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1. Introduction: fibre-reinforced materials  
 

Fibres direction vector; 

• In ideal fibre-reinforced materials, and regardless of 
material constitution, constitutive behaviour obeys: 

[1] J.E. Adkins, R.S. Rivlin (1955) Philos. Trans. R. Soc. London A 248, 201.
[2] J.E. Adkins (1956) J. Ration. Mech. Anal. 5, 189.
[3] J.E. Adkins (1955) Philos. Trans. R. Soc. London A 249, 125.
[4] J.E. Adkins (1958) Q. J. Mech. Appl. Math. 11, 88.
[5] A.J.M. Spencer (1972) Deformations of Fibre-reinforced Materials, Oxford U.P.

• Historical background (perfectly flexible fibres): 

( )p T= − − ⊗ + ⊗ +σ I a a a a s
,  :σ I Cauchy stress and unit tensors; 

Reactions to incompressibility and inextensibility constraints; 

:a
,  :p T

:s Extra stress tensor, dependent on material constitution. 



[6] T.G. Rogers (1992) Proc. IUTAM Symp., Troy, N.Y., Springer, G.J. Dvorak, ed.

In the case of linear visco-elasticity:

( ) ( ) ( ) [ ]2 ( , ) 2 ( , ) ( , )
t t

T L Tt d t t dµ τ τ τ µ τ µ τ τ τ τ
−∞ −∞

 = − + − − − ⊗ + ⊗ ∫ ∫s d x a a dx d x a a

t:  time; x: position vector;  
d = de/dt : rate-of-strain tensor ;    e:  infinitesimal strain tensor;
μT and μL: appropriate, time-dependent relaxation functions.

Special case 1 (Linearly elastic behaviour): both μT and μL are given constants. 

Special case 2 (Fluid behaviour): ( ) ( )( ),    ( ),T T L Lt t t tµ τ η δ µ τ η δ− = − =

δ(t): Dirac delta function;       
ηT and ηL: appropriate viscosity parameters. 
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• Conventional kinematics (perfectly flexible fibres): 
(single family of fibres defined by a unit vector field) 

T TC = F F,   B = FF

 or   1i iQ Q R S RSa F A A A C= =

( )det 1=F

Incompressibility constraint:

Fibre inextensibility constraint:

i i i i
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or 



 Perfectly flexible fibres 

( ) ( )1 2 2 1, ,T Tn n a a= = −n

[5] A.J.M. Spencer (1972) Deformations of Fibre-reinforced Materials, Oxford U.P.
[7] A.C. Pipkin, T.G. Rogers (1971) ASME J. Appl. Mech. 38, 634-640.

Fibres form a family of plane material curves (the a-curves);  arch length:

The orthogonal trajectories of the a-curves are called the n-curves;
arch length     and unit vector:nl

al

Material incompressibility proves further that the constant normal distance between 
two parallel a-curves (distance along n-curves) is conserved during deformation. 
Hence, deformation of any material element is simple shear along inextensible fibres.  

Plane kinematics are so restrictive that enable non-unique determination of 
kinematically admissible deformations without the use of equilibrium equations.

2. Conventional plane kinematics (x1x2-plane) 

The a- and the n-curves define a rectangular, 
curvilinear, local co-ordinate system:



Example 1: Bending of a rectangular block 
[5] A.J.M. Spencer (1972) Deformations of Fibre-reinforced Materials, Oxford U.P.



Example 2: Isothermal forming flow of fibre-resin systems
[8] T.G. Rogers and J.M. O’Neil (1991) Comp. Manuf. 2(3-4), 153-160. 
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3. Fibres resistant in bending – Fluids 

• Advanced kinematics - fibre bending resistance: 

(full theory) 

(restricted version) 

There exist couple-stresses (stress is tensor non-symmetric) 

• Conventional kinematics (perfectly flexible fibres): 
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Curvature vector: 

Rate of deformation tensor:

Spin tensor:

Constraints:

Fibres gradient tensor: 

mCouple-stress tensor:  
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• Constitutive equations: 
Postulate that σ = σ(d, a, κ, ρ, θ) and m = m(d, a, κ, ρ, θ) 

• Equilibrium for slow (creeping) flows: 
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Plane creeping flow:

and 
use standard results of the theory of tensor representations. Then:  

([9] Zheng, Q.-S. (1994) Appl. Mech. Rev., Vol. 47, 554-587, 1994) 

The visco-metric functions α1, α2 and β1, β2 depend on θ and the invariants: 
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4. Fibres resistant in bending – Hyper-elasticity 

• Advanced kinematics - fibres bending resistance: 

(full theory) 

(restricted version) 

• Conventional kinematics (perfectly flexible fibres): 

Curvature vector: 

Deformation gradient tensor:

Cauchy-Green deformation tensor: 

Constraints:

Fibres gradient tensor: 
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• The strain energy density, W, is an isotropic invariant of: 
T TC = F F,   A,   Λ = F G

through some appropriate number of strain measure invariants 
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Invariants involved in the full version of 3D theory: 

The resulting constitutive equations look very complicated 
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[10] A.J.M. Spencer, K.P. Soldatos (2007) Int. J. Non-lin. Mech. 42, 355.



