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ABSTRACT 

Recent laboratory and clinical data suggest that some human neoplasms exhibit 
unusually high levels of cell-surface receptors for epidermal growth factor, and that 
this abnormality is associated with rapid cellular proliferation and poor prognosis. 
We propose that the existence of an abnormally high number of mitogen receptors 
is not merely correlated with rapid proliferation but is pathophysiologically respon- 
sible for such behavior. Cells with high levels of mitogen receptors may be rendered 
‘hypersensitive’ to mitogenic stimuli, and hence may be stimulated to divide even 
when ambient mitogen concentrations are at a low ‘background ’ level, insuficient 
to prompt the division of cells with a normal number of receptors. To investigate 
this hypothesis firther, we have developed a mathematical model that describes pro- 
liferative behavior of cells as a finction of mitogen concentration and receptor 
number. l%e model enables us to simulate the proliferative behavior of cells with 
various receptor levels at various mitogen concentrations and predicts a growth 
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514 Pollack, Boyarsky, and Gora 

advantage associated with excess mitogen receptors. Computer simulations based 
on the model are consistent with previously published experimental data. lkis work 
proviaks supportfbr the view that overexpression of genes encoding nonnal growth 
f m o r  receptors can contribute to the inappropriate prolifeation of neophtic cells. 

INTRODUCTION 

It is generally recognized that peptide growth factors 
are involved in the control of normal cellular prolifera- 
tion, and that derangements of the physiological systems 
involved in mitogenic signal transduction can result in or 
contribute to neoplastic behavior (1,2). A well-known ex- 
ample of such a derangement is the uncontrolled growth 
that results if a cell produces in an uncontrolled autocrine 
fashion a growth factor for which it bears receptors (3). 
We present a theoretical analysis of the mnsequences of 
another common and potentially important derangement 
of the signal transduction pathways involved in regula- 
tion of proliferation, namely the presence of abnormally 
high levels of mitogen receptors on neoplastic cells. 

Recent experimental work has shown that certain cancer 
cells cultured in vitro exhibit abnormally high levels of 
cell-surface epidermal growth factor (EGF) receptors, 
relative to nonnal cells (4-7). The basis of this abnor- 
mality has been studied in the case of certain squamous 
and breast tumor cell lines, and has been found to be due 
to amplification and overexpression of the gene encoding 
the EGF receptor (4,5,8). The proliferation of clones of 
cells that either exhibit or lack this abnormality has been 
measured and at physiological concentrations of EGF, and 
those cells with elevated receptor number proliferate more 
rapidly (9-11). 

Recent studies suggest that these laboratory observa- 
tions may have relevance to clinical oncology. Several 
reports (12-14) indicate that various human tumors ex- 
hibit abnormally high EGF receptor levels. It has been 
observed that the prognosis of patients with tumors bear- 
ing abnormally high levels of EGF receptors tends to be 
poorer than those with lower levels of the receptor (14). 
Other studies show that elevated EGF receptor level cor- 
relates negatively with previously described markers of 
good prognosis (15,16) and correlates positively with 
markers of poor prognosis (13). 

In order to study the hypothesis that mutations that lead 
to excess numbers of normal mitogen receptors are 
pathophysiologically responsible for accelerated and 
unregulated cellular proliferation, we have developed a 
mathematical model relating proliferation of cells under 
idealized conditions to ambient EGF concentration and 

to EGF receptor level, and used it to simulate the pro- 
liferation of neoplastic cells. 

METHODS 

Equations describing the model are given in the Ap- 
pendix. We restrict the model to an idealized situation 
where the probability of cell division is a function of the 
number of occupied mitogen receptors, and postulate that 
when a certain threshold of occupied receptors is reached, 
cell division will follow. The number of occupied recep- 
tors is a function of the mitogen concentration and the 
receptor number per cell. The growth advantage resulting 
from the presence of excess receptors was computed as 
shown in the Appendix (Fig. 1). 

Subsequent simulations of changes in tumor size over 
time under various conditons also are idealized, and ex- 
clude factors such as cell death. However, as shown in 
the Appendix, we do not assume that all cells of the tumor 
proliferate equally, as it is well recognized that only a 
small proportion of the cells comprising the tumor have 
‘stem cell’-proliferative potential, and that nonspecific fac- 
tors such as nutrient supply restrict the number of active- 
ly proliferating cells even further. Although we limit the 
proportion of cells of the tumor that are proliferating, in 
this simulation we made no attempt to model in detail other 
aspects of stem cell behavior, such as the limited pro- 
liferative potential of ‘transitional’ cells. 

