
Introduction
This project aimed to explore some of the applications of

hierarchical clustering methods based on copula depend-

ence measures. Some of these techniques were adapted

to examine the evolution over time of the inter-relation

between monthly average discharge measured at various

hydrometric stations in the province of Québec.

Preliminaries

What is a copula?

A copula 𝐶 is the distribution function (DF) of a random

vector (RV) with standard uniform margins, 𝑈 0,1 .

By Sklar’s Theorem (1959) for any continuous 𝑛-variate

RV 𝑋 = (𝑋1…, 𝑋𝑛) with joint DF 𝐹, there exists a unique

copula 𝐶 such that for all (𝑥1…, 𝑥𝑛) ∈ 𝑅𝑎𝑛𝑔𝑒 𝑋 ,

𝐹(𝑥1…, 𝑥𝑛)= 𝐶 𝐹1 (𝑥1 , … , 𝐹𝑛 (𝑥𝑛)),

where for each 𝑖 = 1,… , 𝑛, 𝐹𝑖 is the marginal DF of 𝑋𝑖 .

Therefore, given a pair of continuous random variables 𝑋
and 𝑌, the copula of (𝑋, 𝑌) characterizes the dependence 

structure of 𝑋 and 𝑌, and this copula can be used to 

define functions that measure the level of dependence 

between 𝑋 and 𝑌.

What is hierarchical clustering?

Agglomerative hierarchical clustering is an algorithm that

relies on a bottom-up approach to grouping objects.

Given a set of objects to cluster, the algorithm starts by

assigning each object its own cluster and then repeatedly

merges clusters based on a clustering method (a method

to determine the distance/similarity between clusters of

objects) until all objects are in the same cluster. The

algorithm returns a series of groupings that were created

through the successive steps of the merging process.

Methodology
In their paper entitled “Clustering of concurrent flood risks via hazard

scenarios,” Pappadà et al. (2018) developed methods to cluster hydrometric

station data based on copula dependence measures in order to model

flooding risk. They used the following two dependence measures:

AND measure:  𝜎𝐴𝑁𝐷 𝑋, 𝑌 = 
𝑎

𝑏
( 1 − 𝑡 − 𝐶𝑋𝑌(1 − 𝑡,… , 1 − 𝑡))2 𝑑𝑡

for 0 ≤ 𝑎 < 𝑏 ≤ 1, where 𝐶𝑋𝑌 is the copula of 𝑋 and 𝑌.

Kendall measure: 𝜎𝐾𝑒𝑛𝑑𝑎𝑙𝑙 𝑋, 𝑌 = 𝑎
𝑏
( 1 − 𝑡 − (1 − 𝐾𝑋𝑌 𝑡 ))2 𝑑𝑡,

where 𝐾𝑋𝑌 is the Kendall distribution function of 𝑋 and 𝑌 i.e. 

𝐾𝑋𝑌 𝑡 = 𝑃 𝐹𝑋𝑌 𝑋, 𝑌 ≤ 𝑡 , where 𝐹𝑋𝑌 is the joint D.F of 𝑋 and 𝑌.

Modifications

Pappadà et al. (2018) suggest that before computing the level of dependence

between a pair of hydrometric stations with either of these measures, one

should test for independence between the stations. If the null hypothesis is

rejected, one sets the copula of the pair (𝑋, 𝑌) to be the independence copula

𝐶𝑋𝑌(𝑥, 𝑦) = 𝑥𝑦. In our view, this step is unnecessary, as we believe that if a

pair of stations is independent, the empirical copula estimator approximates

the product copula well enough given sufficient data. However, we followed

Pappadà et al. (2018) in their use of the average clustering method for

hierarchical clustering, given that it was the least affected by independence

testing among the methods we considered, i.e., average, single, complete,

and Ward clustering.

Data

We used monthly average discharge (m3/𝑠) as the main variable to cluster

hydrometric stations using both the AND and Kendall measures, together with

the average clustering method. We used 4-year sections of data (2000-2003,

2003-2006, 2006-2009, 2010-2013, 2013-2016, and 2016-2019) and we used

the number of clusters suggested by the NbClust function (from the NbClust R

package), i.e., between 10 and 16 groups, to examine how these clusters

changed from 2000 to 2019.

Results

We decided to study the groupings that we created using the AND measure as this method generated less irregularly shaped

clusters (clusters where at least one of the stations is very far from the others) than when using the Kendall measure.

Discussion

We managed to identify multiple reoccurring clusters in the groupings suggested by the NbClust function and provide below

maps highlighting the behavior over time of two of these clusters: The Montréal and Québec North Shore Clusters.

The Montréal North Shore Cluster: This is the cluster containing Stations 02LC021, 02LC008 and 02LC029 (pink dots on the

map). We see that in the groupings generated using the AND measure, this cluster changes very little from 2000 to 2019.

Indeed, except for the grouping using the 2006-2009 data where it was divided into two, the Montréal North Shore Cluster was

almost always comprised of the 02LC stations and some of the four stations northeast of Montréal (02OB008, 02OB037,

02OC002, and 02OC004). This suggests that the dependence relation between the stations of this cluster has been relatively

unaffected by climate change since 2000.

The Québec North Shore Cluster: This cluster consists of Stations 02PB008, 02PB019, 02PD002 and 02PD002. It appears to

move northwards from 2010 to 2019, possibly as a result of climate change. In the 2010-2013 clustering, the Québec North

Shore Cluster contains the four main stations and 02PA007, a station north of Trois-Rivières. In the 2013-2016 grouping, the

four main stations are now clustered with a set of three stations at the mouth of the Saguenay River (O2PF001, 02RH067 and

02SC005). Finally, all the stations from the previous cluster were merged in the 2016-2019 grouping with a pair of stations

located near Matane (02QB005 and 02QB001), on the South Shore of the Magtogoek (St. Lawrence) River, at the gateway to

the Gaspé Peninsula.
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Figure 2: Evolution of the Québec north shore cluster from 2010 to 2019.

Figure 1: Evolution of the Montréal north shore cluster from 2000 to 2019.
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