Resulting constitutive equations: 

1 1 2 3
ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ,    ,    :TJ I tr J J= = = =C AΛ ΛA ACΛA

( ) ( ) ( )

( ) ( )

[ ] [ ]

33

1
33 332

3

1

3

33 1
1 33

3, 3 321 21

,      ,

ˆ ˆ ˆˆ ˆ ˆˆ ˆ ˆ ˆ ,ˆ ˆ ˆ ˆ

ˆ
2 ,ˆ

ˆ1 2,    ˆ2 3

C

p Ta a s p s

J J JWs F F F G F G
J C C

JWs
CJ

Ws m m e
J

αβ βα αβ α βαβ αβ

α β α β α βαβ

α α α βγ

σ σ σ δ σ

σ

Γ ∆ Γ ∆ ∆ Γ
= Γ∆Γ∆ ∆Γ

=
=

≡ + = − + + = − +

  ∂ ∂ ∂∂  = + + +   ∂ ∂Λ∂ ∂   

∂∂
=

∂∂

∂
= = =

∂

∑

∑

  

 



 

( )
3

1

ˆ ˆ ˆ ˆ .ˆ
J F F a F aγ α β β α∆ Γ Γ

= ∆Γ

∂
+

∂Λ
∑ 

 

             Restricted 2D theory [xα=xα(XГ)] 
 

• Plane strain of hyper-elastic solids: 
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•  Customary modification of extra stress: 
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ˆa F Aα αΓ Γ=

[5] A.J.M. Spencer (1972) Deformations of Fibre-reinforced Materials, Oxford U.P.
[7] A.C. Pipkin, T.G. Rogers (1971) ASME J. Appl. Mech. 38, 634-640.

Deformed fibres form a family of plane material curves (the a-curves); 
curvature        arch length      and unit vector:                      with 

The orthogonal trajectories of the a-curves are called the n-curves;
curvature       arch length     and unit vector:nl

al

Corresponding families of curves in the un-deformed configuration are noted 
as A-curves and N-curves; curvatures       and        respectively.

Material incompressibility requires:

Plane strain kinematics are so restrictive that enable non-unique determination 
of kinematically admissible deformations without use of equilibrium equations.

,ακ ( )1 2, Ta a=a

,nκ

Aκ ,Nκ

n Nκ κ=

, ,,    .n aa nα α α ακ κ= = −Curvature definitions:

( ) ( )1 2 2 1, ,T Tn n a a= = −n

5. Plane deformations (x1x2-plane) 
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The a- and the n-curves define a rectangular, curvilinear, local co-ordinate system:

• Symmetric part of the extra stress:

• Anti-symmetric part:

• Constraint equations:

• Multiplication of these equations by          yields:a nα β
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Hence, all extra stress components are completely determined with use of kinematic 
relations and constitutive equations only (no use of equilibrium equations yet).



5.1 Static/quasi-static equilibrium:             , 0βα βσ =

With  p and T functions of x1 and x2 only, use of the Serret-Frenet relations yields

( ) , ,0,          0.n a
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l lα βα β α βα βκ κ∂ ∂

− + + + = − + + =
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where the transformed unknowns (“tensions” along the a- and n-curves) are 
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(§§)

Solution of (§§) will finally yield the stresses as follows: 



5.2 Parallel fibres(         ): The stress resultants technique            0nκ =
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Integrate through the thickness both of the 
simplified equations of equilibrium:

and introduce the stress resultants:

Then, eliminate    in order to obtain:T̂

This is an integro-differential equation for the principal unknown:             . In 
most fluid mechanics applications, several boundary terms in the LHS are zero.   
.

( )0 ,r tθ



Fibre-reinforced fluids containing parallel fibres:

( ) ( )0, ,r t r tθ θ ξ= +

0 hξ≤ ≤
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Stress resultants:

Basic integro-differential equation:
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with visco-metric parameters dependent on 
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6. Application I:
“Area-preserving” azimuthal shear strain

( ) ( ) ( )
1

22 2
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         Deformation pattern (plane strain)

,    ,       r R c g R z Z c Bθ= + = Θ+ = > −

0 1

Undeformed Tube's Geometry (Polar co-ordinates)
      ,    0 2 ,    0B R B Z Lπ≤ ≤ ≤ Θ ≤ ≤ ≤
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R
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Special case: Pure azimuthal shear strain (c = 0)

( )
Deformation pattern (plane strain)
 ,    ,     r R g R z Zθ= = Θ+ =

Undeformed cross-section( )
( )

1 1

0 0
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= −Θ = = =

( )
Unknown to be determined
        g R θ= −Θ

[12] F. Kassianidis, R.W. Ogden, J. Merodio, T.J. Pence (2008) 
Math. Mech. Solids, 13, 690-724.