RESULTS 

Figure 1 shows the relationship the model predicts be- 
tween the growth advantage of one cell type over another 
and mitogen concentration. The two cell types differ on- 
ly in that one cell type has a 100-fold increase in the 
number of mitogen receptors present. The ‘growth ad- 
vantage’ is defined as the ratio of the proliferative rates 
of the two types of cells. The simulation shows that under 
conditions of low mitogen concentration, the cell type with 
excess mitogen receptors has a growth advantage over the 
normal cells, and that this growth advantage diminishes 
with increasing mitogen concentration. We can interpret 
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DISCUSSION 

,^ 

4 x l O ” M  1 3 x  10’OM 

concentrat ion o f  mitogen 

Figure 1. Results of a simulation that compare the rate of prolifera- 
tion of cells with 5 x 106 EGF receptors to cells with 2 x 10“ EGF 
receptors at various EGF concentrations. This result is interpreted as 
showing that excess receptor number confers “hypersensitivity” to low 
concentrations of mitogen that are normally indicient to trigger cellular 
division. As the concentration of mitogen increases, the proliferation 
of the low receptor cell type increases and the growth advantage 
associated with excess receptors decreases. 

this result as showing that the excess receptor number con- 
fers ‘hypersensitivity’ to low concentrations of mitogen 
that are normally insufficient to trigger cellular division. 
As the concentration of mitogen increases, the prolifera- 
tion of the low receptor cell type increases, and the growth 
advantage associated with excess receptors decreases. 

Figure 2 shows simulated growth of tumors comprised 
of cells identical except for differences in receptor 
number, at low ambient mitogen concentrations. This 
simulation demonstrates a growth advantage associated 
with excess receptors (curve A, 106 receptors vs. curve 
B, 104 receptors, at and EGF concentration of 4.5 X 
lo-” M). 

Figure 3 illustrates the results of simulation of the 
growth of identical tumors at varying mitogen concen- 
trations. Note that the model realistically predicts a plateau 
in dose-response. The simulation illustrates growth at 0.4 
x 10-lo M EGF (curve C), 0.6 x 10-lo M (curve B), 
and 0.8 x 10-l0M (curve A), for cells with 104 
receptors. 

Figure 4 shows how simulated proliferation of a tumor 
with 104 receptors/cell (curve B). Curve A shows the 
overall proliferation of the tumor would increase if a single 
cell with double the receptor number appeared at 7 days. 
The clone with extra receptors expands more rapidly, so 
that an increasing proportion of the tumor is comprised 
of cells with elevated receptor number. The effect is more 
marked if the receptor number on the single mutated cell 
increases tenfold, which, biologically, is realistic. 

Mutations which lead to the presence of abnormally 
high levels of functional cell surface EGF receptors are 
not infrequent in certain kinds of malignancy. To study 
the pathophysiological consequences of such a derange- 
ment, we have developed an idealized model that assumes 
that when a ‘threshold’ number of occupied receptors is 
achieved, cell division will follow. The criterion we use 
to compare proliferative responses of different cells is the 
time until the threshold occupancy level is reached. We 
have excluded from the model a variety of factors that 
determine cell proliferation, including the action of multi- 
ple mitogens and growth inhibitors, nutritional factors, 
cell density, the varying proliferative potential of in- 
dividual cells comprising a tumor, and so on. No attempt 
is made to model the action of mitogens at various specific 
steps of the cell cycle. Finally, the model is deterministic 
rather than stochastic, although it would be more realistic 
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Figure 2. Simulated growth of two tumors comprised of cells iden- 
tical except for differences in receptor numbers, at low ambient mitogen 
concentrations. The simulation demonstrates a growth advantage 
associated with excess receptors (curve A, lo6 receptors; curve B, lo4 
receptors; mitogen concentration 4.5 x 10-llM). 
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increasingly abnormal proliferation of tumor cells over 
time may be-the result of the appearance in the tumor of 
malignant clones bearing excess numbers of EGF recep- 
tors. From the point of view of the individual tumor cell, 
the presence of excess receptors represents an adaptive 
mutation that allows rapid proliferation under conditions 
where this would not normally take place. However, from 
the point of view of the host, the mutation represents an 
escape from the normal mechanisms that serve to regulate 
cellular proliferation. 

