Volterra models for one step ahead forecasting at a daily scale.

Wavelet used Level of decomposition Memory (m) at each le

Station I
Haar 1 {2,2}
db2 1 {2,2}
db2 1 {3,2}
db2 2 {2,1,2}
db2 3 {1,2,2,1}
Haar 2 {1,1,1,2}
Haar 3 {2,2,2,1}
Sym4 3 {2,2,2,2}
Sym5 2 {1,2,2}
db4 2 {2,2,2}
db4 2 {2,2,1}
db5 1 {2,2}
db4 1 {3,2}
db4 3 {2,2,2,2}

Station II
Haar 1 {2,2}
db2 1 {2,2}
db2 2 {2,3,1}
db4 1 {2,1}
Sym4 1 {2,1}
Sym5 1 {2,2}

Fig. 13. A single set of BMA weights computed over the entire training period for
the BMA WVC models at a daily scale at Station I.
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4. Exploring multivariate forecasting (so in addition to flow,
including other variables such as precipitation and temperature
as input variables).

5. In this study we used existing wavelets for extracting the fea-
tures from the stream flow time series, however, designing an
adaptive wavelet transform matching the characteristics and
features of the times series under study could potentially
improve forecasting performance significantly.
vel {DWi’s, C} RMSE (m3/s) MAE (m3/s) NSC

572.11 217.56 0.96
790.48 320.12 0.93
817.02 330.25 0.917
891.78 393.28 0.90

1063.7 479.99 0.86
1300.56 584.74 0.79
1404.78 700.78 0.72
2000.23 1208.3 0.35
2088.63 1131.27 0.45
1299.89 626.40 0.79
1331.3 658.47 0.77
1071.23 471.87 0.85
1006.16 433.32 0.88
1507.87 768.63 0.71

669.46 292.91 0.98
932.00 418.33 0.96

1140.5 520.78 0.95
1154.03 540.78 0.94
1825.55 900.68 0.86
1922.17 1000.7 0.81



Table 7
Summary of results for the different models for Stations I and II at a daily scale.

Performance measures Best single wavelet Volterra (WVC) Average WVC ensemble BMA based WVC ensemble

Station I
RMSE (m3/s) 572.11 582.7 512.45
MAE (m3/s) 217.56 240.5 200.96
Correlation Coefficient 0.98 0.96 0.99
NSC 0.96 0.945 0.98

Station II
RMSE (m3/s) 669.46 650.79 600.78
MAE (m3/s) 292.91 276.97 260.21
Correlation Coefficient 0.99 0.99 0.992
NSC 0.98 0.985 0.99

(a)

(b)

(c)
Fig. 14. Scatter plot for one day ahead forecasts at Station I using (a) single best
WVC model, (b) mean ensemble WVC model and (c) BMA based WVC model.

Fig. A.1. nth order Volterra Representation.

M. Rathinasamy et al. / Journal of Hydrology 507 (2013) 186–200 199
Acknowledgements

This research was partially funded by an NSERC Discovery
Grant held by Jan Adamowski.
Appendix A. Volterra Model

Volterra series of integral operators was introduced by Volterra
(1930) and has since developed into a powerful generic nonlinear
modelling tool. The domain of applied hydrology has also seen
application of Volterra representation based approach and some
notable contributions have come from Amorocho and Orlob
(1961) and Amorocho and Brandstetter, (1971).

yðtÞ ¼
Zt

0

h1ðs1ÞXðs� s1Þds1 þ
Zt

0

Zt
0

h2ðs1; s2ÞXðs� s1Þ

Xðs� s2Þds1ds2 þ
Zt

0

Zt
0

Zt
0

h2ðs1; s2; s3ÞXðs� s1ÞXðs� s2Þ

Xðs� s3Þds1ds2ds3 þ � � � � � � ðA:1Þ

Volterra representation is a simple extension of the Taylor series
expansion for nonlinear autonomous causal systems with memory
and may be written as

yðtÞ ¼ H1½xðtÞ� þ H2½xðtÞ� þ H3½xðtÞ� þ � � � � � �Hn½xðtÞ� þ � � � ðA:2Þ

In the preceding equation, Y(t) represents the system output and
x(t) denotes the input to the system. The functions hn (s1, s2, � � �,
sn) are called the Volterra kernels of the system and the transforma-
tion Hn[x(t)] represents a special type of a convolution integral
known as the nth order Volterra operator. Figure A.1 shows a sche-
matic representation of the Volterra model in the form of a block
diagram.
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