[11] R.S. Rivlin (1949) Phil. Trans. R. Soc. London A, 242, 173-195. 

Not possible when fibres are inextensible
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The local co-ordinate system
Unit tangent of n-curves:

Equation of the n-curves:
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11 sec
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Equilibrium equations in local co-ordinates

Solution along the n-curves:
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Polar form of stresses:
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6.1 The linear problem – Small azimuthal shear strain
[13] M.A. Dagher, K.P. Soldatos (2011) J. Mech.Mater. Struct. (accepted).

Figure: Deformation pattern of the horizontal 
fibre (clamped at the inner tube boundary)
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The linear problem – Small azimuthal shear strain
[13] M.A. Dagher, K.P. Soldatos (2011) J. Mech.Mater. Struct. (accepted).

Figure: Deformation pattern of the horizontal 
fibre (simply supported at inner boundary)
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7. Application II: Flow of an initially flat element 
moulded into a sharp corner

Conventional  Theory Solution:
[8] T.G. Rogers and J.M. O’Neil (1991) 

Rate of shear in flat regions: / .f d dtγ β β= =

( )
( )

( )
( )0

, ,
,

, ,c

G t G t
r t r t
θ θ

γ
θ θ ξ

= − ≡ −
+



Rate of shear  in a curved region:

( ) ( ) ( )0 0
0 0

, , ,G t r t d r t d
t

θ θ

θ θ θ θ θ∂
= =

∂∫ ∫ 

0 hξ≤ ≤

If shear viscosity remains constant during the flow: 
1 sin tanhsin ,    sec

1 sin tanh 2f
kt Pk
kt

αγ β α α
α

− − = = − = − 

( )11 tanh sin .t t
kα α−= =Forming process is completed at: 
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Fibre-reinforced fluids containing parallel fibres:

( ) ( )0, ,r t r tθ θ ξ= +

0 hξ≤ ≤

al rθ=

0nl r h ξ= + −
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0 0
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h h
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Stress resultants:

Basic integro-differential equation:
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Fibre-reinforced fluid containing parallel fibres:

( )
0 0

ˆˆ ,   
h h

s aT t d S dθ ξ τ τ ξ= = +∫ ∫Stress resultants:

Basic integro-differential equation:

Assuming that fibres bend into circular arcs and 
employing the modified invariants 

it is found that  
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( ) ( )0, ,r t r tθ θ ξ= +

Also, for connection with conventional solution:  
1α η=



• Visco-metric parameters dependent on     only

Stress resultant:

Basic integro-differential equation:

where

Then   

( ) ( )0, ,r t r tθ θ ξ= +

For connection with conventional consider that             = constant1α η=
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2β 2JConsider        proportional to the n-th power of      , namely  
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Table: The value of           for different values of  and n

2η̂

2η̂
h/r0

n = 0 n = 1 n = 2 n = 3
0.001 64.7 6.73 3.38 2.43
0.01 17.0 3.50 2.21 1.78
0.1 4.12 1.80 1.44 1.30
1.0 0.952 0.915 0.936 0.951
2.0 0.625 0.750 0.822 0.865
5.0 0.367 0.574 0.692 0.763

10.0 0.249 0.471 0.608 0.693
20.0 0.171 0.387 0.535 0.630
50.0 0.105 0.299 0.449 0.556

100.0 0.0732 0.247 0.396 0.505
200.0 0.0513 0.205 0.349 0.459
500.0 0.0321 0.165 0.295 0.405

1000.0 0.0226 0.134 0.260 0.369
2000.0 0.0159 0.111 0.229 0.355

h/r0



8. Closure

1. We formulated a relevant theory suitable for modelling (i) plane, creeping flow 
of fluids, and (ii) plane strain deformations of hyper-elastic solids.

2. We outlined a complete form of solution for relevant boundary value 
problems.

3.  The applications verified that strong fibres resist local bending.

4 . Future theoretical progress may consider possibilities of dismissing one or 
both of the material constraints  involved.

5.  However, the concept of ideal fibre-reinforced materials offers a valuable, first 
approximation to the solution of problems of interest.

6.  The outlined theoretical concepts can be extended and influence further  
development in this and other subjects of Theoretical & Applied Mechanics.

We considered deformation of incompressible materials, reinforced by a 
single family of inextensible fibres which can resist bending:
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