The existence of a class of neoplasms that exhibits 
‘hypersensitivity’ to mitogenic stimulation may have 
therapeutic implications for new hormonal forms of treat- 
ment. Tumors with such derangements would preferen- 
tially bind competitive antagonists to mitogen receptors, 
or mitogen-linked toxins (18). Such treatment can, on 

I 

0 14 days 

time 

Figwe 3. Simulation of the growth of identical tumors at varying 
mitogen wncentrations. Note that the model realistically predicts a 
plateau in dose/mponse. The simulation illustrates growth at 0.4 X 
lo-’% (curve C), 0.6 x lo-’% (curve B), and 0.8 X lo-’% 
(curve A), for cells with 10“ receptors. 

to conceive of increasing probability of cell division with 
mitogenic stimulation. However, the simplifying assump- 
tions are appropriate to allow us to analyze specifically 
the effect of the derangement under consideration, namely 
the presence of excess mitogen receptors. 

The simulations give results consistent with the con- 
cept that the presence of excess mitogen receptor can con- 
fer ‘hypersensitivity’ to mitogenic stimulation. Under wn- 
ditions of low ambient mitogen concentration, it is possi- 
ble that such hypersensitivity will lead to stimulation of 
proliferation of cells with excess receptors, while normal 
cells remain unstimulated. 

Available data would suggest that the appearance of ex- 
cess numbers of mitogen receptors is more likely to be 
a “progression” event rather than a “carcinogenic” event. 
While on theoretical grounds, the appearance of excess 
receptors might be sufficient in itself to cause neoplastic 
behavior, there are no documented examples of this. 
However, in the case of gliomas (17) it appears that the 

5 x 108 

5~ 107 

I i 

0 7days 30 days 

time 

4. simulated proliferation of a tumor with 10“ receptors/ceU 
(curve B). Curve A shows how the overall proliferation of the tumors 
would increase if a single cell within double the receptor number ap- 
pears at 7 days. The clone with extra receptors expands more rapidly, 
so that an increasing proportion of the Nmor is comprised of cells with 
elevated receptor number. The effect is more marked if the receptor 
number on the s q l e  mutated cell increases l@fold, which is biologically 
realistic. 
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A Mathematical Model of EGFR 517 

theoretical grounds, be predicted to preferentially effect 
cells with excess receptors, as compared to normal tissues. 
Recent work with animal models is consistent with this 
prediction (19). In a similar fashion, efforts at synchroniz- 
ing and stimulating neoplastic cell proliferation with pep- 
tide mitogens to enhance the efficacy of cytotoxic treat- 
ment might be particularly effective for tumors that ex- 
hibit hypersensitivity to mitogenic stimulation relative to 
normal tissue. This theoretical analysis encourages fur- 
ther experimental work in this area. 
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APPENDIX 

Mitogenic Simulation 

Dejnitions: Let u be the basic unit of length. Let p 
be the number of cell receptorslu2 at time t = 0. Let x(t) 
denote the number of receptors/u2 that are occupied at 
time t after exposure to the mitogen. Let c be the concen- 
tration of mitogen in the cell environment, that is, c is 
the number of mitogen molecules/u3. 

We shall now write an equation describing the dynamics 
of x(r): 

where A is a proportionality constant, For x(t) very small, 
the rate of change depends only on c. This says that in- 
itially the rate at which receptor sites are being occupied 
by mitogen molecules depends only on the concentration 
of mitogen. This assumption may be reasonable for cer- 
tain ranges of p. Once x(t)  becomes significant, p enters 
the formula and the rate of increase of occupied receptor 
sites decreases much more rapidly for small p than for 
large p. We remark that A and p can only be taken as 
constants (for a given cell) if the total cell surface recep- 
tor number does not change (e.g., be EGF-induced in- 
ternalization and down regulation) during the experiment. 
This is questionable if we observe the response (20). 

