
What is the Central Restricted Four Body Problem?
To explain the problem, let’s break it down into it’s main points:

• A general overview of the problem
• The problem characterizes the four particles, three orbiting a 

central point in a triangular manner and have mass, while the fourth 
is a massless satellite. 

• The equations model the forces in the x and y direction exerted by 
each mass on the massless satellite. 

• When the equation is equal to zero, this means that a stable orbit is 
characterized by the initial condition plugged into the equation 
(Citation 1).

• The name and it’s significance
• Central refers to the point at the center that the three masses orbit 

(in this case the point (0,0)). It also refers to the configuration of 
the masses. A central configuration is a configuration in which any 
position of a particle can be characterized by a rotation or 
stretching of the position of any other particle (Citation 1).

• Restricted refers to the masses involved. The three particles with 
mass have a combined mass normalized to one. This allows us to 
characterize the masses as a function such that M3=1-M1-M2 
(where m stands for mass) (Citation 1).

• What we aimed to do
• Recent work has discovered that for any set of masses, M1 and M2 

(with M3 being implied), there will be either 8,9, or 10 points (x,y) 
that are indicative of a stable orbit (in other words, the equations 
are equal to zero) (Citation 2)

• By utilizing methods of  branch continuation, we aimed to 
approximate numerically and prove rigorously the existence of 
solutions to the differential equations, and thus prove the existence 
of stable orbits within the model.
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The Problem: Proofs

Figure 1:
This is a screen grab of the actual equation we 

were working with (Citation 3).

What Methods were used to solve the problem?
To begin there were two distinct aspects to this research: Approximation 
and Proving. They will be outlined separately.

• Approximating:
• Our technique for approximating was based on Newton’s Method 

along with pseudo arc-length continuation.
• Newton’s Method
• Newton’s Method allows us to approximate numerically the 

zeros of a function. It is an iterated sequence of the form 
xk+1=xk – DF(xk)-1*F(xk), where F is the original function and 
DF is the derivative (Jacobian) of the function.

• With the CR4BP, we had to use a modified version of the 
method, that would allow for us to have convergent zeros on the 
two dimensional manifold.

• This method, named the Gauss-Newton Method, took the form 
x(k+1) = x(k) − DF(x0)+F(x(k)), where DF(x0)+ = DF(x0)T

DF(x0)DF(x0)T −1 (Citation 4).

Figure 2: 
This illustration indicates the actual placement of x0 and 

xC, explaining more spatially how the method is 
implemented (Citation 4).

xC

• Branch Continuation
• Pseudo-Arclength Continuation
• Within the context of this problem, we had to use 

continuation methods that were slightly modified and 
incredibly complicated. We followed guidelines for 
continuation as set out in ‘Computation of Smooth Manifolds 
Via Rigorous Multi-parameter Continuation in Infinite 
Dimensions.’

• In a simple sense, continuation involved around a predictor 
step, a continuation with respect to arc-length, and a 
corrector step, Newton’s method (Citation 4) (Citation 5).

What Methods were used to prove our numerically estimated 
solutions?

• The Radii Polynomial Approach
• The Radii Polynomial Approach allows us to take advantage of the 

contraction mapping theorem and prove the existence of zeros on 
an interval of uniqueness and precision around our original 
estimation (Citation 5).

• Each coefficient of the polynomial is derived from different bounds 
on the function we are proving zeros for. This is illustrated below 
(Citation 5).

The proofs within the context of the problem

WE ARE STILL WORKING ON THIS


