9 Appendix C

Appendix C is devoted to deriving a closed-form expression for the infor-
mation matrix and to verifying the information matrix equality. Proofs of
Lemmas 4 and 5 are also provided.

Proof of Lemma 4. From (31), taking k = 2, we get U'(z) = > 72, 1/(z+
i)2 > 0 for all z, implying that W(v) is a strictly increasing function. From
the above expression for ¥'(z), we can also see that W'(z) is a strictly de-
creasing function for z > 0, implying D'(v) = ¥/(%H) — /(%) < 0. So D(v)
is strictly decreasing. If the first equality in (32) holds, then the second one
is easily verified. Now we proceed to show the first equality. In fact, differ-
entiating both sides of I'(z+1) = z['(z) leads to IV (z+1)/T'(z) = 1+2¥(x),
and then rewriting it does yield the first equality in (32). B

Proof of Lemma 5. The proofs are immediate. For equality (33), taking
the log of the expression for K(v) and then differentiating both sides, it
follows that
K) _ dinK{) _, [lnf((v +1)/2) = InT(v/2) — ~ o —In /7| Jdv
K(v) dv 2
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So we have shown that (33) holds. From the definition of K (v), the left side
of equality (34) is expressed as

v \? K@) L((v+1)/2) T@/2+ )
+3) =

Y (w+25) T2 T(w+1)/2+))

Using the fact I'(v + 1) = vI'(v), the proof of equality (34) is easily com-
pleted. B

Now suppose that y; (t =1,2,...T) are i.i.d. observations from the AST
with density f(y;0y) defined in (5), where 6y = (ag, vo1,vo2, po,00). Ex-
pectations are always taken with respect to the true underlying distribution
f(y;6p). Then the log-density function with parameter 0 is In f(y;; 6) =

v +1 vy +1

—Ino - (I Ly 0)] 1y < p) —

[In R(ye; 0)] 1(ye > 1)
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and the score vector for observation t, % In f(y; 0), is given by
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where we used equality (33) in the expressions for the components alnf and
%132]0. To derive the information matrix 1(6y) = [89 In f (v, 6o) 2 707 In f(yt, 6o)]

and the Hessian H(6y) = FE [8687826' In f(yt;6p)] and to verify the information
matrix equality I(0y) = —H (6p), the following Lemma is needed.

Lemma 9 For any j,m =0,1,2, ..., the following moment equalities hold:
1 (] )1/2 K(’Ul)
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{zarto <o} = o(5%%5) Farm ©
@, J=0,

= avy/(v1 + 1), j=1,

v1(v1+2) F_ 9.
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(1-a), j=0,
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E{mL(M1(yt<uo)} = a( o .>1/2KK(U1),D(UI+2J')

Ly o) U1+ 2j (01 + 27)
= { bl ji=0.
_ { Oz(v1+11)D(v1 +9), =1, (63)

{111 R(yt; 6o)
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(ye — po)[In R(ys; 60)]™ _ 2™ mlus[2(1 — )oK (vp))?
E{ Rlgeboh ¥~ “0)} T 20(ve 2 — 1) ((;6)
E{[In Ly 0021 (1 < o)} = o[D(v1) — 2D/ (vy)], (67)

E{[nR(ys;00)]*1(ys > po)} = (1= a)[D*(v1) —2D'(u1)],  (68)

where the right hand sides of all the equalities from (61) to (68) are evaluated
at the true values (o, Vo1, Vo2, fo, 00)-

Proof* We discuss equalities (61), (63), (65) and (67). Other equalities
can be proved in the same manner. Note that, for any j,m =0,1,2, ...,

ELi(j,m) = E{ (ye; 0 ]j[IDL(yt;g)]ml(yt<N)}
— [ IO Lo (s 0)) 2y,

and that L(y;0) = 1+ (#@;1))2 Then using the change of variable

z=— ) yields

Yy—K
2a0+/v1 K (v1
400 )
EL1(j,m) = 20y/01 K (1) / (14 22"+ HD2In(1 4+ 22)™dz. (69)
0

Setting m = 0, m = 1, and (j,m) = (0, 2) respectively, and correspondingly
taking into account equality (35) with v = v; + 2§, equality (36) with v =

4For simplicity, we omit the subscript on the true parameters 6 in all the following
proofs.
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v1 + 27, and equality (37) with v = v;, we obtain equalities (61), (63),
and (67). These proofs use (34). Now consider equality (65). Denote by
ELs(j,m) the expectation of the left side of equality (65), and note that the
change of variable z = 711(#/(%1))2 yields

v1[200 K (v1)]?

+o0o )
/ (14 2)~ @2 D/2)10(1 4 2)mds. (70)
0

Subject to v1 +2j — 1 > 0, by integration by parts it follows that

2

ELy(j = s

>EL2(j,m—1) :m!< )mELQ(j,O).

vl +2j—1

A straightforward calculation for (70) gives E'L2(j,0) = —%. [ ]

Lemma 10 The score vector for observation t, %ln f(ys; 0), satisfies the
equation

E [; 1nf<yt;9o>} 0. (71)

Proof. By using the equalities from (61) to (68), this Lemma is easily
verified. In fact,

(i).
o[ - e[ ] <o)
= et e (- ) =
(i).
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2a (v1) + 5 (v1)a ( — 1>

(iii). Similarly, we have

o[- o[ B )
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Proof of Proposition 2. We prove this by computing expectations on the
both sides of the following equations and then verifying them,

Oln f(y;;0) Oln f(ys;0), 0%In f(yi; 0) .
Bl—g, 09, ]__[W]’ b

j=1,2,..5.

In the proof, the fact that 1(y: < w)l(yx > p) = 0 and the equalities
(61)-(68) are used repeatedly. In addition, we use E[% In f(y;600)] = 0
shown in (71) and D(v + 2) = —ﬁ + D(v) given in (32). Note that
by the construction of the AST distribution, the left-tail parameter v1 and
the right-tail parameter vy have a symmetry property. Hence we do not
consider the terms of the information matrix equality involved in the right-

tail parameter vs.
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(1). By the symmetry property of v; and wvg, similarly, we have
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