A more realistic dynamical model is described by: 

&(t) 
dt = Ac ( 1  - y )  - Bx ( t )  

The second term on the right-hand side of (2) reflects 
dissociation. We remark that (2) is not the standard 
chemical kinetic equation in that the parameter A is con- 
stant, and not proportional to the receptor density p , where 
A = kt p. Equation (2) assumes that the forward reac- 
tion rate is effectively independent ofp, the receptor den- 
sity, for low concentrations of mitogen. We suggest that 
this is an intuitively reasonable assumption since when 
the mitogen concentration is small, the relatively few 
mitogen molecules are attracted to the cell receptors at 
a rate which does not depend on the total number of recep- 
tors. Furthermore, in the sequel we shall show that for 
low mitogen Concentrations, Eq. (2) models observed data 
while the standard model cannot. 

We rewrite (2) as: 

9 + ($ + B) x(t)  = Ac 

This is a first-order linear differential equation whose solu- 
tion is 

Ac 

B + Aclp 
[ 1 - exp ( -(B+Ac/p)r)] (3) x(t)  = 

Dejnitions: Let X denote the number of total recep- 
tors necessary to trigger replication of the cell. Let T be 
the time at which X receptors are occupied. Let 4 be the 
number of occupied receptors/u2 necessary to trigger 
replication of the cell. Solving for Tin Eq. (3), we obtain: 

Ac + Bp 
(4) 

xc 1 -P T =  
Ac + Bp In [' - Acp 

Now let p1 and p2 < p2) be two numbers of unoc- 
cupied receptor sites for two different cell types. We are 
interested in determining the growth advantage of these 
cell types with respect to each other as a function of c. 
To do this, we compute: 

-P1 
In 

Ti = AC + Bpi 

T2 
- 

-P2 
AC + Bp2 In 

. AC + Bpi 

(5) 
xc 1 

1 -  - x.] 

1 -  
ACPl 

ACP2 

. AC + Bp2 
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518 Pollack, Boyarsky, and Gora 

Using the formula for the growth advantage T1/T2 
deduced from the model, we can prove two facts which 
are in agreement with experimental data: 

(i) TlT2 I 1 for very high concentration c of mitogen molecules; 
(ii) TllT2 is decreasing 89 a function of c (at least for large values of 

c), which means that the smaller the concentration c is, the bigger 
the growth advantage Tl/T' will become. It should be mentioned 
here that the computer plottings of TllT2 show that it is a demas- 
ing function of c, for all admissible c. 

Let us introduce the notation: 

In this notation, 

When c is very large, then S1 and S2 become very 
small and we can use the approximate formula h (1 - w) 
= -w, obtaining T1/T2 = 1, for large c, which proves 
(0. 

To prove (ii), we consider the derivative d(T,/T2)/dc. 
After quite complicated, but elementary dculation we get 

(6) 

where 2, = 1 - SIXc, Z, = 1 - S2X2. 
Assuming P1, P2, and c are big enough, we can once 

again use the approximation In( 1 - w) s - w to obtain 

which is negative for p2 > pl. Thus if p2 > pl, the 
growth advantage T4T2 is decreasing as a function of c, 
for c large. 

Formula (5) can be rewritten in the form 

where D = B/Ac. Note that if c increases, then D 
decreases. 

Using formula (7) we can plot T1/T2 as a function of 
D and, therefore, as a function of c. Let us consider a 
cell type having a radius of 10 microns. Then the surface 
area of the cell is given by 4~(10-~ )2  r d  or 4 ~ 1 0 - ~  cm2. 
If there are P receptors on the cell, then the mncentra- 
tion of receptors/cm2 is p = P 106/4a. The concentra- 
tion of occupied receptors necessary to trigger replica- 
tion is X, = X X 106/4a per c d .  For P1 = 104, P2 = 
106, X = 5 X 103. Figure 1 shows T1/T2 as a function 
of concentration of mitogen c. As c increases Tl/Tz ap- 
proaches a number close to 1.  In words this says that for 
large concentration of mitogen, the time it takes to oc- 
cupy X receptors is independent of P. However, when 
c is small, the times to occupy X receptors depends 
critically on P. 

Discussion of Standard Kinetic Model 

If we had used the standard kinetic model 

dr(t) dt = k,pc  ( 1  -?) - Bx(r) 

where kt p replaces A in (2), k+ being the forward rate 
constant for the binding of EGF in solution to EGF recep- 
tors on the cell surface, the expression for the time Tat 
which X receptors are occupied is given by 

- 1  
T =  (9) 

ktP + B 

Although this expression for Tis welldehed for c large, 
there is a problem for c + 0, since the argument in the 
log term becomes negative at a finite c. This difficulty 
is again encountered in the formula for growth advantage: 

h [ l -  k , c  + B 

Tl kt CPl 
T2 k , c  + B 

In [ - k, cp2 "1 
For the foregoing data: p 1  = 1010/4a, p2 = 1012/4a, X ,  
= 5x 109/4x and T1/T2 = 4, we have: 

h(1 - E/2) 
h(1 - E/200) = 4, 
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where E = 1 + Blk, c .  Quation ( 1  1 )  can only be true 
if E < 0. But this implies that B/kt c < 0, which is im- 
possible. Furthermore, from (lo), we have 

For the values of X,  , p1, and p2  used above, this limit 
is 139. But experimentally we know that TJT2 tends to 
1 a c c  + 00. model. Hence the standard model for 
chemical kinetics is not appropriate for the experimental 
data we are considering. 

Tumor Growth 

Let r denote the radius of a cell and let R be the radius 
of a tumor, considered as a sphere. Then (4/3)xR3 is the 
volume of the tumor and (4/3)sr3 is the volume of a cell 
inside the tumor. Hence there are (R/r)3 cells in the 
tumor. We assume that only the m outer layers of the 
tumor are exposed to sufficient mitogen concentrations 
which allows them to contribute to tumor growth. The 
volume of the m outer layers of the tumor is 

(4/3)7rR3 - (4/3)a(R - mr)3 = 
(4/3)u(3R2mr - 3 Rm2r2 + m3r3) 

Hence there are e = (3R2mr - 3 Rm2r2 + m3r3)/r3 
cells in the m outer layers of the tumor. Since there are 
(Rlr)3 cells in the tumor. 

b = e/(R/r)3 = (3R2mr - 3 Rm2r2 + m3r3)/R3 

is the fraction of all cells in the tumor which are dividing. 
Let y(n) denote the number of cells in the tumor at time 
n. Since each cells becomes two cells after division, the 
(n+ 1)th generation will consist of 2b times the number 
of cells in the n-th generation plus ( 1  -b))  times the 
number of cells in the n-th generation. Mathematically, 
this is written as: 

where the integer n denotes the n-th generation after obser- 
vation commences. On substituting for b, we get 

Since the volume of the tumor at time n is equal to y(n) 
the volume of each cell, we have 

(4/3)sR3 = y(n) (4/3)xr3 

and therefore the R, the radius of the tumor at time n 
generations is ry(n)". Substituting this into (12), we 
obtain 

For most cases of interest, m is small compared to y(n) 
and f in)  is large. Under these conditions, (13) simplifies to 

The time between the divisions is the sum of two times: 
the time T needed to fill up X receptors and the time, 4, 
to divide after Xreceptors are occupied. We assume that 
4 is constant and equals approximately 8 hours. Hence 
the time between consecutive divisions is Tg = T + 4 
and it depends on the number of receptors P, the concen- 
tration of mitogen c and the number X of receptors which 
have to be occupied to trigger the division. 

The growth of the number of cells in the tumor is 
described by the equation 

To find an explicit formula for the number of cells at time 
t, y(f), we consider the differential equation 

which corresponds to the difference Eq. (14). Its solu- 
tion is 

which is a good approximation to y(n) obtained from for- 
mula (14).  

Using (15), we obtain the following approximate for- 
mula for the number of cells at time t: 
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520 Pollack, Boyarsky, and Gora 

For y(0) = 3 x lo7, Figure 2 shows the growth curves 
for different times Tl and T2, i.e., for cells with different 
numbers of receptors P1 and P2, respectively. 

Using (4), we can now express fir) as a function of 
mitogen concentration and the number of receptor sites: 

mt 
Y(0 = A c + B p  + 3 q 3  (4 Ac + Bp In ( 1-- Acp xc 

To estimate the constants A and B, we proceed as 
follows. From experimental data (10) we know that 
reasonable estimates are T1/T2 I 4 at c = 4.5 X 
lO-l*m, and PI = 104, Pz = 1Oa. Using Eq. (7), we 
allowed D to vary until the right-hand side of E!q. (7) 
equaled 4. This occurred for B/A = 2.18. Next, we ap- 
proximated the growth curves of Figure 5 of (10) by us- 
ing our model with TI = 20 &, T2 = 80 &. Using 

= 104 in Eq. (4) yields A = 1.8 and B = 3.95. 
B/A = 2.18, TI = 20 min, c = 4.5 X lO-"M and Pi 
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